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PREFACE. 

In the foDowing treatise, an attempt has been made to combine tbe 
peculiar excellencies of Euclid and Legendre. The Elements of Euclid 
have long been celebrated as furnishing the' most finished specimens of 
logic ; and on this account they still retain their place in many seminaries 
of education, notwithstanlBing the advances which science has made in 
modem times. But the deficiencies of Euclid, particularly in Solid Ge- 
ometry, are now so palpable, that few institutions are content with a 
simple translation from the original Greek. The edition of Euclid 
chiefly used in this country, is that of Professor Playfiur, who has sought, 
by additions and supplements, to accommodate the Elements of Euclid 
to the present state of the mathematical sciences. But, even with these 
additions, the work is incomplete on Solids, and is very deficient on 
Spherical Geometiy. Moreover, the additions are often incongruoua 
with the original text ; so that most of those who adhere to the use of 
Playfair's Euclid, will admit that something is still wanting to a perfect 
treatise. At most of our colleges, the work of Euclid has been super- 
seded by that of Legendre. It seems superfluous to undertake a defense 
of Legendre*s Geometry, when its merits are so generally appreciated. 
No one can doubt that, in respect of comprehensiveness and scientific 
arrangement, it is a great improvement upon the Elements of Euclid. 
Nevertheless, it should ever be borne in mind that, with most students 
in our coDeges, the ultimate object is not to make profound mathemati- 
cians, but to make good reasoners on ordinaiy subjects. In order to 
secure this advantage, the learner should be trained, not merely to give 
the outline of a demonstration, but to state every part of the argument 
with minuteness and in its natural order. Now, although the model of 
Legendre is, for the most part, excellent, his demonstrations ar^ 
often mere skeletons. They contain, indeed, the essential part of an 
argument ; but the general student does not derive from them the high- 
est benefit which may accrue from the study of Geometry as an exercise 
in reasoning. 

While, then, in the following treatise, I have, for the most part, fol- 
lowed the arrangement of Legendre, I have aimed to give his demonstn^ 
tions somewhat more of the logical method of Euclid. I have also made 
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•ome changes in arrangement Several of Legendre's proposilions have 
been degraded to the rank of corollaries, while some of his corollaries 
and scholiums have been elevated to the dignitj of primaiy propositions. 
His lemmas have been proscribed entirely, and roost of his schotinma 
have received the more appropriate title of coroUaiy. The quadintare 
of the circle is developed in an order somewhat different from any thing 
I have elsewhere seen. The propositions are all enunciated in genera) 
terms, with the utmost brevity which is consistent with clearness ; and, 
in order to remind the student to conclude his recitation with the enun- 
ciation of the proposition, the leading words are repeated at the close of 
each demonstration. As the time given to mathematics in our colleges 
is limited, and a variety of subjects demand attention, no attempt has 
been made to render this a complete record of all the known propoaitioos 
of Geometry. On the contraiy, nearly every thing has been excluded 
which is not essential to the student's progress through the subsequent 
parts of his mathematical course. 

Considerable attention has been given to the construction of the diar 
grams. I have umed to reduce them all to nearly uniform dimensions, 
and to make them tolerable approximations to the objects they were de- 
signed to represent. I have made free use of dotted lines. Generally, 
the black lines are used to represent those parts of a figure which are 
directly involved in the statement of the proposition ; while the dotted 
lines exhibit the parts which are added for the purposes 6f demonstration. 
In Solid Geometry the dotted lines commonly denote the parts which 
would be concealed by an opaque soUd ; while in a few cases, for pecul* 
iar reasons, both of these rules have been departed from. Throughout 
Solid Geometry the figures have generaDy been shaded, which addition, 
it is hoped, wiU obviate some of the difficulties of which students frequent- 
ly complain. 

As the study of Analytical Geometry has lately become somewhat 
popular, a geometrical treatise on Conic Sections may be thought to be 
behind the spirit of the age. The few pages here devoted to this sub- 
ject can, of course, be read or omitted at the discretion of the teacher. 
It is believed, however, that those who intend to pursue Analytical Ge- 
ometry, will be benefited by some previous acquaintance with the simpler 
properties of the Conic Sections ; while those who have not time or in- 
clination for this study, will here find demonstrated those properties 
which are indispensable to the study of Astronomy. 
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BOOK I. 

GENERAL PRINCIPLES. 

Definitions. 

h Gbamstbt is that branch of Mathematics which treats 
of the properties of extension and figure* 

Extension has three dimensions, length, breadth, and thick- 
ness. 

2. A line is that which has length, without breadth or 
thickness. 

The extremities of a line are called points. A point, there- 
fore, has position, but not mamitude/ 

8. A straight line is the snprtest'path from one point to 
another. 

4. Every Ime which is neither a straight line, nor compo- 
sed of stnught lines, is a curved line* 

E 
Thus, ABas a straight line, ACDB is a 

broken line, or one composed of straight j^X X3 

lines, and AEB is a curved line. 




D 

5. A surface is that which has length and breadth, without 
thickness. 

6. A plane is a surface in which any two points being ta- 
ken, the straight line which joins them lies wholly in that sur- 
face. 

7. Every surface which is neither a plane, nor composed 
of plane surfaces, is a curved surface. 

8. A solid is that which has length, breadth, and thick- 
ness, and therefore combines the three dimensions of exten- 
sion. 

9. When two straight lines meet together, their inclina- 
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tion, or opening, is called an angk* The point of meeting 
is called the vertex^ and the lines are called the sides of the 
angle. 

If there is only one angle at a point, it may 
be denoted by a letter placed at Uie vertex, as 
the angle at A. 




But if several angles are at one point, anv one of them is 
expressed by three TetterSi of which, the middle one is the let- 
ter at the vertex. 

Bi 

Thus, the angle which is contained by the 
straight lines Sc, CD» i^ called the angle 
BCD,orDCB. 

c^ B 

Angles, like other quantities, may be added, subtracted, 
multiplied, or divided. Thus, the angle BCD is the sum of 
the two angles BCE, ECD ; and the angle BCD is the differ- 
epce between the two angles BCD, BCfi. 

10. When a straight Kne, meeting another straight line, 
makes the adjacent angles equal to one another, 
each of them is called a right angk^ and the 
straight line which meets the other i^ called a 
perpendicular to it. I 

11. An acute angk is one which is less than a 
right angle. 



An obtuse (kngle is one which is greater 
thaii a right angle. 

13. Parallel straight lines are such as are 

in the same plane, and which, being produced 

evejr so far both ways, do not meet — 

18. A plane figure is a plane terminated on all sides by 
4ines either straight or curved. 

If the lines are straight, the space they in- 
close is called a rectilineal figure^ or polygon^ 
and the lines themselves, taken together, rorm 
the perimeter of the polygon. 

14. The polygon of three sides is the simplest of all, and is 
called a triangle ; that of four sides is called a quadrilateral ; 
that of five, a pentagon ; that of six, a hexagon^ 6cc. 
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1IS>. An equilateral triangle is (me which has its 
three ridea. equal. 



Aa isotceks triangle is that « which has only two 
sides equal. 





A Bcabma triangle is <me which has three un^ 
eqwlisdea. 

16. A rigki-anghd triangle is one which has 
a right angle. The side opposite the right an- 
gle 18 oallM the kmotiumtue. 

An obtuse^nglea triangle is one which has an obtuse an- 
gle. An acut&^tngkd triengle is one which has three acute 
angles. 

17. Of quadrilaterals, a gquare is that which has 
an its sides equal, and its angles right angles* 

A rectangle is that which has all its angles right | 
angles, but has not all its sides equal. [ 

A rhombus is that which has all its sides 
equal, but its angles are not right angles. 

A parallelogram is that which has its op- 
posite sides parallel. 

A trapezoid is that which has only two sides 
parallel. 



18. The diagonal of a figure is a line B 
which joins the vertices of two angles not 
adjacent to each other. ^ 

Thus, AC, AD, AE are diagonals. ^ 



4 

19. An equilateral polygon is one which has all its sides 
equal. An equiangular polygon is (me which has all its an- 
gles equal. 

20. Two polygons are mutually equilateral when they 
have all the sides c{ the one equal to the corresponding sides 
of the other, each to each, and arranged in the same order. 

Two polygons are mutually equiangular when they have 
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all the angles of the one equal to the corresponding angles 
of the other, each to each, and arranged in the same order. 

In both cases, the equal sides, or the equal angles, are cdl- 
ed homologous sides or angles. 

21. An axiom is a self-evident truth. 

22. A theorem is a truth which becomes evident by a train 
of reasoning called a demonstration, 

A direct demonstration proceeds from the {^remises by a 
regular deduction. 

An indirect demonstration shows that any supposition con- 
trary to the truth advanced, necessarily leads to an absurd- 
ity. 

23. A problem is a question proposed which requires a «o- 
lution. 

24. A postulate requires us to admit the possibility of an 
operation. 

25. A proposition is a general term for either a theorem, 
or a problem. 

One proposition is the converse of another, when the con- 
clusion of the first is made the supposition in the second. 

26. A corollary is an obvious consequence, resulting from 
one or more propositions. 

27. A scholium is a remark appended to a proposition. 

28. An hypothesis is a supposition made eitner in the enun- 
ciation of a proposition, or in the course of a demonstration. 



Axioms, 

1. Things which are equal to the same thing are equal to 
each other. 

2. If equals are added to equals, the wholes are equal. 

3. If equals are taken from equals, the remainders are 
equal. 

4. If equals are added to unequals, the wholes are unequal. 

5. If equals are taken from unequals, the remainders are 
unequal. 

6. Things which are doubles of the same thing are equal to 
each other. 

7. Things which are halves of the same thing are equal to 
each other. 

8. Magnitudes which coincide with each other, that is. 
which exactly fill the same space, are equal. 

9. The whole is greater than any of its parts. 

10. The whole is equal to the sum of all its parts. 

11. From one point to another only one straight line can 
be drawn. 
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12. Two straight lines, which intersect one another, can 
not both be parallel to the same straight line. 



Explanation of Signs. 

For the sake of brevity, it is convenient to employ, to some 
extent, the signs of Algebra in Geometry. Those chiefly em- 
ployed are the following : 

The sign = denotes that the quantities between which it 
stands are equal ; thus, the expression A^B signifies that A 
is equal to B. 

The sign + is called plus^ and indicates addition ; thus, 
A+B represents the sum of the quantities A and B. 

The sign — is called min«5, atid indicates subtraction ; thus, 
A — B represents what remains after subtracting B from A. 

The &ign X indicates multiplication; thus,AxB detiotes 
the product of A by B. Instead of the sign X, a point is 
sometimes employea ; thus, A. B is the same as AxB. The 
same product is also sometimes represented without any in- 
termediate sign, by AB; but this expression should not be 
employed when there is any danger of confounding it with 
the line AB. 

A parenthesis ( ) indicates that several quantities are to 
be subjected to the same operation; thus, the expression 
Ax(B+C — D) represents the product of A by the quantity 
B+C~D. 

A . 

The expression ^ indicates the quotient arising from divi- 
ding A by B. 

A number placed before a line or a quantity is to be re- 
garded as a multiplier of that line or quantity ; thus, 3AB de- 
notes that the line AB is taken three times ; iA denotes the 
half of A. 

The square of the line AB is denoted by AB* ; its cube by 
AB". 

The sign ^ indicates a root to be extracted ; thus, ^8 de- 
notes the square root of 2 ; v/A xB denotes the square root 
of the product of A and B. 

N.B. — The first six books treat only of plane figures^ orfig^ 
ures drawn on a plane surface. 
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PR0P08ITI0N I. THEOEEM. 

AUjight angles are equal to each other. 

Let the straight line CD 
be perpendicular to A6, and 
GH to EF ; then, by defini* 
tion IO9 each of the angles 
ACD, BCD, EGH,FGH, will 
be a right angle ; and it is to ''^ 
be proved that the angle ACD is equal to the an^e EGH« 

Take the four straiebt lines AC, CB, EG, GF, all equal to 
each other ; then wiiT the line AB be equal to the line EF 
(Axiom 3)« Let the line EF be applied to the line AB* 
so that the point E may be on A, and the point F on B;, 
then will the Imes EF, AB coincide throughout ; for other* 
wise two different straight lines might be drawn from one 
point to another, which is impossibte (Axiom 11). More- 
over, since the line EG is equal to the line AC, the point 6 
will fall on the point C ; and the line EG, coinciding with 
AC, the line GH will cdncide with CD. For, if it could 
have any other position, as CK, then, because the angle EGH 
is equal to FGH (Defl 10), the angle ACK must be equal to 
BCK, and therefore the angle ACD is less than BCK. But 
BCK is less than BCD (Axiom 9) ; much more, then, is ACD 
less than ^CD, which is impossible, because the angle ACD 
is equal to the angle BCD (Def. 10) ; therefore, GU can not 
but coincide with CD, and the angle EGH coincides with 
the angle ACD, and is equal to it (Axiom 8)« Therefore, all 
right angles are equal to each other. 
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3^ angles which one strai^t line makes with another, tg^on 
one side yit, are either two right angles^ or are together equal 
to two right angles* 

Let the straight line AB make with CD, 
upon one side of it, the angles ABC, ABD ; "^ 

these are either two riffht andes, or are to- 
gether equal to two ri^t angles. 

For if the angle ABC is equal to ABD, -; 

each of them is a right angle (Def. 10) ; but 
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if not, suppose the line BE to be drawn from 
the point B, perpendicular to CD ; then will 
each of the angles CBE, DBE be a right 
angle. Now the angle CBA is egtMil to the 

mm of the two angles CBE, EBA. To 

each of these equals add the angle ABD; ^ ^ 
then the aum of the two angles CBA, ABD will be Bqual te 
ihe Slim of the three angles CBE, EBA, ABD (Axiom S>. 
Again, the angle DBE is equal to the sum of the two anriea 
DBA, ABE. Add to each of these equab tlie angle EBC; 
then wiU the sum of the two aneles DBE, EBC be equd tb 
^ sum of the three angles DBA, ABE, EBC. Now thinga 
that are^ equal to the same thmg are equal to each othet 
(Axiom 1) ; therefore, the sum of the angles CBA, ABD is 
equal to the sum of the angles CBE. EBD. But CBE, BBD 
are two right angles ; therefore ABC, ABD are together 
equal to two right angles. Therefore, the angles which one 
straight line, dz;c. 

Corollary 1. If one of the angles ABC, ABD is a right 
angle, the other is also a right angle. 

Cor, 2. If the line DE is perpendicular to 
AB, conversely, AB will be perpendicular to 
DE. 




For, because DE is perpendicular to AB^ AC B 

the angle DCA must be equal io its adjacent 
angle DCB (Def. 10), and each of them must 
l^e a right angle. But since ACD is a right angle, its 
cent anffle, ACE, must also be a right angle jfCor. I). Hence 
the angle ACE is equal to the angle ACD (Prop. I.), and AB 
is perpendicular to DE. 

Cor. 3. The sum of all the angles BAG, i>^ 

CAD, DAE, EAF, formed on the sam^ 
aide of the line BF, is equal to two right c 
angles ; for their sum is equal to that of 
the two adjacent angles BAD, DAF. 



rBOPOfliTlow m. THBoaait {Conterse of Prop. II.). 

If at a poini in a straight line^ two other straight lines^ upon 
the opposite sides of itf make the adjacent angles together equal 
io two right angleSf these two stra^ht lines are in one ana the 
same straight line. * 

At the point B, in the straight line AB, let the two straight 
lines BC, BD, upon the opposite sides of AB, make the adja- 
cent angles, ABC, ABD, together equal to two right angles ; 
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then will BD be in the same straight line 
with CB. 

For, if BD is not in the same straight 
line with CB, let BE be in the same 

straight line with it ; then, because the — 

straight line CBE is met by the straight ^ ^ 

line AB, the angles ABC, ABE are together equal to two 
right angles (Prop. II.). But, by hypothesis, the angles ABC, 
ABD are together equal to two right angles ; therefore, the 
sum of the awles ABC, ABE is equal to the sum of the an- 

S*es ABC, ABD. Take away the common angle ABC, and 
e remaining angle ABE, is equal (Axiom 3) to the remain- 
ing angle ABD, tne less to the greater, which is impossible. 
Hence BE is not in the same straight line with BC ; and in 
like manner, it may be proved that no other can be in the same 
straight line with it but BD. Therefore^ if at a point, &c. 



PRorosrrioN iv. theorem. 

TwQ straight lines, which have two points common, coincide 
with each other throughout their whole extent, and form hut one 
and the same straight line. 

Let there be two straight lines, having 
the points A and B in common; these 
lines will coincide throughout their whole 
extent. 

It is plain that the two lines must co- . 
incide between A and B, for otherwise 
there would be two straight lines between A and B, which 
is impossible (Axiom 1 1). Suppose, however, that, on being 
produced, these lines begin to diverge at the point C, obe 
taking the direction CD, and the other CE. From the point 
C draw the line CF at right aisles with AC ; then, since 
ACD is a straight line, the angle FCD is a right angle (Prop. 
II., Cor. 1) ; and since ACE is a straight line, the angle FCE 
is also a right angle ; therefore (Prop. I.)» the angle FCE 
is equal to the angle FCD, the less to the greater, which is 
absurd. Therefore, two straight lines which have, &c* 



PROPOSITION V. THEOREM. 

If two straight lines cui one another, the vertical or opposite 
angles are equal. 

Let the two straight lines, AB, CD, cut one another in the 
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^int £4 then -will the angle AEC be equal ^ 
Co the angle BED, and the angb AED to 
the angle CEB. 

For the angles AEC, AED, which the A 
straight line AE makes with the straight 
line CD, are together equal to two right 
angles (Prop. 11.) ; and the angles AED, DEB, which the 
straight line DE makes with the straight line AB, are also 
together «qual to two right angles ; therefore, the sum of the 
two angles AEC, AED is equal to the sum of the two angles 
AED, DEB. Take away the common angle AED, and the 
•remaming angle, ABC, is iequal to the remaining angle DEB 
(Axiom 3). in the same manner, it may be proved that the 
angle AED is equal to the angle CEB. Therefore, if two 
straight lines, &c. 

Cor. 1. Hence, if two straight lines cut one another, the 
fonr angles formed at the point of intersection, are together 
equal to four right angles. 

Cor. 2. Hence, all the angles made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 



JPROPOSITION VI. THEOaEM. 

Iff two triangles have two sides, and the included angle of the 
onCf equal to two sides and the included angle of the others each 
to each, the two triangles will be equal, their third sides wiM be 
equal, and their other angles will be equal, each to each. 

Let ABC, DEF be two triangles, 
having the side AB equal to DE, 
and AC to DF, and also the angle 
A equal to the angle D ; then will 
the triangle ABC be equal to the 
triangle DEF. 

For, if the triangle ABC is ap- ^ ^^ 

plied to the triangle DEF, so that the point A may be on D, 
and the straight line AB upon DE, the point B will coincide 
with Ibe point E» because AB is equal to DE ; and AB, coin- 
ciding with DE, AC will coincide with DF, because the an- 
gle A is equal to the angle D. Hence, also, the point C will 
coincide with the point F, because AC is equal .to DF. But 
the poiut B coincides with the point E ; therefore the base 
BC will coincide with the base EF (Axiom 11), and will he 
equal to it. Hence, also, the whole triangle ABC will coin- 
cide with the whole triangle DEF, and will be equal to it ; 

B 
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and the remaining angles of the one, will coincide with the 
remaining angles of the other, and be equal to them, viz. : the 
angle ABC to the angle DEP, and the angle ACB to the an- 
gle DFE. Therefore, if two triangles, &c. 



PKOPOSITION VII. THEOREM. 

If two triangks haDe two angles, and the included side of the 
one, equal to two angles and the included side of the other, each 
to each, the two triangles will be equal, the other sides will be 
equal, each to each, and the third angle of the one to the third 
angle of tfie other. 

Let ABC, DEF be two 

triangles having the angle 
B equal to E, the angle C 
equal to F, and the inclu- 
ded sides BC, EF equal to 

each other; then will the B C 

triangle ABC be equal to the triangle DEF. 

For, if the triangle ABC is applied to the triangle DEF, so 
that the point B may be on E, and the straight line BC upon 
pF, the point C will coincide with the point F, because bC 
IS equal to EF. Also, since the angle B is equal to the an- 
gle E, the side BA will take the direction ED, and therefore 
the point A will be found somewhere in the line DE. And, 
because the angle C is equal to the angle F, the line CA will 
take the direction FD, and the point A will be found some- 
where in the line DF ; therefore, the point A, being found at 
the same time in the two straight lines DE, DF, must fall at 
their intersection, D. Hence the two triangles ABC, DEF 
coincide throughout, and are equal to each other ; also, the 
two sides AB, AC are equal to the two sides DE, DF, each 
to each, and the angle A to the angle D. Therefore, if two 
triangles, &c. 



PROPOSITION VIII. THEOREM. 

Any two sides of a triangle are together greater them tha 
third side. 

Let ABC be a triangle; any two of its 
sides are together greater than the third 
side, viz.: the sides BA, AC are greater 
than the side BC ; AB, BC are greater than 
AC ; and BC, CA are greater than AB. 
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For the straight line AB is the shortest path between the 
points A and B (Def. 3) ; hence AB is less than the sum of 
AC and BC. For the same reason, BC is less than the sum 
of AB and AC ; and AC less than the sum of AB and BC. 
Therefore, any two sides, 6cc, 

I 

PROPOSITION IZ. THEOREM. 

j^, from a paint within a triangle^ two straight lines are 
drawn to the extremities of either side^ their sum will be les$ 
than the sum of the other two sides of the triangle. 

Let the two straight lines BD, CD be 
drawn from D, a point within the triangle 
ABC, to the extremities of the side BC ; 
then will the sum of BD and DC be less 
than the sum of BA, AC, the other two 
sides of the triangle. ^^___ 

Produce BD until it meets the side AC B G 

in E ; and, because two sides of a triangle are greater than 
the third side (Prop. VIII.), the two sides BA, AE of the tri- 
angle BAE are greater than BE. To each of these add 
EC ; then will the sum of BA, AC be greater than the sum 
of BE, EC. Again, because the two sides CE, ED of the 
triangle CED are greater than CD, if DB be added to each, 
the sum of CE, EB will be greater than the sum of CD, DB. 
But it has been proved that the sum of BA, AC is greater 
than BE, EC ; much more, then, are BA, AC greater than BD, 
DC. Therefore, if from a point, &c. 



PROPOSITION X. THEOREM. 

The angles at the base of an isosceles triangle are equal to 
one another. 

Let ABC be an isosceles triangle, of which 
the side AB is equal to AC ; then will the angle 
B be equal to the angle C. 

For, conceive the angle BAC to be bisected 
bv the straight line AD ; then, in the two trian- 
gles ABD, ACD, two sides AB, AD, and the in- 
cluded angle in the one, are equal to the two B 
sides AC, AD, and the included angle in the other ; there- 
fore (Prop. VI.), the angle B is equal to the angle C. There- 
fore, the angles at the base, Sec. 




Cor. 1. Hence, also, the Ime BlVis equal to DC, and Ihe 
atigle ADB equal to ADC ; consequently, each of these an- 
gles is a right angle (Def. TO). Therefore, the line bisecting 
Vie vertical angle of an isosceles triangle bisects ihe hose ol 
right angles ; and, conversely, the line bisecting the base of €fn 
isosceles triangle at right angles bisects also the vertical angle. 

Cor. 2. Every equilateral triangleiis also equiangular. 

Scholium. Any side of a triangle may be considered as 
its basCf and the opposite angle as its vertex ; but in an isos- 
bble^ triangle, that side is usually regarded as the ba8e,i^ch 
is Hot Squall to either of the others. 

p&oPOsiTioN XI. thbobbm {CoT^ver^ of Prop. X.}. 

If two angles of a triangle are equal to one another^ the op- 
poiite sides are also equfl. 

Let ABC be a triangle having the angle 
ABC equal to the angle ACB; then will the 
Hide AB be equal to the side AC. 

For if AB is not equal to AC, one of theih 
ititiBt be greater than the other. Let AB be 
the greater, and from it cut off DB equal to AC 
the less, and join CD. Then, because in the tri- _ 
togles DBC, ACB, DB is equal to AC, and BC " 
i^ common to both triangles, also, by supposition, the angle 
DBC is equal to the angle ACB ; therefore, the triangle DbC 
\h equal to the triangle ACB (Prop. VI.), the less to the great- 
er, which is absurd. Hence AB is not unequal to AC, that 
is, it is equal to it. Therefore, if two angles, &c. 

Cor. Hence, every equiangular triangle is also equilateral. 



PROPOSITION XII. THEORim. 

The greater side of every triangle is opposite to the greater 
angle ; and^ conversely^ the greater angh is opposite lo the 
greater side. 

Let ABC be a triangle, having the angle ACB 
greater than the angle ABC ; then will the side 
ABbe greater than the side AC. 

Draw the straight line CD, making the angle 
KCD equal to B ; then, in the triangle CDB, the 
side CD must be equal to DB (Prop. XL). Add 
AD to each, then will the sum of AD and DC 
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be equal to the sum of AQ and DB. But AC is less than the 
sum of AD and DC (Prop. YUI.) ; it is, therefore, less than 
AB. 

Converseb/f if the side AB is greater than the side AC, then 
will the angle ACB be greater uan the angle ABC. 

For if ACB is not greater than ABC, it must be eithei: 
equal to it, or less. It is not equal, because then the side 
AB would be equal to the side AC (Prop. XL)» which i^ con.- 
trary to the supposition. Neither is it less, because then the 
side AB would be less than the side AC, aocording to the ipr- 
mer part of this proposition ; hence ACB mast be greatov 
than ABC. Therefore, the greater side, &c. 



PROfOSlTION XIU^ THBOBBM. 

If two triangles hone two sides of the one equal to two 
^ the other^ each to each^ but the included angles unequal^ the 
(ase of thai which fias the greater angle^wiU he greater Man 
the base of the other. 

Let ABC, DEF be two triaA- 
l^es, having two sides of the one 
equal to two sides of the other, 
viz. : AB equal to D£, and AC to 
DF, but the angle BAC greater 

than the angle EDF; then will 

the base BC bo greater than the -^ 
base £F. 

Of the two sides DE, DF, let DE be the side which is not 

treater than the other ; and at the point D, in the straight 
ne DE, make the an^Ie EDG equal to BAC; make DG 
equal to AC or DF, and join EG, GF. 

Because, in the triangles ABC, DEG, AB is equal to DE, 
and AC to DG ; also, the angle BAC is equal to the angle 
EDG ; therefore, the base BC is equal to the base EG (Prop* 
VI.). Also, because DG is equal to DF, the angle DfG is 
equal to the angle DGF (Prop. X.). But the anele DGF is 
greater than t& angle EGF; therefore the angle DFG is 
greater than EGF ; and much more is the angle EFG greater 
than the angle EGF. Now, in the triangle EFG, becau9^ 
the angle EFG is greater than EGF, and because the greats 
er side is opposite the greater angle (Prop. XII.), the side 
EG is greater than the side EF. But EG has been proved 
equal to BC ; and hence BC is greater than EF. '^'^^'^refoye, 
if two triangles, &c. 
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PROPOSITION XIV. THEOREM {Couverse of Prop, XIIL), 

If two triangles have two sides of the one equal to two sides 
of the other J each to each, but the bases unequal, the angle con^ 
iained by the sides of that which has the greater base^ will tc 
greater than the angle contained by the sides of the other. 

m 

Let ABC, DEF be two triandes 
having two sides of the one equal to 
two sides of the other, viz. : AB equal 
to DE, and AC to DF, but the base 
BC greater than the base £F ; then 
will the angle BAC be greater than 
the angle EDF. 

For if it is not greater, it must be 
either equal to it, or less. But the angle BAC is not equal 
to the angle EDF, because then the base BC would be equal 
to the base EF (Prop. VI.), which is contrary to the suppo- 
sition. Neither is it less, because then the base BC would be 
less than the base EF (Prop. XIII.), which is also contrary 
to the supposition ; therefore, the angle BAC is not less than 
the angle EDF, and it has been proved that it is not equal 
to it ; hence the angle BAC must be greater than the angle 
EDF. Therefore, if two triangles, &c. 



PROPOSITION XV. THEOREM. 

If two triangles have the three sides of the one equal to the 
three sides of the other, each to each, the three angles will also 
be equal, each to eachf and the triangles themselves will be 
equal. 

Let ABC, DEF be two trian- 
gles having the three sides of the 
one equal to the three sides of the 
other, viz. : AB equal to DE, BC 
to EF, and AC to DP ; then will 
the three angles also be equal, - 
viz. : the angle A to the angle D, 
the angle B to the angle E, and the angle C to the angle F. 

For if the angle A is not equal to the angle D, it must be 
either greater or less. It is not greater, because then the 
base BC would be greater than the base EF (Prop. XIIL), 
which is contrary to the hypothesis; neither is it less, be- 
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caase then the base BC would he less than the base EF 
(Prop. XIIL), which is also contrary to the hypothesis. 
Therefore, the angle A must be equal to the angle D. In 
the same manner, it may be proved that the angle B is equal 
to the angle £, and the angle C to the angle F ; hence the 
two triangles are equal. Therefore, if two triangles, &c. 

Scholium* In equal triangles, the equal angles are oppo- 
site to the equal sides ; thus, the equal angles A and D are 
opposite to the equal sides BC, EF. 




raoPOsiTioN xvi. theorem* 

From a point without a straight line, onbf one perpendicular 
can be drawn to that line. 

Let A be the given point, and DE the 
given straight line ; from the point A only 
one perpendicular can be drawn to DE. 

For, if possible, let there be drawn two 
perpendiculars AB, AC, Produce the line 
AB to F, making BF equal to AB, and join 
CF. Then, in the triangles ABC, FBC, be- 
cause AB is equal to BF, BC is common to 
both triangles, and the angle ABC is equal to the an^le FBC, 
being both right angles (Prop. II., Cor. 1); therefore, two 
sides and the included angle of one triangle, are equal to two 
sides and the included angle of the other triangle ; hence the 
angle ACB is equal to the angle FCB (Prop. VI.). But, 
since the angle ACB is, by supposition, a right angle, FCB 
must also be a right angle; and the two adjacent angles 
BCA, BCF, beins: together equal to two right angles, the two 
straight lines AC, CF must form one and the same straight 
line (Prop. III.) ; that is, between the two points A and F, 
two straight lines, ABF, ACF, may be drawn, which is im- 
possible (Axiom 11) ; hence AB and AC can not both be per- 
pendicular to DE. Therefore, from a point, &c. 

Cor. From the same point, C, in the ^ ^ 

line AB, more than one perpendicular to 
this line can not be drawn. For, if possi- 
ble, let CD and CE be two perpendicu- 
lars ; then, because CD is perpendicular 
to AB, the ande DCA is a right angle ; i 
and, because CE is perpendicular to AB, ^ 

the angle EC A is also a right angle. Hence, the angle ACD 
is equd to the angle ACE (Prop. L), the less to the greater. 




wMch IB abmtrd ; tfierefore^ CI> and CE can not both be per* 
peadicular ta AB froni the same point C. 



PBOPOSITIOIV XriU VHBOftBH; 

Iff from a point tokkout a straight lincj a perpendicular be 
irmen to tkis^ Uncr and oblique lines be drawn to different 
points : 

IsL The perpendicular will be shorter than any oblique line, 

2d Two oblique lines^ which meet the proposed line at equal 
distances from the perpendicular^ will be equal 

3d!. Of any two oblique lines^ that which is further from the 
perpendicular will be the longer. 

Let DE be the given straight line, and 
A any point without it. Draw AB per- 
pendicular to DB; draw, also, the ob- 
lique lines AC5 AD, AK Produce the 
line AB to F, making BF eipial to AB» 
and jom CF, DF. 

First Because, in the triangles ABC, 
FBC, AB is equal to BF, BC is common 
to the two triangles, and the an^e ABC is equal to the angle 
FBC, being both right ai^es (rrop. H., Cor. 1) ; therefore, 
two sides and the included angle of one triangle,are equal to 
two sides and the mcluded angle of the other triangle ; hence 
the side CF is equal to the side CA (Prop. VI.). But the 
straight line ABF is shorter than the broken line ACF (Prop, 
Yin.) ; hence AB, the half of ABF, is shorter than AC, the 
balf of ACF. Therefore, the perpendicular AB is shorter 
than any oblique Une, AC. 

Secondly* Let AC and AE be two oblique lines whieh 
meet the Une DE at equal distances from the perpendicular ; 
they will be equal to ^ich other. For, in the triai^les ABC, 
ABB, BC is equal to BE, AB is common to the two triangles, 
and the angle ABC is equal to the angle ABE, being both 
right angles (Prop. I.) ; therefore, two sides and the included 
angle of one triangle are equal to two sides and the included 
angle of the other ; hence the side AC is equal to the side 
AE (Prop. VI.). Wherefore, two oblique lines, equally di»* 
tant from the perpendicular, are equal. 

^Thirdly. Let AC, AD be two oblique lines, of which AD 
It further from the perpendicular than AC ; then will AD be 
longer than AC. For it has already been proved that AC is 

Sual to CF ; and in the same manner it may be proved that 
D is equal to DF. Now, by Prop. IX., the sum of tte two 



lines AC, CF is less than the sum of the two lines AD, DF. 
Therefore, AC, the half of ACF, is less than AD, the half of 
ADF ; hence the oUtque line which is fiartfaest from the per- 
pendicular is the longest. Therefore, if from a point* &c. 

CW. 1. The perpaodicttlar measores the shortest distance 
of a poiat froia a Uta^ because it is shocteir l^aa aaj obliqos 
line. 

Car. 2. It is impossible to draw three equal straight lines 
from the same point to a given straight line. 



PROPOSITION XVIU. TEBORSM. 

j^ through the middle paimi o§ a straight line a perpindieh 
ular is drawn to this line : 

\sL Every point in the perpendicular is equally distanifivm 
ike two extremities of the line^ 

2d. Every point out of the perpendicular is unequaUy (fi^ 
tantfrowi those extremities. 

Let the straight Ene EF be drawn perpe&>* 
dicular to AB tiiroagh its middle point, CL 

First. Every point of EF is equally dis* 
tant from the extremities of the line AB ; for, 
since AC is equal to CBy the two oblique 
lines AD, DB are equally distant from the 
perpendicular, and are,therefore,equaI (Prop. 
XVII.). So, also, the two oblique lines AE, 
EB are equal, and the oblique lines AF, FB 
are equal ; therefore, every point of the per- 
pendicular is equally distant from the extremities A and B. 

Secondly. Let I be any point out of the perpendicular. 
Draw the straight lines I A, IB ; one of these lines must cut 
the perpendicular in some point, as D. Join DB ; then, by 
the first case, AD is equal to DB. To each of these equals 
add ID, then will lA be equal to the sum of ID and DB. 
Now, in the triangle IDB, lb is less than the. sum of ID and 
DB (Prop, y III.) ; it is, therefore, less than lA \ hence, every 
point out of the perpendicular is unequally distant from the 
extremities A and B. Therefore, if through the middle 
point, &c. 

Car. If a straight line have two points, each of whidi it 
equally distant from the extremities of a second Kne, it witt 
be perpendicular to the second line at hs middle point 
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PROPOSITION XIZ. THBORBM. 

If two right'Ongkd triangles haw the hypothenuse and u 
side of the onCf equal to the hypothenuse and a side of th6 other, 
each to each^ the triangles are equal. 

Let ABC, DEF be two 

right-angled triangles, having 
the hypothenuse AC and the 
side AB of the one, equal to 
the hypothenuse DF and side 
DE ot the other; then will 
the side BC be equal to EF, and the triangle ABC to the tri- 
angle DEF. 

For if BC is not equal to EF, one of them must be greater 
than the other. Let BC be the greater, and from it cut off 
BG equal to EF the less, and join AG. Then, in the triangles 
ABG, DEF, because AB is equal to DE, BG is equal to EF, 
and the angle B equal to the angle E, both of them being 
right angles, the two triangles are equal (Prop. VI.), and AG 
is equal to DF. But, by hypothesis, AC is equal to DF, and 
therefore AG is equal to AC. Now the oblique line AC, be- 
ing further from the perpendicular than AG, is the longer 
(Prop. XVII.), and it has been proved to be equal, which is 
impossible. Hence BC is not unequal to EF, that is, it is equal 
to it; and the triangle ABC is equal to the triangle DEF 
(Prop. Xy.>. Therefore, if two right-angled triangles, &c. 



PROPOSITION XZ. TBEOREMl. 

Two straight lines perpendicular to a third line^ are par* 
allel 

Let the two straight lines 
AC, BD be both perpendicu- , 
lar to AB ; then is AC par- 
allel to BD. ^ 

For if these lines are not 
parallel, being produced, they 
must meet on one side or the other of AB. Let them be pro- 
duced, and meet in O ; then there will be two perpendicu- 
lars, OA, OB, let fall from the same point, on the same 
straight line, which is impossible (Prop. XVL). Therefore, 
two straight lines, &c. 
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PEOPOBITIOir ZZK THEORBH. 




If a straight line, meeting two other straight lines^ makes the 
interior angks on the same iiide^together equal to tu>o right an^ 
gles^ the two lines are parcdleL 

Let the straight line AB, which a JB C 

meets the two straight lines AC, BD, 
make the interior angles on the same 
side, BACy ABD, together equal to two 
right angles; then is A-C parallel to 
BD. 

From 6, the middle point of the line 
AB, draw EGF perpendicular to AC ; it will also be perpen- 
dicular to BD. For the sum of the angles ABD and ABP is 
equal to two right angles (Prop. 11.) ; and by hypothesis the 
sum of the angles ABD and BAG is equal to two right an- 
gles. Therefore, the sum of ABD and ABF is equal to the 
sum of ABD and BAG. Take away the common angle 
ABD, and the remainder, ABF, is equal to BAG ; that is, 
GBF is equal to GAE. 

Again, the angle BGF is equal to the angle AGE (Prop. 
V.) ; and, by construction, BG is equal to GA ; hence the tri- 
angles BGF, AGE have two. angles and the included side of 
the one, equal to two angles and the included side of the oth- 
er ; they are, therefore, equal (Prop. VII.) ; and the angle 
BFG is equal to the angle AEG. But AEG is, by construc- 
tion, a right angle, whence BFG is also a right angle ; that 
is, the two straight lines EC, FD are perpendicular to the 
same straight line, and are consequently parallel (Prop. 
XX.). Therefore, if a straight line, &c. 

Scholium. When a straight line 
intersects two parallel lines, the in-' 
terior angles on the same side^ are 
those which lie within the parallels, 
and on the same side of the secant 
line, as AGH, GHC ; also, BGH, 
GHD. 

Alternate angles lie within the 
parallels, on different sides of the 
secant line, and are not adjacent to each other» as AGH, 
GHD ; also, BGH, GHC. 

Either angle without the parallels being called an exterior 
angle, the interior and opposite angle on the same side, lies 
within the parallels, on the same side of the secant line, but 
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not adjacent ; thus, GHD is an interior angle opposite to the 
exterior angle EGB ; so, also, with the angles CHG, AGE. 



PKO^OSITIOM. JLXU* THSO&EM. 

|r a straight Kne, intersecting hoo siker straight hnes^ makes 
the alternate angles equal to each other, or makes an exterior 
angle equal to the interior and opposite upon the same side of 
the secant line, these two lines are parstUel. 

Let the straight line EF, which 
intersects the two straight lines AB, 
CD, make the alternate angles A6H,. 
GHD equal to each other ; then AB -^ 
is parallel to CD. For, to each of 
the equal angles AGH^ GHD, add ^ 
the angle HgB; then the sum of 
AGH and HGB will be equal to the 
aim of GHD and HGB. But AGH 
aod HGB are equal to two right angles (Prop. IL) ; there- 
fi»re» GHD and HGB are equal to two right angles ; and 
hrace AB is parallel to CD (Prop. XXL). 

Again, if tne exterior an^Ie EGB is equal to the interior 
and opposite angle GHD» then is AB parallel to CD. For, 
the angle AGIl is equal to the angle EGB (Prop. Y.) ; and, 
by BuppositioQ, EGB is equal to GHD ; therefore the angle 
AGH is equal to the angle GHD, and they are alternate ach 
gles ; hence» by the first part of the proposition* AB is par- 
allel to CD. Therefore, if a straight line» &c* 




PROPOSITION XXIII. TBEORBlf. 

(Converse of Propositions XXL andXXII.) 

If a straight line intersect two parallel lines, it makes the 
ahemate angles equal to each other ; also, any exterior angle 
equal to the interior and opposite on the same side ; and the 
two interior angles on the same side together equal to two right 
angles. 

Let the straight line EF intersect 
the two parallel lines AB, CD ; the 
alternate angles AGH, GHD are 
equal to each other ; the exterior an- 
gle EGB is equal to the interior and 
opposite angle on the same side, 
GHD ; and the two interior angles on 
the same side^ BGH, GHD, are to« 
gether equal to two right angles. 
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For if AGH is not equal to GHD, trough 6 draw the 
line KL, making the ande KGH equal to GHD; then'KL 
muist be parallel to CD (Prop. XXII.). Bat, by supposition, 
-AB is parallel to -CD ; therefore, through the same point, G, 
two straight lines have been drawn parallel to CD, which is 
impossible (Axiom 12). Therefore, the angles AGH, GHD 
are not unequal, that is, they are equal to each other. Now 
the angle AGH is equal to EGB (Prop. V.), and AGH has 
been proved equal to GHD ; therefore, £GB is also equal to 
GHD. Add to each of these equals the angle BGrH ; then 
will the sum of EGB, BGH be equal to the sum of BGH, 
GHD. But EGB, BGH are equal to two right angles (Prop. 
II.) ; therefore, also, BGH, GHD are equal to two right an- 
'gles. Therefore, if a ^raigbt line, *&c 

*Cor. 1. If :a straight line is perpendiculaT to one of two 
parallel lines, it is also perpendicular to the other. 

Cor. 2. If two lines, KL and CD, make with EF the two 
andes KGH, GHC together less than two right angles, then 
win KL and CD meet, if sufficiently produced. 

For if they do not meet, they are parallel (Def. 12). But 
they are not parallel ; for then the angles KGH, GHC would 
be equal to two right angles. 

PROPoamoN XXIV. thcosbm. 

Straight tines which are parallel to the same line^arej^ral- 
lel to each other. 

Let the straight Imes AB, CD be 
each of them parallel to the line EF ; 2 



then will AB be parallel to CD. f^ 

For, draw any straight line, as C 
PQR, perpendicular to EF. Then, 



since AB is parallel to EF, PR, which A z^ ^B 

is perpendicular to EF, Will also be 
perpendicular to AB (Prop. XXIII., Cor. 1) ; and since CD 
IS parallel to EF, PR will also be perpendicular to CD. 
Hence, AB and CD are both perpendicular to the same 
straight line, and are consequently parallel (Prop. XX.). 
Therefore, straight lines which Are parallel, &c. 



P&OPOBITION XXV. TfiSORSM. 

Two parallel straight lines are every where equally distant 
from each other. 

Let AB, CD be two parallel straight lines. From any 
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points, E and F, in one of them, 
draw the lines EG, FH perpendic- c 
ular to AB ; they will ako be per- 
pendicular to CD (Prop. XXIII.9 
Cor. 1). Join EH ; then, because "^ -^ 
EG and FH are perpendicular to the same straight line AB, 
they are parallel (Prop. XX.) ; therefore, the alternate an- 
gles, EHr, HEG, which they make with HE are equal 
(Prop. XXIIL). Affain, because AB is parallel to CD, the 
alternate angles GHE, HEF are also equal. Therefore, the 
triangles HEF, EHG have two angles of the one euual to 
two angles of the other; each to each, and the side Ell inclu- 
ded between the equal angles, common ; hence the triangles 
are equal (Prop. Vll.) ; and the line EG, which mea&ures the 
distance of the parallels at the point £, is equal tu the line 
FH, which measures the distance of the same parallels at the 
point F. Therefore, two parallel straight lines, &c. 



PROPOSITION XXVI. THEOREM. 

Two angles are equahwhen their sides are paralklf each to 
etzchf and are similarly situated. 

Let BAG, DEF be two angles, having 
the side BA parallel to DE, and AC to 
£F; the two angles are equal to each 
other. 

Produce DE, if necessary, until it meets 
AC in G. Then, because EF is parallel 
to GC, the angle DEF is equal to DGC 
(Prop. XXIIL) ; and because DG is par- 
allel to AB, the angle DGC is equal to BAG ; hence the an- 
gle DEF is equal to the angle BAG (Axiom 1). Therefore, 
two angles, &c. 

Scholium. In this proposition, it is necessary that the two 
angles be similarly situated ; for, if we produce FE to H, the 
angle DEH has its sides parallel to those of the angle BAG ; 
but the two angles are not equal. 



PROPOSITION ZZVII. THEOREM. 

If one side of a triangle is produced^ the exterior angle is 

2iial to the sum of the two interior and opposite angles ; and 
e three interior angles of every triangle are equal to two 
right angles. 

Let ABC be any plane triangle, and let the side BC be 





BOOK I« 81 

4 

produced to D ; then will the ex^ 
terior angle ACD be equal to the 
sum of the two interior and oppo- 
site angles A and B ; and the sum 

of the three angles ABC, BCA, .^ 

CAB is equal to two right angles. -^ ^ • ^ 

For, conceive CE to be drawn pa^rallel to the side AB of 
the triangle; then, because AB is parallel to CE, and AC 
meets them, the alternate angles BAC, ACE are equal (Prop. 
XXIIL). Again, because AB is parallel to CE, and BJ) 
meets them, the exterior ansle ECD is equal to the interior 
and opposite angle ABC. But the angle ACE was proved 
equal to BAC ; therefore the whole exterioj angle ACD is 
equal to the two interior aiid opposite angles CAB, ABC 
(Axiom 2), To each of these equals add the angle ACB; 
then will the sum of the two angles ACD, ACB be equal to 
the sum of the three angles ABC, BCA, CAB« But the an- 

fles ACD, ACB are equal to two right angles (Prop. II.) ; 
ence, also, the angles ABC, BCA, CAB are together equal 
to two right angles. Therefore, if one side of a triangle, &c. 

Cor. 1. If the sum of two angles of a triangle is given, the 
third may be found by subtracting this sum from two right 
angles. 

Cor. 2. If twa angles of one triangle are equal to two an- 
gles of another triangle, the third ingles are equal, and the 
triangles are mutually equiangular. 

Cor. 3. A triangle can have but one right angle ; for if 
there were two, the third angle would be nothing. Still/ less 
can a triangle have more than one obtuse angle. 

Cor, 4. In a right-angled triangle, the sum of the two acute 
angles is equal to one right angle* 

Cor. 5. In an equilateral triangle, each of the angles is one 
third of two right angles, or two thirds of one right angle. 



PEOPOSITION XXVIII* THEOREM. 

The sum of all the interior angles of a polygon^ is equal to 
twice <u many right angles^ wanting four^ as the figure has 
sides. 

Let ABCDE be any polygon ; then the sum of all its inte- 
rior angles A, B, C, D, E is equal to twice as many right an- 
gles, wanting four, as the figure has sides ^see next page). 

For, from any point, F, within it, draw lines FA, FB, FC, 
&c., to all the angles. The polygon is thus divided into as 
many tnangles as it has sides, riow the sum of the three 
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angles of each of these triangles, ts equal 

to two right angles (Prop. XXVII.); 

therefore the sum of the angles of all the 

triangles, is equal to twice as many right 

angles as the polygon has sides. But 

the same angles are equal to the angles 

of the polygon, together with the angles 

at the point F, that is, together with four 

Tight angles {Prop. V.,'Cor. ^). Therefore flie angles of the 

polygon are equal to twice as many right angles as the ^g- 

ure has fiides, wanting four right angles. 

Cor. 1. The sum of the angles of a quadrilateral is four 
right angles ; of a pentagon, six right angles ; of a 'hes:agon, 
«ight, &c. 

Cor, "2. AH ike exterior angles of a polygon are together 
equal to four right angles. Because every interior angle, ABCf 
together with its adjacent exterior an- 
gle, ABD, is equal to two right angles 
(Prop. II.) ; therefore the sum of all the 
faiterior and exterior angles, is equal to 
twice as many right angles as the poly- 
gon has sides ; that is, the^ are equal to 
all the interior angles of the polygop, 
together with four right angles. Hence 5 B 
the sum of the exterior angles must be 
equal to four right angles (Axiom 3). 




PROPOSITION XXIX. THEOBEH. 




The opposite sides and angles of a parallelogram are eqml 
to each other. 

Let ABDC be a parallelogram ; then will j^ 
its opposite sides and angles be equal to 
each other. 

Draw the diagonal BC ; then, because AB 
is parallel to 01), and BC meets them, the c D 

akemate angles ABC, BCD are equal to each other (Prop. 
XXIII.). Also, because AC is parallel to BD, and BC meets 
them, the alternate angles BCA, CBD are equal to each oth- 
"er. Hence the two triangles ABC, BCD have two angles, 
ABC, BCA of the one, equal to two angles, BCD, CBD, of 
the other, each to each, and the side BC included between 
ibese equal angles, common to the two triangles ; therefore 
their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other (Prop. VII.)* '^v* 
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the side AB to the side CD, and AC to BD, and the angle 
BAC equal to the angle BDC. Also, because the an^le ABC 
is equal to the angle BCD, and the angle CBD to the angle 
BCA» the whole angle ABD is equal to the whole angle 
ACD. But the angle BAC has been proved equal to the an« 
gle BDC ; therefore the opposite sides and angles of a par- 
allelogram are equal to each other. 

Cor. Two parallels, AB, CD, comprehended between two 
other parallels, AC, BD, are equal ; and the diagonal BC di- 
vides the parallelogram into two equal triangles. 




pROPOsiTidN xxz. THEOfiBtf {Cowoer^e of Prop. 

If the oppointe sides of a quadrilatercd are equals each to 
eachf the equal sides areparalklt and the figure is aparaUebh 
gram. 

Let ABDC be a quadrilateral, having its a 
opposite sides equal to each other, viz. : the 
side AB equal to CD, and AC to BD ; then 

will the equal sides be parallel, and the fig- ,p^ j- 

ure will be a parallelogram. ^ ^ 

Draw the diagonal BC; then the triangles ABC, BCD 
have all the sides of the one equal to the corresponding sides 
of the other, each to each ; therefore the angle ABC is equal 
to the angle BCD (Prop. Xy.)» and, consequently, the side 
AB is parallel to CD (Prop. XXII.). For a like reason, AC 
is parallel to BD ; hence the quadrilateral ABDC is a par- 
allelogram. Therefore, if the opposite sides, &c. 



PROPOSITION ZZXI. . THEOREM. 

If two opposite sides of a quadrilateral are equal and par' 
aUelf the other two sides are equal and parallelf and the ^^ptre 
is a parallelogram. 

Let ABDC be a quadrilateral, having the 
sides AB, CD equal and parallel ; then will 
the sides AC, BD be also equal and parallel, 
and the figure will be a parallelogram. 

Draw the diagonal dC ; then, because 
AB is parallel to CD, and BC meets them, the alternate an- 
gles AbC, BCD are equal (Prop. XXIII). Also, because 
AB is equal to CD, ana BC is common to the two triangles 
ABC, BCD, the two triangles ABC^BCD have two sides and 

C 
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die included an^le of the one, equal to two sides and tlie kl« 
eluded angle of the other ; therefore, the side AC is eqfua) 
to BD (Prop. YL), and the angle ACB to the angle CBD. 
And, because the straight line BC meets the two straight 
lines AC, BD, making the alternate angles BCA» CBD equal 
to each other, AC is parallel to BD (Prop^ XXII.) $ hence 
the figure ABDC is a parallelogram. Therefore, if tiro op* 
posite sides, &c* 



PROPOSITION ZXXn. THBOEBM. 

The diagcfutb of every parallelogram bisect each other. 

Let ABDC be a parallelogram whose di*- ^ 
agonalS) AD, BC, intersect each other in B ; 
then will AE be equal to ED, and BE to 
EC. 

Because the alternate angles ABE, EOD O d 

are equal (Prop. XXIID, and also the alternate angles EAB, 
EDC, the triangles ABE, DCE have two angles in the one 
isqual to two angles in the other, each to each, and the inclu** 
jded sides AB, CD are also equal ; hence the remaining sides 
are equal, viz. : AE to ED,^ and CE to EB* Therefore, the 
diagonals of every parallelogram, &c. 

Cor, If the side AB is equal to AC, the triangles AEB, 
AEC have all the sides of the One equal to the corresponding 
mdes of the other, and are consequently equal ; hence the 
angle AEB will equal the angle AEC, and therefore the di' 
agoTials of a rhombus bisect each other at right angles. 
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BOOK 11. 

RATIO AND PROPCmXION. 

On tks Relation of Magnitudes to Numbers* 

The ratios of magnitudes may be expressed by numbeiH 
either exactly or approximately ; and in the latter case, the. 
tpproximation can be carried to any required degree of pro> 
eision. 

Thus, let it be proposed to jBnd the numerical ratio of two 
•traight lines, AB and CD. 

Prom the greater line AB, cut ^ E & B 

off a part equal to the less, CD, | j i i j 

18 many times as possible ; for 

example^ twice, with a remain- ^ ? ? 

der EB. Prom CD, cut off a ' ' ' 

part equal to the remainder EB as often as possible ; for exr 
ample, once, with a remainder PD. Prom the first remain* 
der, BE, cut off a part equal to PD as often as possible ; for 
example, once, with a remainder GB. From the second xe- 
tnainder, PD, cut off a part equal to the third, ^B, as many 
times as possible. Continue this process until a remainder if 
found which is contained an exact number of times in tho 
preceding one. This last remainder will be the common 
measure of the proposed lines ; and regarding it as the meao- 
uring unit, we may easily find the values of the preceding 
remainders, and at length those of the proposed lines; whenco 
we obtain their ratio in numbers. 

Por example, if we find GB is contained exactly twice in 
FD, GB will be the common measure of the two proposed 
lines. Let GB be called unity, then PD will be equal to 2. 
But EB contains PD once, plus GB; therefore, EB==3. CD 
contains EB once,plu8 PD ; therefore, CD^d. AB containe 
CD twice, plus EB; therefore, AB=13. Consequently, the 
ratio of the two lines AB, CD is that of 18 to 5. 

However far the operation is continued, it is possible that 
we may never find a remainder which is contained an exad 
number of times in the precedmg one. In such cases, the ex- 
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tU^ ratio can not be expressed in nombers ; but, by taking the 
measuring unit sufficiently small, a ratio may always be 
found, which shall approach as near as we please to the true 
ratio. 

So, also, in comparing two sur- iMt A • b 

fitces, we seek some unit of meas- Q 
ure which is contained an exact 
number of times in each of them. 
Let A and B represent two sur- 
faces, and let a square inch be 
the unit of measure. Now, if 
this measuring unit is contained 
15 times in A and 24 times in B, then the ratio of A to B is 
that of 15 to 24. And although it ma^y be difficult to find 
this measuring unit, We may still conceive it to exist; or, if 
there is no unit which is contained an exact number of times 
in both surfaces, yet, since the unit may be made as small as 
we please, we may represent their ratio in numbers to any 
decree of accuracy required. 

Again, if we wish to find the ratio of two solids^ A and B, 
we seek some unit of measure which is contained an exact 
number of times in each of them. If we take a cubic inch 
as the unit of measure, and we find it to be contained 9 times 
in A, and 13 times in B, then the ratio of A to B is the same 
as that of 9 to 13. And even if there is no unit which is 
contained an exact number of times in both solids, still, by 
taking the unit sufficiently small, we may represent their ra- 
tio in numbers to any required degree oi precision. 

Hence the ratio of two magnitudes in geometry, is the 
same as the ratio of two numbers, and thus each magnitude 
has its numerical representative. We therefore conclude 
that ratio in geometry is essentially the same as in arith- 
metic, and we might refer to our treatise on algebra for such 
properties of ratios as we have occasion to employ. How- 
ever, in order to render the present treatise complete in it- 
self, we will here demonstrate the most useful properties. 



Definitions. 

Def. 1. Ratio is the relation which one magnitude bears to 
another with respect to quantity. 

Thus, the ratio of a line two inches in length, to another 
six inches in length is denoted by 2 divided by 6, t. e., f or 
f , the number 2 being the third part of 6. So, also, the ra- 
tio of 3 feet to 6 feet is expressed by | or i. 

A ratio is most conveniently written as a fraction ; thus. 
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A 
the ratio of A to B is written ^-^ I'he two magnitudes com- 
pared together are called the terms of the ratio ; the first is 
called the anteoedentf and the second the consequent 
Def. 3. Proportion is an equality of ratios. 
Thus, if A has to B the same ratio that C has to D, these 
four quantities form a proportion, and we write it 

A C 

« A : B : 4.C : D. 

The first and last terms of a proportion are called the two 
txtremeSf and the second and third terms the two means. 

Of four proportional quantities, the last is called ^Jaurth 
: propariunml to the other three^ taken in ordw. 

Since A=,^, 

B D 

it is obvious that if A is greater than B, C must be greater 
than D ; if equal, equal ; and if less, less ; that is, if one ante- 
cedent is greater tnan its consequent, the other antecedent 
must be greater than its consequent ; if equal, equal ; and if 
less, less. 

Def. 3. Three quantities are said to be proportional* when 
the ratio of the first to the second is equal to the ratio of the 
second to the third ; thus, if A, B, and G are in proportion, 
then 

A : B : : B : C. 

In this case the middle term is said to be a mean propor- 
tional between the other two. 

i)ef. 4. Two magnitudes are said to bc^ equimultiples of 
two others, when they contain those others the same number 
of times exactly. Thus, 7A, 7B are equimultiples of A and 
B ; so, also, are mA and mB. 

Def. 5. The ratio of B to A is said to be the reciprocal of 
^the ratio of A to B. 

Def. 6. Inversion is when the antecedent is made the con- 
sequent, and the consequent the antecedent 

Thus, if A : B r : C : D ; 

then, inversely, 

B : A : : D : C. 

Def 7. AUemation is when antecedent is compared with 
antecedent, and consequent with consequent. 

Thu8,if A:B::C:D; 

then, by alternation, 

A : C : : B : D. 

Def. 8. Composition is When the sum of antecedent and 
consequent is compared either with the antecedent or con- 
sequent. 
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Thus, if A : B : : C : D ; 

Aen, by compomtion, 

A+B ; A : : C+D : C, and A-f B : B : : C+D : D. 
Def, 9. Division is when the difference of antecedent and 
consequent is compared either with the antecedent or con 
Sequent. 

Thus, if A;B::C:D; 

then« by division, 

A— B : A : : C— D : C, an4 A— B : B : : C— D : D. 



Axio9n$» 

1. Equimultiples of the same, or equal magwtudes, aae 
equal to each other. 

2. Those magnitudes of which the same or equal magni- 
tudes are equimultiples, are equal to each other. 



PEOPOSITiW I. THSOlUf. 

^four qtutntities are proportional^ the product of the two eic- 
iremes ii equal to the product of the two means. 

It has been shown that the ratio of two magnitudes, wheth- 
er they are lines, surfaces, or solids, is the same as that of 
two numbers, which we call their numerical representatives. 

Let, then, A, B, C, D be the numerical representatives of 
four propoi'tional quantities, so that A : B : : C : D; then 
willAxD=BxC. 

For, since the four quantities are proportional, 

A C 

Multiplying each of these equal quantities by B (Axiom 1), 
we obtain 

. BxC 

Multiplying each of these last equals by D, we have 

AxD=BxC. 
Cor. If there are three proportional qnoMfitieSr the produdl 
cf the two extremes is equal to the square of the mean. 

Thus, if A : B : : B : C ; 

then, by the proposition, 

A xG=rB xB, which is equal to 0*. 
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PS0P08ITI0N u. THBOEEM {Couverte of Prop. /.}. 

^ lAe product of two quantities is equal to tke product of two 
other quantities^ the first two may be made ike extremeSf €m4 
the other two the means of a proportion. 

Thus, suppose wo have A xD=:B xC ; then wiU 

A : B : : C : D. 
For, since AxD=B)(C»dilvidiQg each of these equate b]r 
D (Axiom 2)» we have 

Dividing each of these last equals by B, we obtain 

KJC 

B^B* 
that ^8, the ratio of A to B is equal to that of C to D« 
or, A : B : : C : D. 



ptopostTioif ni. Tfieoftstt. 

If four quantities are proportunuilr they are also proporthn- 
al wnen taken alternately. 

Let A, B, C, D be the numerical representatives of fbur 
proportional quantities, so that A : B : : C : D ; then wiU 

A:C::B:I). 

For, smce A : B : : C : D, 

hy Prop. L, A X D =B x C. 

And, since A xD=B xC, 

by Prop. II., A : C : : B : D. 



PROPOSITIOK IV. THBORBII. 

Ratios ihai are equal to the same ratiOf are equal to mch 
other. 



Let 


A : B : : C : D, 


and 


A:B::E:F; 


then will 


C : D : : B : P. 


For, since 


A : B : : C : D, 




A C 


we have 


B=D- 
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And, since A : B : : E : F, 

A E 
we have B^P' 

C E A 

But jz and ^^ being severally equal to ^9 must be equal to 

each other, and therefore 

C:I>::E:P. 
Cor. If the antecedents of one proportion are equal to the 
antecedents of another proportion, the consequents are pro- 
portional. 

If A : B : : C : D, 

and A:E::C:F; 

then will B : D : : E : F. 

For, by alternation (Prop. III.), the first proportion be- 
comes 

A : C : : B : D, 
and the second, A : C : : E : P. 

Therefore, by the proposition, * 

B : D : : E : P. 



PROPOSITION V. THEOREM. 

1 

If four auantUies are proportional^ they are alsaproportionf 
al when taken inversely. 

Let A : B : : C : D ; 

then will B : A : : D : C. 

For, since A : B : : C : D, 

by Prop. L, A X D = B X C, 

or, BxC^AxD; 

therefore, by Prop. II., 

B : A : : D : C. 



PROPOSITION VI. THBOREM. 

If four quantities are proportional^ they are also proportion- 
al oy composition. 

Let A : B : : C : D, 

then will A+B : A : : C+D : C. 

Por» since A : B : : C : D, 

by Prop. L, B X C = A X D. 

To each of these equals add 

AxC=AxC, 
then AxC+BxC=AxC+AxD, 
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or. (A+B)xC=Ax(C+D). 

Thereforo» by Prop. II., 

A+B : A : : C+D ; C. 



PROPOBItlON VII. THEOREM. 

If four quantities are proportional^ thiey are abo proportionr 
ai hy division. 

Let A:B::CsD; 

then will A— B : A : : C— D : C. 

^ For, since A : B : : C : D, 

by Prop. L, BxC=AxD. 

Subtract each of these equals from A XC ; 
then AxC— BxC=AxC— AxD, 

or, (A— B)xC=Ax(C— D). 

Therefore, by Prop.. II., 

A— B : A : : C— D t C. 

Cor. A+B : A— B : : C+D : C— D. 



PROPOSITION YIII. THEOREM. 

EquimulHpks of two quantities have the same ratio as the 
quantities themselves. 

Let A and B be any two quantities, and mA, mB their 
equimu^iples ; then will 

A : B : : mA : mB. 
For mxAxB==mxAxB, 

or,^ AxmB=BxmA. 

Therefore, by Prop. IL, 

A : B : : mA : mB. 



PROPOSITION IX. THEOREM. 

If any number of quantities are proportional^ any one ante- 
cedent is to its consequent, as the sum of all the antecedents, i$ 
to the sum of all the consequents. 



Let 


A : B : : C : D : : E : F, &c. ; 


then will 


A : B : : A+C+E : B+D+F. 


For, since 


A : B : : C : D, 


we have 


AxDsi=BxC. 


And, since 


A : B ; : E : F, 



we have A x F=B X E. 

To these equals add 

AxB==AxB, 
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and we have 

AxB+AxD+AxP=AxB+BxC+BxE; 
or, A X (B+D+F) =B x (A+C+E). 

Therefore, by Prop. IL, 

A : B :: A+C+E : B+D+F. 



PROPOBITIOIf X. THBOBBM. 

If fofwr quantities are proportional^ their sguara or cub$$ 
are also proportionate 

Let A : B : : C : D ; 

then wai A* : B« : : C : D% 

and A' : B* : : C« : D*. 

For, since A ^ B : : C : D, 

by Prop. L, A x D=B x C f 

or, multiplying each of these eqoals by itself (Axiom 1), we 
have 

A*xD*=B'xC«5 
and multiplying these last equals by AxD=:BxC, we have 

A*xD'«B*xC». 
Therefoie, by Prop. IL, 

A' : ff : : C* : ly, 
and A*:B'::C':D\ 



PROPOSITION XI. THEeRBM. 

If there are two sets -of proportional quantiiieSf the products 
of the corresponding terms are proportional* 

Let A : B : : C : D, 

and E : F : : G : H • 

then will AxE : BxF : : CxG : DxH. 

For, since A : B : : C : D, 

by Prop. I., A X D =B xC. 

And, since E : F : : G : H, 

VyProp.!., ExH=PxG. 

Multiplying together these equal quantities, we hav( 

AxDxExH=:BxCxPxG; 
or, (AxE)x(DxH)=(BxF)x(CxG); 

therefore, by Prop. II., 

AxE: BxF;: CxG: DxH. 



Cor. If 


A : B : : C : D, 


and 


B:F::G:H: 


then 


A:F::CxG:DxH 
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For, by the proposition, 

AxB:BxF::CxG:DxH. 
Also, by Prop. VIII., 

AxB:BxF:: A:F; 
hence, by Prop. IV., 

A :F::CxG:DxH. 



PROPOSITION XII. THEOREM. 

If three quantities are proportional, the first is to tii$ thirds 
as the square of tlie first to me square of the second. 

Th«3, if A:B::B :C? 

then A:C:!A*:B\ 

For, since A : B : : B : C, 

and A ;B : : A : B^ 

therefor^, by Prop. XL, 

A*:B':: AxBrBxC. 
Put, by Prop. VIII., 

AxB:BxC:: A:C; 
hMce, by Prop. IV., A : : : A* : B*. 
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BOOK III. 

TH£ CIRCLE, AND THE MEASURE OF ANGLEa 

Definitiofu. 

1. A circk is a plane figure bounded by a line, every point 
of which is equally distant from a point within, callea the 
center. 

This bounding line is called the circumfer- 
ence of the circle. 

2. A radius of a circle is a straight line 
drawn from the center to the circumference. 

A diameter of a circle is a straight line 
passing through the center, and terminated 
Doth ways by the circumference. 

Cor. All the radii of a circle are equal ; all the diameters 
are equal also, and each double of the radius* 

3. An arc of a circle is any part of the circumference. 
The chord of an arc is the straight line which joins its two 

extremities. 

4. A segment of a circle is the figure included between an 
arc and its chord. 

5. A sector of a circle is the figure included between an 
arc, and the two radii drawn to the extremities of the arc. 

6. A straight line is said to be inscribed in a circle, when 
its extremities are on the circumference. 

An inscribed angle is one whose sides are 
inscribed. 

7. A polygon is said to be inscribed in a 
circle, when all its sides are inscribed. The 
circle is then said to be described about the 
polygon. 

8. A secatU is a line which cuts the cir- 
cumference, and lies partly within and partly without the 
circle. 

9. A straight line is said to touch a circle, when it meets 
the drcumference, and, being produced, does not cut it. 
Such a line is called a tangent^ and the point in which it 
meets the circumference, is called the point of contact. 
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10. Two circumferences touch each 
other when they meet, but do not cut 
one another. 



11. A polygon is described about a circle, 
when eacn side of the polygon touches the cir- 
cumference of the circle. 

In the same case, the circle is said to be in^ 
icribed in the polygon. 





PEOPOBITION I. THEORKM. 

Every diameter divides the circle and its circumference into 
two equal parts. 

Let ACBD be a circle, and AB its di- 
ameter. The line AB divides the circle 
and its circumference into two equal parts. 
For, if the figure ADB be applied to the ^i 
figure ACB, while the line AB remains 
common to both, the curve line ACB must 
coincide exactly with the curve line ADB. 
For, if any part of the curve ACB were to 
fall either within or without the curve ADB, there would be 
points in one or the other unequally distant from the center, 
which is contrary to the definition of a circle. Therefore, 
every diameter, &c. 




PROPOSITION II. THEOREM. 

A straight line can not meet the circumference of a circle in 
more than two points. 

For, if it is possible, let the straight 
line ADB meet the circumference CDE 
in three points, C, D, E. Take F, the 
center of the circle, and join FC, FD, 
FE. Then, because F is the center of 
the circle, the three straight lines FC, 
FD, F£ are ail equal to each other; 
hence, three equal straight lines have ^ 

been drawn from the same point to the same straight linet 
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which is impossible fProp. XYIL, Cor. 2, Book L). Thero- 
foroi a straight linei o&c. 



PBOPOSITION III. THEO&EM. 




In equal circles^ equal arcs are subtended by equal chords f 
andy conversely^ equal chords subtend equal arcs. 

Let ADB, EHF be 

equal circles, and let the 
arcs AID» EMH also be 
equal ; then will the 
, chord AD be equal to 
the chord EH. 

For, the diameter AB 
b^injg ^ual to the diameter EF, the seimicircle ADB may be 
apphed exactly to the semicircle EHF, and the curve lintf 
ALDB will coincide entirely with the curve line EMHF 
(Prop. I.). But the arc AID is, by hjrpothesis^ equal to the 
arc EMH ; hence the point D will fall on the point H, and 
therefore the chord AD is equal to the chord EH (Axiom 
11, B. I.). 

Conversely^ if the chord AD is equal to the chord EH, then 
the arc AID will be equal to the arc EMH. 

For, if the radii CD, GH are drawn, the two triangles 
ACD, E6H will have their three sides equal, each to each, 
viz. : AC to EG, CD to GH, and AD equal to EH ; the tri- 
angles are consequently equal (Prop. XV., B. I.), and the an- 
gle ACD is equal to the angle EGH. Let, now, the semicir* 
cle ADB be applied to the semicircle EHF, so that AC may 
coincide with EG ; then, since the angle ACD is equal to the 
angle EGH, the radius CD will coincide with the radius GH, 
and the point D with the point H. Therefore, the arc AID 
must coincide with the arc EMH, and be equal to it. Hence, 
ift equal circles, &lg* 



PBOPOBITIOir IV. THEOBBH. 

In equal circles, equal angles at the center^ are subtended by 

ril arcs ; aTidf conversely , equal arcs subtend equal angles at 
center. • 

Let AGB, DHE be two equal circles, and let ACB, DFB 
be equal angles at their centers ; then will the arc AB be 
equal to the arc PE. Join AB, DE ; and, because the cir« 
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cles A6B» DKB are gqaal, their 

rtulii are edtial. Therefore, the 

two sides CA, CB are equal to 

the two sides FD, F£ ; also, the 

angle at C is equal to the angle 

at P; therefore, the base AB is 

equal to the base D£ (Prop. YL, A 

B. L). And, because the chord AB 

is equal to the chord DE, the arc AB must be equal to the 

arc DE (Prop. III.). 

Conversely, if the arc* AB is equal to the arc DE, the an- 
gle ACB will be equal to the angle DFE. For, if these an- 
gles are not equal, one of them is the greater. Let ACB be 
Uie greater, and take ACI equal to DFE; then* because 
equal angles at the center are subtended by equal arcs, the 
arc AI is equal to the arc DE; But the arc AB is equal to 
the arc DE ; therefore, the arc AI is equal to the arc AB^ 
the less to the greater, which is impossible. Hence the aa^ 
gle ACB is not unequal to the angle DFE, that is, it is equal 
to it. Therefore, in equal circles, &c. 



PROPOSITION v. THEOREM. 

In the same cirde^ or in equal circles^ a greater arc is sulh 
tended by a greater chord; and, conversely, the greater chord 
subtends the greattr arc. 

In the circle ABB, let the arc AE be 
greater than the arc AD; then will the 
chord AB be greater than the chord AD. 

Draw the radii CA, CD, CE. Now, if 
the arc AB were equal to the arc AD, ^| 
the angle ACE would be equal to the an- 
g^e ACD (Prop. IV.) ; hence it is clear 
that if the arc AE be greater than the arc 
AD, the angle ACE must be greater than the angle ACD. 
But the two sides AC, CE of the triangle ACE are equal to 
the two AC, CD of the triangle ACD, and the angle ACB is 
greater than the angle ACD ; therefore, the third side AE is 

STsater than the third side AD (Prop. XIIL, B. I.); hence 
e chord which subtends the greater arc is the greater. 
Conversely, if the chord AE is greater than the chord AD, 
the arc AE is greater than the arc AD. For, because the 
two triangles ACE, ACD have two sides of the one equal 
to two sides of the other, each to each, but the base AE of 
the one is greater than the base AD of the other, therefore 
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the angle ACE is greater than the aqgle ACD (Prop. XIV. 
B. I.) ; and hence the arc AE is greater than the arc AD 
(Prop. IV.). Therefore, in the same circle, &c. 

Scholium. The arc3 here treated of are srupposed to be 
less than a semicircumference. If they were greater, the op- 
posite property would hold true, that is, the greater the arc 
the smaller the chord. 



PROPOSITION Vr. THSOBEM. 

I%e radius which is perpendicular to a chords bitecis the 
chordf and also the arc which it subtends. 

Let AB6 be a circle, of which AB is a 
chord, and CE a radius perpendicular to 
it; the chord AB will be bisected in D, 
and the arc AEB will be bisected in E. 

Draw the radii C A, CB. The two right- 
angled triangles CDA, CDB have the side 
AC equal to CB, and CD common ; there- -^ 
fore the triangles are equal, and the base 
AD is equal to the base DB (Prop. XIX., 

a I.). 

Secondly i since ACB is an isosceles triangle, and the line 
CD bisects the base at right angles, it bisects also the verti? 
cal an^le ACB (Prop. X., Con 1, B. L). And, since the an- 
gle ACE is equal to the angle BCE, the arc AE must be 
equal to the arc BE (Prop. IV.) ; hence the radius CE, per- 
pendicular to the chord AB, divides the arc subtended by 
this chord, into two equal parts in the poii^t E. Therefore, 
the radius, &c. 

Scholiim. The center C, the middle point D of the chord 
AB, and the middle point E of the arc fiubtended by this 
chord, are three points situated in a straight line perpendic- 
ular to the phord. Now two points are sufficient to deter- 
mine the position of a straight line ; therefore any straight 
line which passes through two of these points, will necessari- 
ly pass through the third, and be perpendicular to the chord. 
Also, the perpendicular at the middle of a chord passes through 
the center of the circle^ and through the middle of the arc sidh 
tended by the chord. 




BOOK III. 40 




Pi^OPOSmON VII. THSOBEH. 

Through three given points^ not in th^ same straight line, 
one circumference may he made to passj and hut one. 

Let Ay fi, C be three points not in the same straight line ; 
they all lie in the circumference of the same circle. Join 
AB, AC, and bisect these lines by the 
perpendiculars DF, EF; DF and EF 
produced will meet one another. For, 
join DE ; then, because the angles ADF, 
AEF are together equal to two right an- 
gles, the angles FDE and FED are to- 
Spther less than two right angles ^ there^ 
ore DF and EF will meet if produced 
(Prop. XXIII., Cor. 2, B. I.). Let them -^ 

meet in F. Since this point lies in the perpendicular DF, it is 
equally distant from the two points A and B (Prop. XVIII., 
B. I.) ; and, since it lies in the perpendicular EF, it is equally 
distant from the two points A and C; therefore the three 
distances FA, FB, FC are all equal; hence the circumfe- 
rence described from the center F with the radius FA will 
pass through the three given points A, B, C. 

Secondly. No other circumference can pass through the 
same points. For, if there were a second, its center could 
not be out of the line DF, for then it would be unequally dis- 
tant from A and B (Prop. XVIII., B. I.) ; neither could it be 
out of the line FE, for the same reason ; therefore, it must be 
on both the lines DF, FE. But two straight lines can not 
cut each other in more than one point ; hence only one cir- 
cumference can pass through three given points. Therefore, 
through three given points, &c. 

Cor, Two circumferences can not cut each other in more 
than two points, for, if they had three common points, they 
would have the same center, and would coincide with each 
other. 



PROPOSITION VIII. THEOREM. 

Equal chords are equally distant from the cerUer ; and of two 
unequal chords^ the shortest is furthest from the center. 

Let the chords AB, DE, in the circle ABED, be equal to 
one another ; they are equally distant from the center. Take 

D 
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Cf the center of the circle, and from it 

draw CF, CG, perpendiculars to AB, 

DE. Join CA, CD ; dien, hecauae the 

radius CF is perpendicular to the chord 

AB» it bisects it (Prop. YI.)- Hence 

AF is the half of AB ; and, for the same 

reason, D6 is the half of DE. But AB 

is equal to DE ; therefore AF is equal 

to DG (Axiom 7, B« I.). Now, in the 

right-angled triangles ACF, DCG, the hypothenuse AC is 

equal to the hypothenuse DC, and the side AF is equal to 

the side DG ; therefore the triangles are equal, and CF is 

equal to CG (Prop. XIX., B. I.) ; hence the two equal chords 

AB, DE are equally distant from the center. 

Secondly. Let the chord AH be greater than the chord DE ; 
DE is further from the center than AH. For, because the 
chord AH is greater than the chord DE, the arc ABH is 
greater than the arc DE (Prop. V.). From the arc ABH 
cut off !bl part, AB, equal to DE ; draw the chord AB, and 
let fall CF perpendicular to this chord, and CI perpendicular 
to AH. It is plain that CF is greater than CK, and CK 
than CI (Prop. XVIL, B. I.) ; much mdre, then, is CF great* 
er than CL But CF is equal to CG, because the chords AB, 
DE are equal ; hence CG is greater than CI. Therefore! 
equal chords, &c. 

Cor. Hence the diameter is the longest line that can be in- 
scribed in a circle. 



PROPOSITION IX. THEOBEM. 



A straight line perpendicular to a diameter at its extremity^ 
is a tangent to the circumference. 

Let ABG be a circle, the center of which is C, and the di- 
ameter AB ; and let AD be drawn from A perpendicular to 
AB ; AD will be a tangent to the circumr 
ference. 

In AD take any point E, and join 
CE ; then, since CE is an oblique line, 
it is longer than the perpendicular CA 
(Prop. XVIL, B. I.). Now CA is equal 
to CK; therefore CE is greater than 
CK, and the point E must be without 
the circle. But E is any point whatev- 
er in the line AD; therefore AD has 
only the point A in common with the 
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circumference, hence it is a tangent (Def. 9). Therefore, 
a straight line, &c. 

Scholium. Through the same point A in the circumfer- 
ence, only one tangent can be drawn. For, if possible, let a 
second tangent, AF, be drawn ; then, since C A can not be 
perpendicular to AF (Prop. XYL, Cor., B. I.), another line, 
CH, must be perpendicular to AF, and therefore CH must be 
less than CA (Prop. XYIL, B. I. ; hence the poijit H falls 
iT^thin the circle, and AH produced will cut the circumfer- 
ence. 




PEOPOSITION Z. THEOBBM. 

TIdo parallels intercept equal arcs on the circumference. 

The proposition admits of three cases: 

First. When the two parallels are se- 
cants, as AB, DE. Draw the radius CH 
perpendicular to AB ; it will also be per- 
pendicular to DE (Prop. XXHL, Cor. 
1, B. I.) ; therefore, the point H will be 
at the same time the middle of the arc 
AHB, and of the arc DHE (Prop. VL). 
Hence the arc DH is equal to tne arc 
HE, and the arc AH equal to HB, and therefore the arc AD 
is equal to the arc BE (Axiom 3, B. I.). 

Second. When one of the two par- 
allels is a secant, and the other a tan- D ^>T-^ ^B 

5ent. To the point of contact, H, 
raw the radius CH ; it will be per- 

ndicular to the tangent DE (Prop. 
X.), and also to its parallel AB. But 
since CH is perpendicular to the chord 
AB, the point H is the middle of the 
arc AHB (Prop. VL) ; therefore the F- 
arcs AH, HB, included between the 
parallels AB, DE, are equal. 

Third If the two parallels DE, F6 are tangents, the one 
at H, the other at K, draw the parallel secant AB ; then, ac- 
cording to the former case, the arc AH is equal to HB, and 
the' arc AK is equal to KB ; hence the whole arc H AK is 
equal to the whole arc HBK (Axiom 2, B. I.). It is also ev- 
ident that each of these arcs is a semicircumference. There- 
fore, two parallels, &lc 
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PBOPOSITION XI. THEOEEBf. 

If two circumferences cut each other ^ the chotd which joins 
the pointy of intersection^ is bisected at right angles op the 
straight line joining their centers. 

Let two circum- 
ferences cut each 
other in the points A 
and B ; then will the 
line AB be a com- 
mon chord to the 
two circles. Now, if 
a perpendicular be 
erected from the middle of this chord, it will pass through C 
and D, the centers of the two circles (Prop. VL, Schol.). 
But only one straight line can be drawn through two given 
points ; therefore, the straight line which passes through the 
centers, will bisect the common chord at right angles. 




PBOPOSITION XII. THEOREM. 



If two circumferences touch each other, either externally or 
internally f the distance of tlieir centers must be equal to the 
sum or difference of their radii. 

It is plain that the centers of the circles and the point of 





contact are hi the same straight line ; for, if possible, let the 
point of contact. A, be without the straight line CD. From 
A let fall upon CD, or CD produced^ the perpendicular AE, 
and produce it to B, making BE equal to AE. Then, in the 
triangles ACE, BCE, the side AE is equal to EB, CE is com- 
mon, and the angle AEC is equal to the angle BEC ; there- 
fore AC is equal to CB (Prop. VI., B. I.), and the point B is 
in the circumference ABF. In the same manner, it may be 
shown to be in the circumference AB6, and hence the point 
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B is in both circumferences. Therefore the two circumfe- 
rences have two points, A and B, in common ; that is, they cut 
each other, which is contrary to the hypothesis. Therefore, 
the point of contact can not be without the Une joining the 
centers ; and hence, when the circles touch each other exter- 
nally, the distance of the centers CD is equal to the sum of 
the radii CA, DA; and when they touch internally, the dis- 
tance CD is equal to the difference of the radii CA, DA. 
Therefore, if two circumferences, &c. 

Cor. If two circumferences touch each other, externally or 
internally, their centers and the point of contact are in the 
same straight line. 



PROPOSITION XIII. THEOREBL 

If two circumferences cut each others the distance between 
ihetr centers is less than the sum of their radiU a^d greater 
than their difference. 

Let two circumferences cut each 
other in the point A. Draw the I'a- 
dii CA, DA ; then, because any two 
sides of a triangle are together great- 
er than the third side (Prop. VIlL, B. 
I.), CD must be less than the sum of 
AD and AC. Also, DA must be less 
than the sum of CD and CA ; or, subtracting CA from these 
unequals (Axiom 5, B. I.), CD must be greater than the dif- 
ference between DA and CA, Therefore, if twp circumfe* 
rences, &c. 




PROPOSITION XIV. THEOREM. 

In equal circles^ angks at the center have the same ratio 
with the intercepted arcs. 

Case first. When 
the angles are in the 
ratio of two whole 
numbers. 

Let ABG, DFH 
be equal circles, and 
let the angles ACB, A5 

DEP at their cen- "^<X-L>^ ' » D^ 
ters be in the ratio of two whole numbers ; then will 
the angle ACB : angle DEF : : arc AB : arc DF. 
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Suppose, for example, that the angles ACB, DEF are to 
each other as 7 to 4 ; or, which is the same thing, suppose 
that the angle M, which may serve as a common measure, 
is contained seven times in the angle ACB, and four times in 
the ande DEF. The seven partial axi^les into which ACB 
is divided, being each equal to any of the four partial angles 
into which D£F is divided, the partial arcs will also be 
equal to each other (Prop. IV.), and the entire arc AB will 
be to the entire arc DF as 7 to 4. Now the same reasoning 
would apply, if in place of 7 and 4 any whole numbers what- 
ever were employed ; therefore, if the ratio of the angles 
ACB, DEF can be expressed in whole numbers, the arcs AB, 
DF will be to each other as the angles ACB, DEF. 

Case second. When the ratio of the angles can not be ex- 
pressed by whole numbers. 

Let ACB, ACD be two an- 
gles having any ratio whatev- 
er. Suppose ACD to be the 
smaller angle, and let it be 
placed on the greater; then 
will the angle ACB : angle 
ACD : : arc AB : arc AD. 

For, if this proportion is not true, the first three terms re- 
maining the same, the fourth must be greater or less than 
AD. Suppose it to be greater, and that we have 

Angle ACB : angle ACD : : arc AB : arc AL 

Conceive the arc AB to be divided into equal P^ts, each 
less than DI ; there will be at least one point of aivision be- 
tween D and I. Let H be that point, and join CH. The 
arcs AB, AH will be to each other in the ratio of two whole 
numbers, and, by the preceding case, we shall have 

Angle ACB : angle ACH : : arc AB : arc AH. 

Comparing these two proportions with each other, and ob- 
serving that the antecedents are the same, we conclude that 
the consequents are proportional (Prop. IV., Cor., B. 11.) ; 
therefore. 

Angle ACD : angle ACH : : arc AI : arc AH. 

But the arc AI is greater than the arc AH ; therefore the 
angle ACD is greater than the angle ACH (Def 2, B. II.)» 
that is, a part is greater than the whole, which is absurd. 
Hence the angle ACB can not be to the angle ACD as the 
arc AB to an arc greater than AD. 

In the same manner, it may be proved that the fourth term 
of the proportion can not be less than AD ; therefore, it must 
be ADi and we have the proportion 

Angle ACB : angle ACD : : arc AB : arc AD. 

Cor. I. Since the angle at the center of a circle, and the 
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arc intercepted by its sides, are so related, that when one is 
increased or diminished, the other is increased or diminished 
in the same ratio, we may take either of these quantities as 
the measure of the other. Henceforth we shall take the arc 
AB to measure the angle ACB. It is important to observe, 
that in the comparison of angles, the arcs which measure 
them must be described with equal radii. 

Cor. % In equal circles, sectors are to each other as their 
arcs; for sectors are equal when their angles are equal. 




PK0PO8ITION XY. THfioaEM. 

An inscribed angk is measured by half tiie arc included be- 
tween its sides. 

Let BAD be an angle inscribed in the circle BAD. The 
angle BAD is measured by half the arc BD. 

IHrst. Let C, the center of the circle, 
1^ within the angle BAD. Draw the di- 
ameter AE, also the radii CB, CD. 

Because CA is equal to CB, the angle 
CAB is equal to the angle CBA (Prop. X., 
B. I.) ; therefore the angles CAB, CBA 
are together double the angle CAB. But ^ 
the angle BCE is equal (Prop. XXVIL, B. 
I.) to the angles CAB, CBA ; therefore, 
also, the angle BCE is double of the angle BAC. Now the 
angle BCE, being an ande at the center, is measured by the 
arc BE ; hence the angle BAE is measured by the half of 
BE. For the same reason, the angle DAE is measured by 
half the arc DE. Therefore, the whole angle BAD is meas- 
ured by half the arc BD. 

Second. Let C, the center of the circle, 
be without the angle BAD. Draw the di-* 
ameter AE. It may be demonstrated, as 
in the first case, that the angle BAE is 
measured by half the arc BE, and the an- 
gle DAE by half the arc DE ; hence their 
difference, BAD, is measured by half of B^ 
BD. Therefore, an inscribed angle, &c. 

Cor. I. All the angles BAC, BDC, &c., ^ E 

inscribed in the same segment are equal, for they are all 
measured by half the same arc BEC. (See next fig.) 

Cor. 2. Every angle inscribed in a semicircle is a right 
angle, because it is measured by half a semicircumference« 
that is, the fourth part of a circumference. 
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Cor. 8. Every angle inscribed in a 
segment greater than a semicircle is an 
acute angle, for it is measured by half 
an arc less than a semicircumference. 

Every angle inscribed in a segment 
less than a semicircle is an obtuse an- 
gle, for it is measured by half an arc 
greater than a semicircumference. 

Cor. 4. The opposite angles of an in- 
scribed quadrilateral, ABEC, are together equal to two right 
angles ; tor the angle BAG is measured by half the arc BEG, 
and the angle BEG is measured bv half the arc BAG ; there- 
fore the two angles BAG, BEG, taKen together, are measured 
by half the circumference ; hence their sum is equal to two 
right angles. 




PROPOSITION XVI. THEOREM. 

T%e angh formed by a tangent and a chords is measured hy 
half the arc included between its sides. 

Let the straight line BE touch the 
circumference AGDF in the point A, 
and from A let the chord AG be 
drawn ; the angle BAG is measured by 
half the arc AFG. 

From the point A draw the diameter 
AD. The angle BAD is a ri^ht angle 
(Prop. IX.), and is measured by half 
the semicircumference AFD ; also, the 
angle DAG is measured by half the arc DC (Prop. XV.) ; 
therefore, the sum of the angles BAD, DAG is measured by 
half the entire arc AFDG. 

In the same manner, it mav be shown that the angle GAE 
is measured by half the arc AG, included between its sides. 
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BOOK IV. 

THE PROPORTIONS OF FIGURES. 
Definitions. 

1. Equal figures are such as maybe applied the. one to the 
other, 8o as to coincide throughout. Thus, two circles having 
eaual radii are equal ; and two triangles, having the three sides 
of the one equal to the three sides of the other, each to each, 
are also equal. 

2. Equivalent figures are such as contain equal areas. 
Two figures may be eauivalent, however dissimilar. Thus, 
a circle may be equivalent to a square, a triangle to a rec- 
tangle, &c. 

3. Similar figures are such as have the angles of the one 
equal to the angles of the other, each to each, and the sides 
Aoxit the equal angles proportional. Sides which have the 
same position in the two figures, or which are adjacent to 
equal angles, are called homologous. The equal angles may 
also be called homologous angles. 

Equal figures are always similar, but similar figures may 
be verv unequal. 

4. Two sides of one figure are said to be reciprocally pro- 
portional to two sides of another, when one side of the fii^t is 
to one side .of the second, as the remaining side of the sec- 
ond is to the remaming side of the first. 

6. In dififerent circles, similar arcs, sectors^ or segments^ are 
those which correspond to equal angles at the center. 

Thus, if the angles A and D are 
equal, the arc BC will be similar to 
the arc EF, the sector ABC to the 
sector DEF, and the segment BGC 
to the segment EHF. 'Bi=:z=i:zi=^c:K 

6. The aUttude of a triangle is the perpen- 
dicular let fall firom the vertex of an angle 
on the opposite side, taken as a base, or on 
the base produced. 
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7. The altitude of a parallelogram is the / ] T 
perpendicular drawn to the base from the / / 

opposite side. / 1^ / 



8. The altitude of a trapezoid is the distance / . \ 
between its parallel sides, / \ 




^ PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and equal altitudeSf 
are equivalent. 

Let the parallelo-'^ 
grams ABCD, ABEP ^ 
be placed so that their 
e(|ual bases shall coin- 
cide with each other. 
Let AB be the common 
base ; and, since the two parallelograms are supposed to have 
the same altitude, their upper bases, DC, FE, will be in the 
same straight line parallel to AB. 

Now, because ABCD is a parallelogram, DC is equal to 
AB (Prop. XXIX., B. I.). For the same reason, FE is emial 
to AB, wherefore DC is equal to FE ; hence, if DC and FE 
be taken away from the same line DE, the remainders CE 
and DF will be equal. But AD is also equal to BC, and AP 
to BE ; therefore the triangles DAF, CBE are mutually equi- 
lateral, and consequently equal. 

Now if from the quadrilateral ABED we take the triangle 
ADF, there will remain the parallelogram ABEF ; and if 
from the same quadrilateral we take the triangle BCE, there 
will remain the parallelogram ABCD. Therefore, the two 
parallelograms ABCD, ABEF, which have the same base 
and the same altitude, are equivalent. 

Cor. Every parallelogram is equivalent to the rectangle 
which has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

Every triangle is half of the parallelogram which has the 
same base and the same altitude. 

Let the parallelogram ABDE and the triangle ABC have 
the same base, AB, and the same altitude ; the triangle is 
half of the parallelogram. 
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Complete the parallelogram ABFC ; q 
tfeen the parallelogram aSFC is equiv- 
alent to the parallelogram ABDE, be* 
caude they have the same base and the 
same altitude (Prop. L). But the tri- 
angle ABC is half of the parallelogram 
ABFC (Prop. XXIX., Cor., B. I.) ; wherefore the triangle 
ABC is also half of the parallelogram ABDE. Therefore, 
every triangle, &c. 

Cor, 1. Every triangle is half of the rectangle which has 
the same base and altitude. 

Cor. 2. Triangles which have equal bases and equal aiti 
tudes are equivalent 



PROH>8mON III. THEOREM. 



Two rectangles of the same altitude^ are to each other as their 
bases. 



Let ABCD, AEFD be two rec- jy 
tangles which have the common al- 
titude AD ; they are to each other 
as their bases AB, AE. 

Case first When the bases are in 
the ratio of two whole numbers, for 
















£ 



example, as 7 to 4. If AB be divided into seven equal parts, 
AE will contain four of those parts. At each point of divis- 
ion, erect a perpendicular to the base ; seven partial rectan- 
gles will thus be formed, all equal to each other, since they 
have equal bases and altitudes (Prop. I.). The rectangle 
ABCD will contain seven partial rectangles, while AEfD 
will contain four ; therefore the rectangle ABCD is to the 
rectangle AEFD as 7 to 4, or as AB to AE. The same rea- 
soning is applicable to any other ratio than that of 7 to 4 ; 
therefore, whenever the ratio of the bases can be expressed 
in whole numbers, we shall have "^ 

ABCD : AEFD : : AB : AE. 
Case second. When the ratio of the bases can not be ex- 
pressed in whole numbers, it is still true that 

ABCD : AEFD : : AB : AE. 

For, if this proportion is not true, the 

first three terms remaining the same, the 

fourth must be greater or less than AE. 

Suppose it to be greater, and that we have 

ABCD : AEFD : : AB : AG. 



n 
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Conceive the line AB to be divided into -^ 



EHO- B 
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EH0- B 



equal parts, each less than EG ; there will 
be at le&st one point of division between 
E and G. Let H be that point, and draw 
the perpendicular HI. The bases AB, AH 
will be to each other in the ratio of two 
whole numbers, and by the preceding case 
we shall have 

ABCD : AHID : : AB : AH, 

But, by hypothesis, we have 

ABCD : AEFD : : AB : AG. 

In these two proportions the antecedents are equal ; there- 
fore the consequents are proportional (Prop, lY., Cor., B^ IL), 
and we have 

AHID : AEFD : : AH : AG. 

But AG is greater than AH ; therefore the rectangle 
AEFD is greater than AHID (Def. 2, B. II.) ; that is, a part is 
greater than the whole, which is absurd. Therefore ABCD 
can not be to AEFD as AB to a line greater than AE. 

In the same manner, it may be shown that the fourth term 
of the proportion can not be less than AE ; hence it must be 
AE, and we have the proportion 

ABCD : AEFD : : AB : AE. 
Therefore, two rectangles, &c. 



PROPOSITION IV. THEOREM. 



Any two rectangles are to each other as the products of their 
bases by their altitudes. 

Let ABCD, AEGF be two rectangles ; the ratio of the rec- 
tangle ABCD to the rectangle AEGF, is the same with the 
ratio of the product of AB by AD, to the product of AE by 
AF ; that is, 

ABCD : AEGF : : AB X AD : AE x AF. 

Having placed the two rectangles so 
that the angles at A are vertical, pro- 
duce the sides GE, CD till they meet in 
H. The two rectangles ABCD, AEHD 
have the same altitude AD ; they are, 
therefore, as their bases AB, AE (Prop. 
III.). So, also, the rectangles AEHD, 
AEGF, having the same altitude AE, 
are to each other as their bases AD, AF. 
tY^o proportions 

ABCD : AEHD : : AB : 
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Thus, we have the 



AE 
AEHD : AEGF : : AD : AF.' 
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Hence (Prop. XL, Cor., B. II.), 

ABCD : AEGF : : AB X AD : AE X AF. 

Scholium. Hence we may take as the measure of a rec- 
tangle, the product of its base by its altitude; provided we un- 
derstand by it the product of two numbers, one of which is 
the number of linear units contained in the base, and the oth- 
er the number of linear units contained in the altitude. 



PBOPOSITION V. TfiEOREM. 

ITie area of a paralklogram is equal to the product of its 
base by its altitude. 

Let ABCD be a parallelogram, AF its p . p 
altitude, and AB its oase ; then is its sur- 
face measured by the product of AB by 
AF. For, upon the base AB, construct a 
rectangle having the altitude AF ; the par- 
allelogram ABCD is equivalent to the rec- 
tangle ABEF ^rop. I., Cor.). But the rectangle ABEF is 
measured by AB X AF (Prop. IV., Schol.) ; therefore the area 
of the parallelogram ABCD is equal to AB X AF. 

Cor. Parallelograms of the same base are to each other as 
their altitudes, and parallelograms of the same altitude are 
to each other as their bases ; for magnitudes have the same 
ratio that their equimultiples have (Prop. VIII., B. II.). 



PROPOSITION VI. THEOREM. 

The area of a triangle is equal to half the product of its 
base by its altitude. 

Let ABC be any triangle, BC its base, and 
AD its altitude ; the area of the triangle ABC 
is measured by half the product of BC by AD. 

For, complete the parallelogram ABCE. 
The triangle ABC is naif of the par^Uelo- 
gram ABcE (Prop. II.) ; but the area of the 
parallelogram is equal to BC X AD (Pr*op. V.) ; hence the 
area of Uie triangle is equal to one half of the product of 
BC by AD. Therefore, the area of a triangle, &c. 

Cor. L Triangles of the same altitude are to each other 
as their bases, and triangles of the same base are to each otli- 
^r as their altitudes. 

Cor. 2. Equivalent triangles, whose bases are equal, have 
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equal altitudes ; and equivalent triangles, whose altitudes are 
equal, have equal bases. 



paorosiTioN vii. theokem* 





The area of a trapezoid is equal to half the product of its 
altitude by the sum ofitsparalkl sides. 

Let ABCi) be a trapezoid, DE its al- 
titude, AB and CD its parallel sides ; 
its area is measured by half the product 
of DE, by the sum of its sides AB, CD. 

Bisect BC in F, and through F draw ^ 

GH parallel to AD, and proouce DC to a B G 

H. In the two triangles BFG, CFH, 

the side BF is equal to CF by construction, the vertical an- 

fles BFG, CFH are equal (rrop. V., B. I.), and the angle 
'CH is equal to the alternate angle FBG, because CH and 
BG are parallel (Prop. XXIII., B. L) ; therefore the triangle 
CFH is equal to the triangle BFG. Now, if from the whole 
figure, ABFHD, we take away the triangle CFH, there will 
remain the trapezoid ABCD ; and if from the same figure, 
ABFHD, we take away the equal triangle BFG, there will 
remain the parallelogram AGHD. Therefore the trapezoid 
ABCD is equivalent to the parallelogram AGHD, and is 
measured by the product of AG by DE. 

Also, because AG is equal to DH, and BG to CH, there- 
fore the sum of AB and CD is equal to the sum of AG and 
DH, or twice AG. Hence AG is equal to half the sum of 
the parallel sides AB, CD ; therefore the area of the trape- 
zoid ABCD is equal to half the product of the altitude DE 
by the sum of the bases AB, CD. 

Cor. If through the point F, the middle of BC, we draw 
FK parallel to the base AB, the point K will also be the mid- 
dle of AD. For the figure AKFG is a parallelogram, as 
also DKFH, the opposite sides beings parallel. Therefore 
AK is equal to FG, and DK to HF. But FG is equal to FH, 
since the triangles BFG, CFH are equal ; therefore AK is 
equal to DK. 

Now, since KF is equal to AG, the area of the trapezoid is 
equal to DE X KF. Hence the area of a trapezoid is equal to 
its altitudeffnuUiplied by the line which joins the middle points 
of the sides which are notparalleL 
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PEOPOSITION Vm. THEOREM. 

If a straight line is divided into any two parts^ the square oj 
the whole line is equivcdent to the squares of the twoparts^ to* 
gether with twice the rectangle contained by the parts* 

Let the straight Hne AB be divided into any two parts in 
C ; the square on AB is equivalent to the squares on AC, 
CB» together virith twice the rectangle contained by AC, CB ; 
that is, 

Aff, or (AC+CB)'=AC'+CB'+2AC xCB. 

Upon AB describe the square ABDE; 
take AF equal to AC, through F draw FG 
parallel to AB, and through C draw CH par- 
allel to A£. 

The square ABDE \a divided into four 
parts : the first, ACIF, is the square on AC, 
since AF was taken equal to AC. The sec- 
ond part, IGDH,,is the square on CB; for, because AB is 
equal to AE, and AC to AF, therefore BC is equal to EP 
(Axiom 3, B. L). But, because BCIG is a parallelogram, 
GI is equal to BC ; and because DEFG is a parallelogram, 
DG is equal to EF (Prop. XXIX,, B. I.) ; therefore HIGD is 
equal to a square described on BC. If these two parts are 
taken from the entire square, there will remain the two rect- 
angles BCIG, EFIH, each of which is measured by AC X 
CB ; therefore the whole square on AB is eauivalent to the 
squares on AC and CB, together with twice tne rectangle of 
AC X CB. Therefore, if a straight line, &c. 

Cor. The square of £fpy line is equivalent to four times the 
square of half that line. For, if AC is equal to CB, the four 
figures AI, CG, FH, ID become equal squares. 

Scholium, This proposition is expressed algebraically 
thus: 

{a+by==(f+2ah+b\ 



C B 



PROPO0ITION IX. THEOREM. 



The square described on the difference of two lines, is equiv- 
alent to the sum of the squares of the lines, diminished by twice 
the rectangle contained by the lines. 

Let AB, BC be any two lines, and AC their diflference ; 
the square described on AC is equivalent to the sum of the 
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squares on AB and CB, diminished by twice the rectangle 
contained by AB, CB ; that is, 

AC", or (AB— BC)"=AB'+BC'— 2ABXBC. 

Upon AB describe the square ABKF ; j^ y © jn 

take AE equal to AC, through C draw 
CG parallel to BK, and through £ draw 
HI parallel to AB, and complete the 
square EFLI. 

Because AB is equal to AF, and AC to 
AE ; therefore CB is equal to EF, and GK 
to LF. Therefore LG is equal to FK of AB ; and hence the 
two rectangles CBKG, GLID are each measured by AB x 
BC. If these rectangles are taken from the entire figure 
ABKLtE, which is equivalent to AB"H-BC*, there will evi- 
dently remain the square ACDE. Therefore, the square 
described, &c. 

Scholium. This proposition is expressed algebraically 
thus : 

{a—by^a^—2ab+b\ 

Cor. {a+by--{a—by:=iab. 



PROPOSITION X. THEOREM. 



HL 



The rectangle contained hy the sum and difference of two 
lineSf is equivalent to the difference of the sqttares of those lines. 

Let AB, BC be any two lines ; the rectangle contained by 
the sum and difference of AB and BC, is equivalent to the 
difference of the squares on AB and BC ; that is, 
(AB+BC) X (AB— BC) =AB'— BC 

Upon AB describe the square ABKF, y G K 

and upon AC describe the square ACDE ; 

E reduce AB so that BI shall be equal to •£ 
IC, and complete the rectangle AILE. 
The base AI of the rectangle AILE is 
the sum of the two lines AB, BC, and its 
altitude AE is the difference of the same -^ C B I 

lines ; therefore AILE is the rectangle contained by the sum 
and difference of the lines AB, BC. But this rectangle is 
composed of the two parts ABHE and BILH ; and the part 
BILH is equal to the rectangle EDGF, for BH is ecjual to 
DE, and BI is equal to EF. Therefore AILE is equivalent 
to the figure ABHDGF. But ABHDGF is the excess of the 
square ABKF above the square DHKG, which is the square 
ofBC; therefore, 

(AB+BC) X (AB— BC) = AB'— BC 



thus: 
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This proposition is expressed algebraicallf 




PROPOSITION XI. THEOKXICr 

111 any riglU-angkd triangle^ the square described on the hy* 
poihenuse is equivalent to the sum of the squares on the other 
tu>6 sides. 

• Let ABC be a right-angled trianglei 
having the right angle BAC; the 
square described upon the side BC is 
^equivalent to the sum of the squares 
upon BA, AC. 

On BC describe the square BCED, 
and on BA, AC the squares BG, CH ; 
and through A draw AL jjtarallel to 
BD, and join AD, FC. 
' Then, because each of the angles 
BAC, BAG is a right an^le, CA is in 
the same straight Tine with AG (Prop. IIL, B. I.). For the 
same reason, BA and AH are in the same straight line. 

The angle ABD is composed of the angle ABC and the 
right angle CBD. The angle FBC is composed of the same 
angle ABC and the right angle ABF; therefore the whole 
angle ABD is equal to the angle FBC. But AB is equal to 
Bl^ being sides of the same square ; and BD is eoual to BC 
for the same reason ; therefore the triangles ABD, FBC have 

.-two sides and the included angle equal ; they are therefore 
equal (Prop. VL, B. L). 
But the rectangle BDLK is double of the triangle ABD, 

-because they have the same base, BD, and the same altitude, 
BK (Prop. II., Cor. 1) ; and the square AF is double of the 
triangle FBC, for they have the same base, BF, and the same 

- altitude, AB. Now the doubles of equals are equal to one 

* another (Axiom 6, B. I.) ; therefore the rectangle BDLK is 
equivalent to the square AF. 

In the same manner, it may be demonstrated that the rec- 
tangle CELK is equivalent to the square AI ; therefore the 
whole square BCED, described on the hypothenuse, is equiv- 
alent to the two squares ABFG, ACIH, described on the two 
other sides ; that is, 

BC'=AB'+AC'. 
^ Cor. 1. The square of one of the sides of a right-angled 

E 
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triangSe, is oquhraleitt to the square of tbe hypotheooM, 4kftift- 
ished by the square of the other side ; that is, 

AB*=BC*— AC?. 
/ Car. 2. The square BCED, and the rectangle BKLD, hav- 
ing the same altitude, are to each other as their bases BC* 
BK (Prop. lU.). But the rectangle BKLD is equivalent to 
the square AF ; therefore, 

BC : AB' : : BC : BK. 
In tfie same manner, 

BC* : AC* : ; BC 2 KC. 
Therefore (Prop. IV., Cor^ B. II.), 

AB* : AC : : BK : KC. 
That is, in any right-sagled triangle, if a line h6 draum 
from the right angle perpendicular to the hypothenase, Hm 
squares of the two sides are proportional to the adjacent aijgw 
ments of the hypotheniue; also, ike square of the hj/poiheniUB 
is to the square of tither of the sideSf as the hypoihenuse is f» 
the segment adjacent to that side. 

Cor. 8. Let ABCD be a square, and AC its j^ ^ 

diagonal ; the triangle ABC being right-angled 
ana isosceles, we have 

AC'= ABHBC«=:2AB» ; 
{therefore the square described on the diagonal of a 
square^ t^ double ofih» square described on a side. ^ 

If we extract the square root of each meno- 
bar of this equation, we shall have 

ACsAB^/S ; or AC : AB : : y^S : 1. 



raOPOSITION sir. TfiSOBBIL 

In any triang^e^ihs sqsMre qf a side opposite an aaUa am^ 
is less than the squares of the base and of the other side^ bf 
tunee the rectangle contained by the ba^^ and the distance from 
the acute angle to the feet {f the perpendicular let fall from Ae 
epposite angle. 

|j6t ABC be any triaade, and the angle at C one of ill 
^oute apglea, and upon BC let fall the perpendicular AD fron 
the opposite angle ; then will 

AB'=BC*+AC"~2BC xCa 

First When the perpencKcular falls with* ^ 

In the triangle ABC, we have BD » BC - CD, 
and therefim BD*=rBC*+CD*— 2BCxCD 
(Prop. IX.). To each of these equals add 
AD"; then BD*+AD*=BOHCDHAD'— 
dBC xCD. But iL Uifd right^mgled trianfie 
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BD*+AD*=AB' ; and in the triaagle ADC, Cay+ 
AD'«AC* (Prop. XL) ; therefore 

AB'«BC'+ AC'— 2BC XCD. 
Secondly. When the perpendicular falls 
without the triangle ABC, we have BDs 
CD— BC, and therefore BD'=CD'+BC'— 
2CDxBC (Prop. IX.). To each of these 
equals add AD* ; then BD'+AD'=CD'+AD* 
+BC«— 2CDxBC. But BD*+AD'=:AB' ; 
and CD'+AD*=AC' \ therefore 

AB'=BC'+AC'— 2BC xCD. 
Scholium. When the perpendicular^ AD falls upon AB» 
this proposition reduces to the same as Prop. XL, Cor. 1. 



noFosmov xiii. th«orsii. 

In obtuse-angkd triangks^ the. square of the tide opposite 
the obtuse angkf is greater thdn the squares of the base arid ths 
other side^ by twice the rectangle contained by the base^ and the 
distance from the obtuse angle to the foot of the perpendicular 
ktfaUfrom the opposite angle on the base produced. 

Let ABC be an obtuse-angled triangle, having the obtuse 
angle ABC, and from the point A let AD be drawn perpen- 
dicular to BC produced ; the square of AC is greater thaa 
the squares of AB, BC by twice the rectangle BCxBD. 

For CD is equal to BC+BD ; therefore CD* 
=BC*+BD*+2BCxBD (Prop. VIIL). To 
each of these equals add AD* ; then CD*+ 
AD*=BC*+BD*+AD'+2BCxBD. But AC* 
is equal to CD*+AD* (Prop. XL), and AB* is 
equal to BD*+AD*; therefore AC*»BC»+ 
AB*+2BCxBD. Therefore, in obtuse -an- 
gled triangles, &c. 

Scholium. The right-angled triangle is the only one at 
which the sum of the squares of two sides is eiquiyatent to the 
square on the third side ; for, if the angle contained by the 
two sides is acute, the sum of their squares is greater than 
the square of the opposite side ; if obtuse, it is less. 



PROPOSmON XtV. THBOBBH. 

In any triangle, if a straight line is Araum from the venea^ 
to the middle of the base, the sum of the squares of the other tiup 
sides is equivalent to twice the square of the bisecting line, to^ 
gether with twice the square of half the hose. 

Let ABC be a triangle having a line AD drawn from llie 
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middle of the base to the opposite angle ; the souares of BA 
and AC are together double of the squares of AD and BD 

From A draw AE perpendicular to BC ; 
then, in the triangle ABD, W Prop. XIIL, 

AB'= AD«+DB*+2DB X DE ; 
and, in the triangle ADC, by Prop. XU., 
AC'=^D*+DC' — 2DC X DE. 
Hence, by adding these equals, and ob- 
nerving that BD=:DC, and therefore BD'= ^ 
DC, and DB XDE=DC xDE, we obtain 

AB"+AC'-2AD'+2DB'. 
Therefore, in any triangle, &c. 



PROPOSITION XY. THEOREM. 

In every parallelogram the squares of the sides are together 
equivalent to the squares of the diagonals* 

- jLet ABCD be a parallelogram, of which a 
the diagonals are AC and BD ; 
,the squares of AC 
the sum of the squares 

The diagonals AC and BD bisect each ^ ^ 

other in E (Prop. XXXII., B. I.) ; therefore, in the triangle 
ABD (Prop. XIV.), 

AB'+ AD"=2BE»+2AE* ; 
and# in the triangle BDC, 

CD'+BC'=?:2BE*+2EC\ 

Adding these equals^ and observing that AE is equal to 

EC, we have 

AB*+BC'+CD'+AD«=4BE'+4AE\ 
But 4BE'=BD*,and 4AE'=AC' (Prop. VIII., Cor.) ; there- 
fore 

Aff+BC«+CD'+AD'=BDHAC\ 
, Therefore, in every parallelogram, &c. 



VC and BD ; the sum <rf ^\3I/^ 
and BD is equivalent to \ >^C^ \ 
ires of AB, BC, CD, DA. \^ ^^ 



PROPOSITION XVI. THEOREM. 



If a straight line he draum parallel to the base of a triangle^ 
it will cut the other sides proportionally ; and if the sides be 
cut proportionaUyt the cutting line will be parallel to the base 
of the triangle. 

Let DE be drawn parallel to BC, the base of the trian^e 
. ABC; then wUl AD : DB : : AE : EC. 
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, Join BE and DC ; then the tiiapgle BDE hi 
equivalent to the triax^le DEC, because they 
have the same base, DE, and the same altitude, 
since their vertices B and C are in a line par- 
dlel to the base (Prop. IL, Cor. 2), 

The triangles ADE, BDE, whose common 
vertex is E, having the same altitude, are to 
iMch other as their bases AD, DB (Prop. YL, B' 
C!or. 1) ; hence 

ADE : BDE : : AD : DB. 

The triangles ADE, DEC, whose common vertex is D, 
having the same altitude, are to each other as their bas^ 
AE. EC ; therefore 

ADE : DEC : : AE : EC. 

But, since the triangle BDE is equivalent to the triangle 
DEC, therefore (Prop. IV., R IL), 

AD : DB : : AE : EC. 

Conversely^ let DE cut the sides AB, AC, so that AD : DB 
: : AE : EC ; then DE will be parallel to BC. 
t For AD : DB : : ADE : BDE (Prop. VI., Cor. 1) ; and AE 
: EC : : ADE : DEC ; therefore (Prop. IV., B. IL), ADE : 
BDE : : ADE : DEC ; that iB, the triangles BDE» DEC have 
the same ratio to the triangle ADE ; consequently, the trian- 

Sles BDE, DEC are equivalent, and having the same base DEi, 
leir altitudes are equal (Prop. VL, Cor. 2), that is, they are 
between the same parallels. Therefore, if a straight line, &c. 

Cor. 1. Since, by this proposition, AD : DB : : AE : EC ; 
by composition, AD+DB : AD : : AE+EC : AE (Prop. VL. 
9. IL), or AB : AD : : AC : AE ; also, AB : BD : : AC : EC. 

Cor, 2. If two lines be drawn parallel to the 
lose of a triangle, (key willdivide the other sides 
proportionally. For, because F6 i^ drawn 
parallel to bC, by the preceding proposition, 
AF : FB : : AG : GC. Also, by the last cor- 
ollary, because DE is parallel to FG, AF : DF 
: : AG : EG. Therefore DF : FB : : EG : GC 
(Prop. IV., Cor., R IL). Also, AD : DF : ^ 
AE : EG. 

Cor. 3. If any number of lines be drawn parallel to the 
base of a triangle, the sides will be cut proportionally. 



pRoroerrioN xvji. thkorbic. 

T%e line which bisects the vertical angle of a triangle^ Or 
mdes the base into two segments^ which are proportional to the 
adjacent sides. 
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Let the angle BAC of the triugle ABC be bisected by th^ 
■traigbt line AD ; then will B 

BD : DC : : BA : AC, V-n, 

nfbroc^h the point B draw BE par- \ 
allel to DA^ meeting CA produced in EL \ 
The triande ABE ia isoscelea. For, \ 

ilnce AD n parallel .to EB, the angle ^_ 

ABE is equal to the alternate angle B D O 

DAB (Prop. XXIII., B. I.) ; and the exterior anele CAD ii 
equal to the interior and opposite angle AEB. But, by hy- 

C>thesis9 the angle DAB is equal to Uie angle DAC ; there* 
re the angle ABE is equal to AEB, and the side AE to the 
side AB (Prop. XL, B. I.). 

And because AD is drawki parallel to BE, the base of the 
triangle BCE (Prop. XYI.), 

BD : DC : : EA : AC. 
But AE is equal to AB, therefore 

BD : DC : : BA : AC. 
ThereforOi the line, &c. 

Scholium. The line which bisects ^ exterior angle of a 
triangle, divides the base produced into segments, which are 
piy>portiofial to the adjacent sides. ^ 

llet the line AD bisect the exterior ^ 

mgle CAE of the triangle ABC ; then 

BD : DC : : BA : AC. 

Through C draw CP parallel to 

AD; then it may be proved, as in the 

preceding proposition, that the angle 

ACF is ^ual to the angle AFC, and AP eqnal to AC. Ami 
because FC is parallel to AD (Prop. XYL, Cor. 1), BD : DC 
: : BA : AF. But AF is equal to AC ; therefore 

BD : DC : : BA : AC. 



rioYosrrioK xvm. TKEORBa* 

^ Equiangular triangk$ have ikeir homologous sides propoi^ 
tiorudf and are similar* 

Let ABC, DCE be two equiaagnlar 
triangles, having the angle BAC equal to 
the angle €DE, and the angle ABC equal 
to the angle DCE, and, consequently, the 
angle ACB equal to the angle DEC ; then 
Ibe homologous sides will be proportion- 
si, and we shall have 

BC : CE : : BA : CD : : AC 





Place flie Iffiaiirie DGB 4e tkat flie side CB may be eon- 
tigneas to BC^ ana in the siune s^ght iioe vitli it ; aiKl proh 
duce the sides BA, ED till they meet in F. 

Realise BCE is .a straufht ]iiie» and the angle ACB is 
equal to the ande DEC, AC is parallel to EF (Prop. XXILi 
B. I.). Again* oecaose the angle ABC is equal to the angle 
DCE, the line AB is parallel to DC; therefore the figure 
ACDF is a parallelogram^ and, ccmsequently, AF is equal to 

CD, and AC to FD (PTOp. XXIX., B. I.). 

And because AC is parallel to FE, one of the sides of the 
triangle FBE, BC : CE : : BA : AF (Prop. XVI.) ; but AF is 
eqnaitoCDs therefore 

BC : CE : : BA : CD. 

Amtn, beeaose CD is parallel to BF, BC : CE : : FD : DE. 
But FD is equal to AC ; therefore 

BC:CE:^AC:DE. 

And, since these two proportions coatun the same ratio 
BC : CE, we conclude (Prop. IV., B. II.) 

BA : CD : : AC : DE. 

Therefore the eqcuAnguiar triangles ABC* DCE have their 
homologous sides proportional; hence, by Def. 3, they are 
Sttsikr. 

Cm'* Two triangles are nmilar when they have two an- 

fles equal, each to each, for then the third angles must also 
e equal. 

StkoUum. In similar triangles the homoloffoos sides are 
opposite to the equal angles; thus, the angle ACB beiu 
equal to the ungle DEC, the side AB is homologous to DCf 
and so with the other sidei. 



ntopoeiTioH SIX. TaEoanii* 

3bo triangles which /lave their hamohgmu iidei propartiour* 
aZ| are equiangular and similar. 

Let the triangles ABC, DEF 
have their sides proportional, so 
that BC : EF : : AB : DE : : AC 
.BF; then will the trian^es 
hate their angles equal, vi2.: 
tike angle A equal to the angle 
Hi B equal to E, and C equal to 
F. 

At the point E, ia the straight 
line EF, make the angle FEG equal to B, and at the point F 
make the angle EFG equal to C ; the third angle 6 will be 
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equal to Ibe third angle A, and the two tnanffks ABC, GEF 
will be equiangular (Prop. XXYIL, Cor. 2, B. I.) ; therefore; 
by the preceding theorem, 

BC : EF : : AB : 6E. 
But, by hypothesis, 

BC:EF;: AB:DE; 
therefore GE is equal to DE. 
Also, by the preceding theorem, 

BC:EF:: AC:GF; 
but, by hypothesis, 

BC : EF : : AC : DF ; 
conseouently, GF is equal to DF. Thetefore the trianglea 
GEF, DEF have their thr^e sides equal, each to each ; hence 
their angles also are equal (Prop. XV., B. I.). But, by con- 
struction, the triangle GEF is equiangular to the triangle 
ABC \ therefore, also, the triangles DEF, ABC are equiangu* 
fair and similar. Wherefore, two triangles, &c. 



PBOPOBITION XX, TttSORSMk 

1 

Ttoo triangJes are similar^ when they have an angle of Aa 
one equal to an angle of the otheff aivi the sides contmnmg 
thdse angles proportioniiu 

Let the ^iangles ABC, DEF hare the angle A of the one, 
equal to the angle D of the other, and let AB : DE : : AC : 
DF ; the triangle ABC is similar to the triangle DEF. 

Take AG equal to DE, also AH a 
equal to DF, and join GH. Then 
the triangles AGH, DEF are equal, 
since two sides and the included 
angle in the one, are respectively q] 
equal to two sides and the mduded 
angle in the other (Prop. VI., B. L). 
But, by hypothesis, AB : DE : : AC B 
: DF ; therefore 

AB:AG:: AC; AH; 
that is, the sides AB, AC, of the triangle ABC, are cut pro* 
portionally by the line GH ; therefore GH ia parallel to BC. 
(Prop. XVI.). Hence (Prop. XXIII., B. I.) the angle AGH is 
equal to ABC, and the triangle AGH is similar to the trian* 
gle ABC. But the triangle QEF has been shown to be 
equal to the triangle AGH ; hence the triangle DEF is simi* 
lar to the triangle ABC. Therefore, two triangles, dec. 
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PtOPOSITION ZXI. THBORBM.' 

' T^DO triangles are stmilar^when they have their liomologimi 
rides paraUel or perpendicular ta each other. 

Let the triangles ABC, abc^ DEF have their/ homologout 
aides parallel or perpendicular to each other ; the triangles 
are similar. 

' FirsL Let the- homologous 
sides be parallel to each other. 
If the side AB is parallel to 
ofry and BC to frc, the angle B 
is equal to the angle b (Prop. 
XXVI., B. L) ; also, if AC is 
p^irallel to oc, the angle C is 
fk}ual to the an^le c ; and hence 
the angle A is equal to the ^ 
angle a. Therefore the trian- 
gles ABC, abc are equiangular, and consequently similar. • 

Secondly. Let the homologous sides be perpendicular ta 
each other. Let the side DE be perpendicular to AB^ and 
the side DF to AC. Produce DE to I, and DF to H ; then, 
in the quadrilateral AIDH, the two ati^gles I and H are right 
angles. But the four angles of a quadrilateral are together 
equal to four right angles (Prop. XXVIII., Cor. 1, 6. I.)| 
therefore the two remaining angles lAH, IDH are together 
equal to two right angles.^ But the two angles EDF, IDH 
are together equal to two right angles (Prep. II., B. l*)\ 
therefore the angle EDF is equal to lAH or BAC. 

In the same manner, if the side EF is also perpendicular to 
BC, it may be proved that the angle DFE is equal to C, and* 
consequently, the angle DEF is equal to B ; hence the trian* 
gles ABC, DEF are equiangular and similar. Therefore, two 
triangles dtc. 

Scliolivm* When the sides of the two triangles are paral« 
lei, the parallel sides are homologous ; but when the sides are 
perpendicular to each other, the perpendicular sides are ho- 
mologous. Thus DE is homologous to AB, DF to AC, and 
EF to BC. 
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F10F08XTI0N XZn. TBBOMM; 

Jb a right-angled triangkf if a perpendieuktr i$ drMmfiim 
the right angk to the k^pothenuse ; 

l8t The triangks on each side of the perpendicular are nm- 
ilar to the uikoh triangle and to each otner. 

8d. The perpendicular is a mean proportUnud between Uut 
Moments of the hypothenuse. 

dd. Each of the sides is a mean preportionalbetioeen the hjf* 
pathenuse andAts segment adjacent to (to 9ufe. 

. Let ABC be a right-angled triaii#Ie» haT-* 
ing the/iffht ande BAC, and from the angle 
A let AD be drawn perpendicular to Uie 
hypoChentise BC« 

rirsL The trian^leaABD, ACDareeim- B 
iUr to the whole triangle ABC, and to each otiief. 

The triangles BAD, BAG have the commott angle B, alu 
the angle B AC equal to BDA, each of them being a right an* 
gfoy and, therefore, the remainiiu; angle ACB is equal to the 
lemainifig angle BAD ^rop. XaV II., Cor. 2, B. I.) ; therefore 
the triaAgles ABC, ABD are equiangular and similar. In 
like mumer, it may be proved that the triangle ADC is equt*- 
angular and similar to the triangle ABC ; therefore the three 
triangles ABC, ABD, ACD are equiangular and similar ta 
each other. 

Secondly. The perpendicular AD is a mean proportional be* 
tween the segments BD, DC of the hypothenuse. For, since 
the triangle ABD is similar to the triangle ADC, their ho 
oaologous sides are proportional (Def. 3), and we ksve 

BD : AD : : AD : DC. 

37kird/y. Eaeh of the sides AB, AC is a mean proportioaid 
betwe^ the hypothenuse and the segment adjacent t6 that 
side. For, since the triangle BAD is similar to tbe trkiigle 
BAC^ we have 

BC 1 BA : : BA : BD. 

And, since the triangle ABC is simUai' to the trtaagle AGD* 
irohave 

BC : CA : : CA : CD. 
Therefore, in a right-angled triangle, &c. 

Cor. If from a point A, in the circumfe- 
rence of a circle, two chords AB, AC are 
drawn to the extremities of the diameter 
BC, the triangle BAC will be right-anffled 
at A (Prop. XV., Cor. 2, B. III.) ; therefore ® 
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the porpendiculftr AD is a mean proportional between BD 
and DC| the two segments of the diameter; that i#» 

AD*«BDxDC. 



PKOPosiTioN xziii. TMoaaii. 

7\do triangleSf having an angle in the one equal to an angb 
in the other^ are to each other as the rectangles of the stdes 
which contain the equal angles. 

Let the two triangles ABC, ADE have 
the angle A in common ; then will the trian- 
gle ABC be to the triangle ADE as the reel- 
anffle ABx AC is to the rectangle AD X AE. 

Join BE. Then the two triangles ABE, 
ADE, having the common vertex E, have 
the same altitude, and are to each other as 
their bases AB, AD (Prop. YL, Cor. 1); 
therefore 

ABE : ADE : : AB : AD. 

Also, the two triangles ABC, ABE, having the common 
vertex B, have the same altitude, and are to tech other as 
their bases AC, AE ; therefore 

ABC : ABE : : AC : AB. 

Hence (Prop. XL, Cor., B. IL). 

ABC : ADE : : ABx AC : AD X AB. 

Therefore, two triangles, dtc. 

Cor. 1. If the rectangles of the sides contamtng the e<|uat 
angles are equivalent, the triangles will be equivalent. 

Cor. 3. Equiangular paralleiogrants are to each other ai 
the rectangles of the sides which contain the equal angles. 



PEOFOSmON zxiv. thsoAbm. 

Similar triangles are to each other as the squares described 
on their homologous sides. 

Let ABC, DEF be' two simi- 
lar triangles, having the angle A 
equal to D, the angle B equal to 
E, and C equal to F ; then the 
trianele ABC is to the triangle ^ 
DEF as the square on BC is to ST 
the square on £F. 

By similar triangles, we have (Def. S) 

AB : DE : : BC : EP. 

Also, BC : EF : : BC : EF. 
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Multiplying together the corresponding terms of these pro* 
portions, we obtain (Prop/ XL, B. II.), 

ABxBC ; DExEF : : BC* : ER 
But, by Prop. XXIIL, 

ABC : DEF : : ABxBC : DExEF; 
hence (Prop. IV., R IL) 

ABC : DEF : : BC* : ER 
Therefore, similar triangles, &c^ 



PEOPOBITIOH XXV. THEOSlMf 

Two similar polygons may be divided into the same numbet 
of triangles^ similar each to each^ and similarly siiuated. 

Let ABCDE,FGHIK 
be two similar polygons ; 
they may be divided into B 
the same number of sim- 
ilar triangles. Join AC, 
AD, FH,TI. 

Because the polygon ^^V^ i 

ABCDE is similar to the B 

polygon F6HIK, the apgle B is equal to the ande G (Def. 
8), and AB : BC : : F6 : GH. And, because the triangles 
ABC, FGfl have an angle in the one equri to an angle in 
the other, and the sides about these equal angles proportion- 
plf they are similar (Prop. XX.) ; therefore the angle BCA 
is equal to the angle GHr. Also, because the polygons are 
simitar, the whole angle BCD is equal (Def. 3) to the whole 
angle GHI ; therefore, the remaining angle ACD is equal Xq 
the remaining angle FHI. Now, because the triangles ABC, 
FGH are similar, 

AC : FH ; : BC : GH. 
And, because the polygons are similar (Def. 3), 

BC:GH::CD:HI; 
whence AC : FH : : CD : HI ; 

that is, the sides about the equal angles ACD, FHI are fro^ 
portional ; therefore the triangle ACD is similar to the trian-* 
gle FHI (Prop. XX.). For the same reason, the triangle 
AD^ is similar to the triangle FIK; therefore the similar 
polygons ABCDE, FGHIK are divided into the same num* 
oer of triangles, which are similar, each to each, and similar* 
ly situated. 

Cor. Conversely, if two polygons are composed of the same 
number of triangles^ similar and similarly situatedt the poly- 
gons are similar. 
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For, because the triangles are similar, the angle ABC is 
lequal to F6H ; and because the angle BC A is equal to 6HF» 
and ACDto FHI, therefore the angle BCD is equal toGHL 
For the same reason, the angle CDE is equal to HIK, and so 
on ibr the other angles. Therefore the two polygons are m^ 
tually equiangular. 

Moreover, the sides about the equal angles are proportion- 
al. For, because the triangles are similar, AB : F6 : : BC : 
GH. Also,BC : GH : : AC : FH.and AC : FH : : CD : HI; 
hence BC : GH : : CD : HI. In the same manner, it may be 
proved that CD : HI : : DE : IK, and so on for the other 
sides. Therefore the two polygons are similar. 



paorosmoN xzvi. theorem. 

TTie perimeters of similar polygons are to each other as their 
homologous sides; and their areas are as the sqtiares of those 




Let ABCDE. FGHIK 
be two similar polygons, 
and let AB be the side Si 
homologous to F6 ; then 
the perimeter of ABCDE 
is to the perimeter of A*^ 
FGHIK as AB is to FG ; 
and the area of ABCDE 'E 

is to the area of FGHIK as AB* is to FG*. 

First Because the polygon ABCDE is similar to the pol- 
ygon FGHIK (Def. 3), 

AB : FG : : BC : GH : : CD : HI, &c.; 
therefore (Prop. IX., B. II.) the sum of the antecedents AB 
+BC+CD, &c., which form the perimeter of the first figure, 
18 to the sum of the consequents FG+GH+HI, &;c., which 
form the perimeter of the second figure, as any one antece- 
dent is to its consequent, or as AB to FG. 

Secondly. Because the triangle ABC is similar to the tri- 
angle FGH, the triangle ABC : trianrie FGH : : AG* : FH* 
(Prop. XXIV.). 

And, because the triangle ACD is similar to the triangle 

ACD : FHI : : AC* : FH*. 
Therefore the triangle ABC : Iriangle FGH : : triangle 
ACD : triangle FHI (Prop. lY., B. II.). In the same man* 
ner, it may be proved that 

ACD ; FHI : : ADE ; FUL 
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Thei»fi>ret bb the mm of the anteoedeats ABC+ACD+ 
ADE, or the polvgon ABODE, is to the sum of the consor 
quents F6H+FHI+FIK, or the polygon FGHIK« so w unjr 
one antecedoDtf as ABC, to its eonsequent FGH ; or, as AS^ 
to F&* Therefore, Bimilar polygons, &q. 



PBOnOSITlOff XXVU. THftOBBIff, 

y toe chords in a circk intersed each othfTt the rectangle 
contained by tha parts of the one^ is equal to the rectqaigk con* 
tained by thepm^ts of the oiher^ . . . 

Let the two chords AB, CD in the circle 
ACBD, intersect jeach other in the point E ; 
the rectangle contained by AE, EB is equal 
io the rectangle contained by DE, EC. 

Join AC and BD. Then, in the triangles 
ACE, DBE, the angles at E are equal, be- 
ing vertical angles (Prop. Y., B. I.) ; the 
an^le A is equal to the angle D, being in- 
scnbed in the same segment (Prop. XY., Cor. 1., 6. III.).; 
therefore the angle C is equal to the angle B. The triangles 
are consequently similar ; and hence (rrop. XYIII.) 

AE : D£ : : EC : EB, 
or (Prop. I., B. 11.), 

AExEB=DExEC. 
Therefore, if two chords, &c. 

Cor. Ttie parts of two chords which intersect each other m 
a circle are reciprocally proportional; that is, AE : DE :*: 
EC:EB. 




raoPosiTioN txviii. theohem. 

if from a point without a drcU^ a tangent and a secant he 
drawnf the square of the tangent wiU be equivalent to the rse^ 
Angle contained by the whole secant and its external segmewL 

Let A be any point without the circle 
BCD, and let AB be a tangent, and AC a 
flooanl; then the square of AB is equiva- 
lent to the rectangle AD x AC. 

Join BD and BC. Then the triangles 
AM) and ABC are similar ; because they B 
J»?e the anffle A in common ; also, the 
angle ABD formed by a tangent and a 
chord is measured by half the arc BD 




S^op. XVL, B. m.) ;■ and the angle C is measured by half 
e same arc, therefore the angle ABD is equal to C,.and the 
two triangles ABD, ABC are equiangular, mid, consequ^itly, 
similar ; therefore (Prop. XVIII.) 

AC:AB:: AB:AD; 
whence (Prop* I*, Q. II.), 

AB*=ACxAD, 
Therefore, if from a point, &c. 

Car, 1. If from a point without a circle, a tangent and a se- 
cant be drawn, the tangent will be a mean proportional be- 
tween the secant and its external segment. 

Cor. %. If firom a point without a circle, two secants be 
drawn, the rectangles contained by the whole secants anfl 
their external segments will be equiivalent to each other \ for 
each of these rectangles .is equivalent to the square of the 
tangent from the same point 

. Con 3. If from a point without a circle* two secanta be 
drawn* the whole secants will be reciprocally proportional to 
their external segments. 



PEOFOBlTIOir XXfX. TBBOREtf. 

If an angle of a triangle he bise^ed by a line which cuts the 
boMc^ the rectangle contained by the sides of tlte triangkf is 
eqwimdent to the rectangle contained by tite segments of iks 
base, together with the square of the bisecting tine. 

Let ABC be a irio^giet and let the an- 
ffle BAG be bisected by the straight line 
AD; the rectangle BAxAC is equiva- 
lent to BDxDG together with the square 
of AD. 

Describe the circle ACEB about the 
triangle, and produce AD to meet the cir- 
cumference in ^B, and join EC. Then, be- 
cause the angle BAD is equal to the an- ^ 

gle CAE, and the angle ABD to the angle AEC, for they are 
in the samie segment (Prop. XY.i Cor. 1» B. III.)* the trian- 
gles ABD, AEC are mutually equiangular and similar ; ,^eie- 
t^ (Prop. XYUL) 

BA:AD::EA: AC; 
consequently (Prop. I., B. II.), 

BAxAC=ADxAE. 

Bot AE«AD+D£ ; and multiplying each of these equak 
by AD, we have (Prop- IIL) ADxAE=^AD*+ADxl>E. 
But ADxDE«BbxDC (Prop. XXVIL); hence 

BAxAC=BDxDC+ADV 

Thereforei if an angle, &c. 
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PROPOSITIOlf XXZ. THKOBEM. 

T%e rectangk contained by ike diagonals of a auadrilateral 
inscribed in a circle^ is equivalent to the sum of tne rectangles 
of the opposite sides. 

Let ABCD be any quadrilateral in- 
vcribed in a circle, and let the diagonals 
ACp BD be drawn ; the rectangle AC x 
BD is equivalent to the sum of the two 
rectangles AD x BC and AB x CD. 

Draw the straight line BE!, making the 
angle ABE equal to the angle DBC. To 
each of these equals add the angle EBD ; 
then will the angle ABD be equal to the angte EBC. But 
the angle BDA is equal to the angle BCE, because they are 
both in the same segment (Prop. XV., Cor. 1, B. III.) ; hence 
the triangle ABD is equiangular and similar to the triangle 
EBC. Therefore we nave 

AD : BD : : CE : BC ; 
and, consequently, AD x BC = BD x CE. 

Again, because the angle ABE is equal to the angle DBC, 
and the angle BAE to the angle BDC, being angles in the 
same segment, the triangle ABE is similar to the triangle 
DBC ; and hence 

AB : AE : : BD : CD ; 
consequently, AB x CD == BD X AE. 
Adding together these two results, we obtain 

ADxBC+ABxCD-»BDxCE+BDxAE, 
l¥hich equals BD x (CE+ AE), or BD x AC- 

Therefore, the rectangle, &c. 



PROPOSITION XX ZI. TBEORBM. 

If from any angle of a triangle^ a perpendicular be drawn 
to the opposite side or oase^ the rectangle contained by the sum 
and difference of the other two sides^ is equivalent to the reet' 
angle contained by the sum and difference of the segments of 
the base. 

Let ABC be any triangle, and let AD be a perpendicular 
drawn from the angle A on the base BC ; then 

(AC+ AB) X (AC- AB) « (CD+DB) x (CD-DB). 
From A as a center, with a radius equal to AB, the short- 
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er of the two sides, describe a circumference BFE. Pro- 
duce AC to meet the circumference in E, and CB, if neces- 
sary, to meet it in P. 

Then, because AB is equal to AE or AG, CE=AC+AB, 
the sum of the sides ; and CG=AC— AB, the difference of the 
sides. Also, because BO is equal to DP (Prop. VL, B. III.) ; 
when the perpendicular falls within the triangle,CF=CD — 
DP=CD— Db, the difference of the segments of the base. 
But when the perpendicular falls without the triangle, CP« 
CD+DF=CD+DB, the sum of the segments of the base. 

Now in either case, the rectangle CE x CG is equivalent 
to CBxCP (Prop. XXVIIL, Cor. 2) ; that is, 

(AC+ AB) X (AC-AB)-:(CD+DB) x (CD-DB). 

Therefore, if from any angle, &c. 

Cor, If we reduce the preceding equation to a proportion 
(Prop. II., B. II.), we shall have 

BC : AC-hAB : : AC--AB : CD-DB; 
that is, the base of any triangle is to the sum of the two other 
sides, as the difference of the latter is to the difference of the 
segments of the base made by the perpendicular. 



PBOPOSITION XXXJI. THEOREM. 

The diagonal and side of a square have no common measure. 

Let ABCD be a square, and AC its 
diagonal ; AC and AB have no common 
measure. 

In order to find the common measure, 
if there is one, we must apply CB to CA 
as often as it is contained in it. Por this 
purpose, from the center C, with a radius 
CB, describe the semicircle EBP. We 
perceive that CB is contained once in AC, with a remainder 
AE, which remainder must be compared with BC or its 
equal AB. 

Now, since the angle ABC is a right angle, AB is a tan- 
gent to the circumference ; and AE : AB : : AB : AF (Prop. 

F 




XXVIH., Cor. I). Instead, thereforB, of 
comparing AB with AB, we may substi- 
tute the equal ratio of AB to AF. But 
AB is contained twice in AF, with a re- 
mainder AE, which must be again com- 
pared with AB. Ikistead^ boweveri of 
comparing AB witk AB, we may again 
employ the equal .ratio of AB to AF. 
Hence at each operation we are obliged to compare AB with 
AF, which leaves a remainder AE ; from whicn we see that 
the process will neyer terminate, and therefore there is no 
common measure between the diagonal and side ofa, square; 
that is, there is no line which is contained an exact number 
oftUnes IB each of tbeou 
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PRaSLEMS. 

PoshikOes. 

1. A straight lioe may be drawn from any one paini t^ 
aay other point 

2. A terminated straight lin^ may be produced to any 
length in a straight line. 

3. From the greater of two straight lines, a part may be. 
oy| off equal to the less. 

4. A circumference may be described from any center, and 
with any radius.. 



NlOBIjai I. 

To biseci a given straight line. 

Let AB be the given straight line 
which it is required to bisect. 

From the center A, with a radius great- 
er than the half of AB, describe an arc of ^' 
a circle (Postulate 4) ; and from the cen- 
ter B, with the same radius* describe an«> 
other arc intersecting the former in D a&d 
£. Through the points of intersection* draw the straight Nne 
D£ (Post. 1) ; it will bisect AB in C. 

For^ the two points D and E, being each equally distant 
from the extremities A and 6, must both lie in the perpeah 
dicular, raised from the middle point of AB (Prop* XylII.« 
Cor., B. I.). Therefore the line DE divides the line AB 
into two equal parts at the point C. 




M 
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PEOBLEM II. 



To draw a perpendicular to a straight line, from a given 
point in that line. 



><f 



B 



Let BC be the given straight line, and A 
the point given in it ; it is required to draw 
a straight line pei*pendicular to BC through 
the given point A. 

In the straight line BC take any p<Hnt B, 
and make AC equal to AB (Post. 3). From 
B as a center, with a radius greater than 
BA, describe an arc of a circle (Post. 4) ; and from C as a 
center, with the same radius, describe another arc intersect- 
ing the former in D. Draw AD (Post. 1), and it will be the 
perpendicular required. 

For, the points A and D, being equally distant from B and 
C, must be in a line perpendicular to the middle of BC (Prop. 
XVIII., Cor., B. I.). Therefore AD has been drawn per- 
pendicular to BC from the point A. 

Scholium. The same construction serves to make a right 
angle BAD at a given point A, on a given line BC. 



PROBLEM III. 

Tb draw a perpendicular to a straight line, from a given 

point without it. 

* 

Let BD be a straight line of unlimited 
length, and let A be a given point without 
it. It is required to draw a perpendicular 
to BD from the point A. 

Take any point £ upon the other side 
of BD ; and from the center A, with the 
radius AE, describe the arc BD cutting 
the line BCD in the two points B and D. 
From the points B and D as centers, de- 
scribe two arcs, as in Prob. 11.^ cutting each other in F. 
Join AF, and it will be the perpendicular required. 

For the two points A and F are each equally distant from 
the points B and D ; therefore the line AF has been drawn 
perpendicular to BD (Prop. XVIIL, Cor., B. L), from the 
given point A. 
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PBOBLEM IV. 

' At a given point in a Hfaight lin^ to make an angle equal 
to a given angle. 

, Let AB be the given straight 
line, A the given point in it» and 
C the given angle ; it is required 
to make an angle at the point A ^ 
in the straight line AB» that shall A 
be equal to the given angle C. 

With C as a center, and any radius, describe an arc DE 
terminating in the sides of the angle; and from the point A 
as a center, with the same radius, describe the indefinite arc 
BF. Draw the chord DE ; and from B as a center, with a 
radius equal to DE, describe an arc cutting the arc BF in 6. 
Draw AG, and the angle BAG will be equal to the given 
angle C». 

For the two arcs BG, DE are described with equal radii, 
and they have equal chords ; they are, therefore, equal (Prop. 
QL, B. III.). But equal arcs subtend equal angles (Prop. 
iy», B. III.) ; and hence the angle A has been made equal to 
the given angle C« 




^BOBLEM V. . 

To bisect a given afc or, angle. 

First. Let ADB be the given arc which 
it is required to bisect. 

Draw the chord AB, and from the center 
C draw CD perpendicular to AB {Prob. 
HI.) ; it vrill bisect the arc ADB (Prop* 
VI., B. III.), because CD is a radius per- 
pendicular to a chord. 

Secondly. Let ACB be an angle which it is required to bii- 
sect. From C as a center, with any radius, describe an arc 
*AB; and, by the first case, draw the line CD bisecting the 
arc ADB. The line CD will also bisect the angle ACB. For 
the angles ACD, BCD are equal, being subtended by the 
equal arcs AD, DB (Prop. IV., B. III.). 

Scholium. By the same construction, each of the halves 
AD, DB may be bisected ; and thus by successive bisections, 
an arc or angle may be divided into four equal parts, into 
eight, sixteen, &c. 
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PltO^LSIf Wi^ 

Through a given pqini, to draw a Miraighi Ihfe paraUtl to 
a given Kne, 

Let A be the givea p^int, end 8C the j| D € 

Siven straight line ; it is required to draw •"-"^"^ ' — * 
irough the point A, a straight line paral- 
lel to BC. 

In BC take any point D, and join AD. '^ * 

Then at the point A, in the straight line AD, make the angle 
DAE equal to the angle ADB (Prob. IV.). 

N0W9 because the straight line AD, which meets the two 
straight lines BC, AE, makes the alternate angles ADB, DAE 
equal to each other, AE is parallel to BC (rrop. XXIL, B. 
L). Therefore the straight line AE has been drawn through 
the pomt A, parallel to the giy«i line BC. 



PKOBLCM VO. 

7\oo angki of a triangh being given^ to find the third angle* 

The three angles of every triangle are to- 
ffether eoual to two right angles (Prop. 
aXVIL, B. L). Therefore, draw the in- 
definite line ABC. At the point B make 

the angle ABD equal to one of the given A B c 

angles (Prob. IV.), and the an^le DfiE equal to the other 
given angle ; then will the an^e EBC be equal to the third 
angle of the triangle. For the three angles ADB, DBE, 
EbC are together equal to two right angles (Prop. IL, B. 
I.), which is the sum of all the ax^gles of the triangle. 

raoBi^KM yiiL 

Given two sides aj%d the included ungk of a trumgjfin to a>|l- 
ftmct the triangle. 

Draw the straight line BC equal to one 
of the given sides. At the point B make 
the anffle ABC eoual to the given angle 
(Prob. TV.) ; and t«Ji^e AB equal to the other 
given side. Join AC, and ABC will be the jl 
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triangle required. For iU sides AB, BC are made equal to 
the given sides, and the included angle B is made equal to 
the given angle. 



PEOBLEM u. 

Given one side and two angles ef a triangk, to construct the 
triangle. 

The two given angles will either be ^oth adjacent lo ike 
given side, or one adjacent and the other opposite. In the 
latter case, find the third angle (Prob. VII.) ; and then the 
iwo adjacent angles will be knowti. 

Draw the strai^t line AB equal to the 

Slven side ; at the point A make the angle 
AC equal to one of the adjacent angles; 
mud at the point B make the angle ABD 
aqual to the other adjacent angle. The two 
lines AC, BD will cut each oUier in E, and 
ABE will be^ the triangle required ; ftn: its side AB is equal 
io the giren 8ide» and two of its angles are equal to Ike giveo 
angles. 



PROBLEM X. 

Oiven the three sides of a triangkf to construct the triangle. 

Draw the straidbt line BC equal to one of 
the given sides. From the point B as a cen- 
ter, with a radius equal to one of the other 
sides, describe an arc of a circle ; and from 
the point C as a center, with a radius equal 
to the third side, describe another arc cutting 
the former in A. Draw AB^ AC ; then will ^ 
ABC be the triangle required, because its three sides are 
equal to the three giv^i straight lines. 

Scholium. If one of the given lines was greater than the 
sum of the other two, the arcs would not intersect each other, 
smd the problem would be impossible ; but the solution will 
always be posnble, when the sum of any two sides is greater 
than the tmrd. 
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PROBLEM XL 




Given two sides of a triangle^ and an angle opposite one of 
thenif to construct tne triangle. 

Draw an indefinite straight line 
BC. At the point B make the angle 
ABC equal to the given angle, and 
make BA eqnal to that side which is 

adjacent to the given angle. Then 

from A as a center, with a radius ^ JT*""- — ---'^ C 
equal to the other side, describe an arc catting BC in the 

!)oints E and P. Join AE, AF. If the points E and F both 
all on the same side of the angle B, each of the triangles 
ABE, ABP will satisfy the given conditions ; but if they fall 
upon different sides of B, only one of them, as ABF, will 
satisfy the conditions, and therefore this will be the triangle 
required. 

If the points E and F coincide with one another, which 
will happen when AEB is a right angle, there will be only 
one triangle ABD, which is the triangle required. 

Scholium. If the side opposite the given angle were less 
than the perpendicular let fall from A upon BC, the problem 
would be impossible. 



PROBLEM XIL 

Oiven two adjacent sides of a parallelogramf and the in' 
eluded ahgle^ to construct the parallelogram. 

Draw the straight line AB equal to 
one of the given sides. At the point A 
make the angle BAC equal to the 
ffiven angle; and take AC equal to 
the other given side. From the point 
C as a center, with a radius equal to 
AB, describe an arc ; and. from the point B afl a center, with 
a radius equal to AC, describe another arc intersecting the 
former in D. Draw BD, CD ; then will ABDC be the paral- 
lelogram required. 

For, by construction, the opposite sides are equal ; there- 
fture the figure is a parallelogram (Prop. XXX., B. I.), and it 
is formed with the given sides and the given angle. 
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Cor. If the given angle is a right angle, the figure will be 
a rectangle; and if, at the same time, the sides are equd» it 
will be a square*^ 



PROBLEM xiiu 

To find the center of a given circk or arc. 

Let ABC be the given circle or arc; 
it is required to find its center. 

Take any three points in the arc^ as 
A, B, C, and join AB, BC. Bisect AB 
in D (Prob. I.), and through D draw DF A^ 
perpendicular to AB (Prob. IL). In the 

same manner, draw EF perpendicular to 

BC at its middle point. The perpen- B 

diculars DF, EF will meet in a point F equally distant firom 
the points A, B, and C (Prop. VII., B. IIL) ; arid therefore P is 
the center of the circle. 

Scholium. By the same construction, a circumference may 
be made to pass through three given points A, B, C ; and 
also, a circle may be described about a triangle. 



PROBLEM XIV. 

Through a given pointy to draw a tangent to a given circle. 

First. Let the given point A be 
without the circle BDE ; it is re- 
quired to draw a. tangent to the cir- 
cle through the point A. 

Find the center of the circle C, and 

Join AC. Bisect AC in D ; and with 
) as a center, and a radius equal to 
AD, describe a circumference intersecting the given circum- 
ference in B. Draw AB, and it will be the tangent required. 
Draw the radius CB. The angle ABC, being inscribed in 
a semicircle, is a right angle (Prop. XV., Cor. 2, B. III.). 
Hence the line AB is a perpendicular at the extremity of the 
radius CB; it is, therefore, a tangent to the circumference 
(Prop. IX., B. IIL), 

Secondly. If the given point is in the circumference of the 
circle, as the point B, draw the radius BC, and make BA 
perpendicular to BC. BA will be the tangent required 
(Prop. IX., B. III.). 
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Sckolium. When the point A lies without tbe drcle, two 
tangents 0iay always be drawn; for the circumference whose 
center is D intersects the given circumference in two pomtv. 




PEOBLBM 

To inscribt a circk in a given iHmgie. 

Let ABC be the given triangle ; it i9 
required to inscribe a circle in it. 

Bisect the angles B and C by the 
lines BD| CD, meeting each other in 
Ae point D. From the point of ioter« 
section, let fall the perpendiculars DE, 
DF, D6 on the three sides of the tri- 
angle ; these perpendiculars will all be 
<equal. For, by construction, the an^le ^ 
£BD is equal to the angle FfiD ; Uie right angle DEB is 
equal to the right angle DFB ; hence the third angle BDE 
is equal to the third anrie BDF (Prop. XXVIL, Cor. 2, B. 
I.), Moreover, the .side BD is common to the two triangles 
BDE, BDF, and the angles adjac^it to the common side are 
equal ; therefore the two triangles are equal, and DE is equal 
to DF. For the same reason, DG is equal to DF. There- 
fore the three straight lines DE, DP, D6 are equal to each 
other ; and if a circumference be described from the center 
D, with a radius equal to DE, it will pass through the ex- 
tremities of the lines DF, D6. It will also touch the straight 
lines AB, BC, CA, because the angles at the points E, F, 6 
are right angles (Prop. IX., B. III.). Therefore the circle 
EF6 is inscribed in the triangle ABC (Def. 11, B. III.) 

Scholium. The three lines which bisect the angles of a 
trkingle, all meet in the same point, viz., the center of the in- 
scribed circle. 



PBOBLBM XVL 

Upon a given straight Kne^ to describe a segment of a circb 
wbick shall contain a given angk. 

Let AB be the given straight line, upon which it is re- 
quired to describe a segment of a circle containing a given 
iAgle. 

At the point A, in the straight line AB, make the angle 
BAD equal to the given angle ; and from the point A draw 
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AC perpendicular to AD. Bisect AB in E, and from E 
draw EC perpendicular to AB. From the point C, where 
these perpendiculars meet, with a radius equal to AC, de- 
scribe a circle. Then will A6B be the segment reqahredb 

For, since AD is a perpendicular at the extremity of tbe 
radius AC, it is a tangent (Prop. IX., B. III.) ; and the angU 
BAD is measured, by half the arc APB (Prop. XVL, B. III). 
Also, the angle AGB, being an inscribed angle, is measured 
by half the same arc AFB ; hence the angle AGB is equal to 
the angle BAD, which, by construction, is equal. to the giveii 
angle. Therefore all tiiid angles inscribed in the segment 
A6B are equal to the given an^e. 

Scholium. If the given angle wag a right angle, the re- 

Juired segment would be a semicircle, described on AB «0 « 
iameter. 



pAofiUHt xvn. 

To divide a given straight line into cny funnkr 4ff equal 
partSj or into parts proportional to given lines. 

First. Let AB be the given straight 
line which it is proposed to divide into 
any number of equal parts, as, for ex- 
ample, five. 

From the point A draw the indefinite 

straight line AC, making any angle 

with AB. In AC take any point D, A £ 

and set off AD five times upon AC. Join BC, and draw DB 

parallel to it ; then is AE the fifth part of AB. 

For, since ED is parallel to BC, AE : AB : : AD : AC 
(Prop. XVL, B, IVO. But AD is the fifth part of AC| 
therefore AE is the fifth part of AB. 

Secondly. Let AB be the given straight line, and AC a di- 
vided line; it is required to £vide AB similarly to AC. Sup- 
pose AC to be divided in the points D and E. Place AB, 
AC so as to contain any angle ; join BC, and through the 
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points D, B draw DP, EG parallel to BC. 
The line AB ivill be divided into parts 
proportional to those of AC. 

For, because DF and EG are both par- 
allel to CB, we have AD : AP : : DE : PG 
: : EC : GB (Prop. XVL, Cor. 2, B. IV.). / 



PROBLEM XVIII. 

To find a fourth proportional to three given lines. 

Prom any point A draw two straight 
lines AD, A£, containing any angle 
DAE; and make AB, BD, AC respects 
ively equal to the proposed lines. Join 
B, C ; and through D draw DE parallel 
to BC ; then will CE be the fourth pro- 
portional required. 

For, because BC is parallel to DE, we have 

AB : BD : : AC : CE (Prop. XVL, B. IV.). 

Cor. In the same manner may be found ^ third propor- 
tional to two given lines A and B ; for this will be tlie same 
as a fourth proportional to the three lines A, B« B. 



FROBUSH XIZ. 

To find a mean proportional between two given lines. 

Let AB, BC be the two given straight 
lines ; it is required to find a mean pro- 
portional, between them. 

Place AB, BC in a straight line ; upon 
AC describe the semicircle ADC; and 
from the Ppiut B draw BD perpendicular "^ 
to AC. Then will BD be the mean proportional required. 

Por the perpendicular BD, let fall from a point in the cir- 
cumference upon the diameter, is a mean proportional be- 
tween the two segments of the diameter AB, BC (Prop. 
XXII., Cor., B. IV.) ; and these segments are equal to the 
two given lines. 
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PROBLEM XX. 

To divide a given line into two parts^ suck that the greater 
part may be a mean proportional between the whole line and 
the other parU 

Let AB be the given straight line ; 
it is required to divide it into two 
parts at the point F, silch that AB : 
AF : ; AF : FB. 

At the extremity of the line AB, 
erect the perpendicular BC, and make 
it equal to the half of AB. From C ^ 
as a center, with a radius equal to CB, describe a circle. 
Draw AC cutting the circumference in D ; and make AF 
equal to AD. I'he line AB will be divided in the point F in 
the manner required. 

For, since AB is a perpendicular to the radius CB at its ex^ 
tremity, it is a tangent (Prop. IX., B. III.) ; and if we pro- 
duce AC to E, we shall have AE : AB": : AB : AD (Prop. 
XXVIII., B. IV.). Therefore, by division (Prop. VIL, B. 
IL), AE— AB : AB : : AB— AD : AD. But, by construction, 
AB is equal to DE ; and therefore AE— AB is equal to AD 
or AF ; and AB— AD is equal to FB. Hence AF : AB : : 
FB : AD or AF; and, consequently, by inversion (Prop. V., 
B. II.), 

AB : AF : : AF : FB. 

Scholium. The line AB is said to be divided in extreme 
and mean ratio. An example of its use may be seen in Prop* 
v., Book VI. 



PSOBLEM XXI. 

Through a given point in a given angle^to draw a straight 
line so that the parts included between the point and the sides 
of the angle, may be equal. 

Let A be the given point, and BCD the 
given angle ; it is required to draw through 
A a line BD, so that BA may be equal to 
AD. 

Through the point A draw AE parallel to 
BC ; and take DE equal to CE. Through 
the points D and A draw the line BAD ; it ^ 
will be the line required. 




M 
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For, because AE is parallel to BC, we have (Prop. XVI., 

B. IV.), 

DE : EC : : DA : AB. 

But DE is e^ual to EC ; therefore DA is equal to AB. 



PROBLEM XZII. 



To describe a square that, shall he equivalent to a gtDen. 
paraUehgranif or to a given triangk* 

First Let ABDC be the given paral- 
lelogram, AB its base, and CE its altitude. 
Find a mean proportional between AB and 
CE (Prob. XIX.), and represent it by X ; 




B 




the square described on X will be equiva- A £ 
lent to the given parallelogram ABDC. 

For, by construction, AB : X : : X : CE ; hence X* is equaF 
to AB X CE (Prop. I., Cor., B. II.). But AB X CE is the 
measure of the parallelogram ; and X? is the measure of the 
square. Therefore the square described on X is equivalent 
to the given parallelogram ABDC. 

Secondly. Let ABC be the given triangle, a^ 

BC its base, and AD its altitude. Find a 
mean proportional between BC and the half 
of AD, and represent it by Y. Then will 
the sqxiare described on x be equivalent to 
the triangle ABC. B 

For, by construction, BC : Y : : Y : J AD ; hence Y* is 
equivalent to BC X i AD. But BC X } AD is the measure of 
the triangte ABC ; therefore the square described on Y if 
equivalent to the triangle ABC. 




FEOBLBH XXin. 

IJpian a given /tne, to constriict a rectangk e^ivaknt to a 
given rectangle^ 

Let AB be the given straight q 
line, and CDFE the given rect- 
angle. It is recpiireid to coi^ 
struct on the Ime AB a rectan- 
gle equivalent to CDFE. 

Find a fourth proportional ^ 
(Prob. XVIII.) to the three lines AB, CD, CE, and let AG 
be that fourth proportional. The rectangle constructed on 
the lines AB, AG will be equivalent to'CDFE. 
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For, beoMua AB : GD : : CB : AG, by Prop. I., R IL, 
AB X AG - CD X CE. Therefore the rectoigle ABHG ir 
o(|iiivaleiH to- the ractaiigle CDF£ ; and it is construeted 
vpoD the. giveof littb; AB* 



polygon. 
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tHangie which shall 




Let ABGDE bo the given polygon ; it 
is required to coastract a triangle equiva- 
lent to it. 

Draw the diagonal BD cutting off the £< 
triangle BCD. Through the point C, 
draw CF parallel to DB, meeting AB 
produce4 in F. Join DF ; and the poly- 
gon AFDE will be equivalent to the polygiHi ABODE. 

For the triangles BFD, BCD, being^ upon the same base 
BD, and between the same parallels BD, FC, are equivalents 
To each of these equab, add the polygon ABDE; then will 
the polygon AFDE be equivalent to the polygon ABCDE ; 
that is, we have found a polygon equivalent to the given 
polygon, and heaving the numner of ils sides diminish^ by* 
one. 

In the sauM manner, a polygon may be found eauivalent 
to AFDE, and having the number of its ddes dimimshed by 
one ; and, by continuing the process, the number of sidet^ 
may be at last radueed to three, and a triangle be thus obtaiOi' 
ed equivalent ta liw givm polygon. 



PEOBLEW xzv. 

7b make a Sfteare tquivalent to the sum or difference qf tmo> 
given squares. 

First To make a square equivalent to the sum of two 
given squares. Draw two indefinite lines c 

AB, BC at right angles to each other. Take 
AB equal to the side of one of the given 
squares, and BC equal to the side of the ^ 
other. Join AC; it will be the side of the A 
raoaired aqpiaBre. 

For the triangle ABC, being right-ai^ed. at Br the^ sqoam 
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on AC will be equivalent to the sum of the squares upon AB 
and BC (Prop. XL, B. IV.). 

Secondly^ To make a square equivalent to the difference 
of two given squares. Draw the lines AB, BC at right an- 
gles to each other ; and take AB equal to the side of the less 
square. Then from A as a center, with a radius equal to the 
side of the other square, describe an arc intersecting BC in 
C ; BC will be the side of the square required ; because the 
square of BC is equivalent to the diflerence of the squares of 
AC and AB (Prop. XL, Cor. 1, B. IV.). 

Scholium. In the same manner, a square may be made 
equivalent to the sum of three or more given squares ; for 
the same construction which reduces two of them to one^ 
will reduce three of them to two, and these two to one. 



PROBLEM ZXVI. 

Upon a given straight line^ to construct a polygon similar 
to a given polygon. 

Let ABCDE be the giv- 
en polygon, and FG be 
the given straight line; it E. 
is required upon the line 
FG to construct a poly- 
gon similar to ABCDE. 

Draw the diagonals BD, 
BE. At the point F, in 
the straight line FG, make the- angle GFK equal to the angle 
BAE ; and at the point G make the angle FGK ecjual to the 
angle ABE. The lines FK, GK will intersect m K, and 
FGK will be a triangle similar to ABE. In the same man- 
ner, on GK construct the trisoigle GKI similar to BED, and 
on GI construct the triangle GIH similar to BDC. The 
polygon FGHIK will be the polygon required. For these 
two polygons are composed of the same number of triangles, 
which are similar to each other, and similarly situated ; there- 
fore the polygons are similar (Prop. XXV., Cor., B. IV.) 



PROBLEM XXVn. 

Given the area of a rectangle^ and the sum of its adjacent 
sides^ to construct the rectangle. 

Let AB be a straight line equal to the sum of the sides of 
the required rectangle. 




Upon AB as a diameter, describe a c 
semicircle. At the point A erect the 
perpendicular AC, and make it equal to 
the side of a square having the given 




« 






area. Through C draw the line CD par- A SB 

allei to AB, and Jet it meet the circumference in D; and 
from D draw DE perpendicular to AB. Then will AE and 
EB be the sides of the rectangle required. 

For, by Prop. XXIL, Cor., B. IV., the rectangle AE x EB 
is equivalent to the square of DE or CA, which is, by con- 
struction, equivalent to the given area. Also, the sum of the 
sides AE and EB is equal to the given line AB. 

Scholium, The side of the square having the given area, 
most not be greater than the half of AB ; for in that case the 
line CD would not meet the circumference ADB. 



PROBLEM XZVIII* 



CHven the area of rectangle^ and the 
jacent sides^ to conMract the rectangle. 



ifference of its ad" 



Let AB be a straight line equal to the 
difference of the sides of the required rect- 
angle. 

Upon AB as a diameter, describe a eir* 
cle ; and at the extremity of the diameter, 
draw the tangent AC equal to the sidei of 
a square having the given area. Through 
the point C and the center P draw the 
secant CE; then will CD, CE be the adjacent side^ of the 
leetangle required. 

Tor, by Prop. XXVIIL, B. IV„ the rectangle CDxCE is 
equivalent to the square of AC, which is, by construction* 
equivalent to the given area. Also, the di£ference of the linejs 
Cfi, CD is equal to DS or AB. 

Q . 
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BOOK VI. 

REGULAR POLYGONS, AND THE AREA OF THE CIRCLE. 

Definition. 

A regular polygon is one which is both equisuigulax and 
equilateraU * 

An equilateral triangle is a regular polygon of three sides ; 
a square is one of four. 

PROPOSITION I. THEOREBL 

Regular polygons of the same number of sides are similar 
figures. 

Let ABCDEF, akdpf be 
two regular polygons of the 
same number oi sides ; then 
will they be similar figures. 

For, since the two polygons 
have the same number of 
sides, they must have the ^ 
same number of angles. Moreover, the sum of the angles of 
the one polygon is equal to the sum of the angles of the other 
(Prop. XXVIIL, B. I.) ; and since the polygons are each 
equiangular, it follows that the angle A is the same part of 
the sum of the angles A, B, C, D, £, F, that the angle a is 
of the sum of the angles a, ft, c, {f, e, /• Therefore the two 
angles A and a are equal to each ot£ier. The same is true 
of the angles B and ft, C and c, &c. 

Moreover, since the polygons are regular, the sides AB, 
BC, CDi &o., are equal to each other (Def.) ; so, also, are the 
sides a6, 6c, ci, &c. Therefore AB : oft : : BC : {»c : : CD : cd^ 
6lc. Henca the two polygons have their angles equal, and 
their homologous sides proportional ; they are consequently 
similar (Def. 3, B. IV.). Therefore, regular polygons, &c. 

Cor. The perimeters of two regular polygons of the same 
number of sides* are to each other as their homologous sides. 
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and their areat are as the squares of those sides (Prop. 

XXVL, B. IV.). 

SchoUum. The angles of a regular polygon are deter* 
mined by the number of its sides. 



PROPOSITION II. THBOSEH. 

A circle may be described about any regular ptdygOHf and 
another may be inscribed within it < 

Let ABCDEF be any regular polygon ; 
a circle may be described about it, and 
another may be inscribed within it 

Bisect the angles FAB, ABC by the 
straight lines AO, BO ; and from the point 
O in which they meet, draw the lines OC, 
OD, 0£, OF to the other angles of the 
polygon. 

Then, because in the triangles OB A, OBC, AB is, by 
hypothesis, equal to BC, BO is common to the two triangles, 
and the included angles OBA, OBC are, by construction, 
equal to each other ; therefore the angle O AB is equal to the 
angle OCB. But OAB is, by construction, the half of FAB ; 
and FAB is, by hypothesis, equal to DCB ; therefore OCB is 
the half of DCB; that is^ the angle BCD is bisected by the 
line OC. In the same manner it may be proved that the an- 
gles CDE, DEF, EFA are bisected by the straight lines OD, 
OE, OF. 

Now because the angles OAB, OBA, being halves of equal 
angles, are equal to each other, OA is equal to OB (Prop. 
XL, B. I.). For the same reason, OC, OD, OE, OF are ea6h 
of them equal to OA. Therefore a circumference described 
from the center O, with a radius equal to OA, will pass 
through each of the points Bt C, D, £, F, and be descHbed 
about the polygon. 

Secondly. A circle may be inscribed within the polygon 
ABCDEF. For the sides AB, BC, CD, &c., are equal 
chords of the same circle ; hence they are equally distant 
from the center O (Prop. VIII., B. III.) ; that is, the perpen- 
diculars 06, OH, Alc,9 are all equal to each other. There- 
fore, if from O as a center, with a radius 06, a circumference 
be described, it will touch the side BC (Prop. IX., B. III.), 
and each of the other sides of the polygon ; hence the circle 
will be inscribed within the polygon. Therefore a circle 
may be described, &c. 

Scholium h In regular polygons, the center of the inscribed 
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attd cireumBcril)ed circles, U alto oall^ the center of the poly- 
gon; and the perpendicular from the center upon one of tm 
MeSf that is, th^ radius of ,the inscribed circle, is cdled the 
opoiliem of the polygon. 

Since all the chords AB, BC, &c., are equal, the angles at 
the center, AOB, BOC, &c., are equal; and the value of each 
may be found by dividing four right angles by the number 
of sides of the polygon. • 

Scholium 2. To inscribe a regular polygon of any number 
of sides in a circle, it is only necessary to divide the cireum* 
ference into the same number of equal parts ; for, if the 
arcs are equal, the chords AB, BC, CD, &c., 'will be equal. 
Hence the triangles AOB, BOC, COD, &c., will also b# 
equal, because they are mutually equilateral ; therefore aU 
the angles ABC, BCD, CDE, &c., will foe equal, and the 
figure ABCDEF will be a regular polygon. 



PROPOSITION III. PSOBLEM. 

To inscribe a squtfre in a given circle. 

Let ABCD be the given circle ; it^is re* 
q«ired to inscribe a square in it. 

Draw twx> diameters AC, BD at right 
•ngles to each other ; and join AB, BC, 
CD, DA. Because the angles AEB, BEC, 
idee., are equal, the chords AB, BC, &c., 
are also equal. And because the angles 
ABC, BCD, &c., are inscribed in semicir- 
cles, they are right angles (Prop. XV., Cor. 2, B. III.). 
Therefore ABCD is a square, and it is inscribed in the circle 
ABCD. 

Cor. Since the triangle AEB is right-angled and isosceles, 
mm have the proportion, AB : AE : : y^2 : 1 (Prop. XL, Cor. 
8, B. lY.) ; therefore the side o^ the inscribed square is to tim 
rmtkuSf as the squmre root of 2 is to umUjf. 



PBOPOBITION rr. TSBDBBM. 

I 

1 

The side of a regular hexagon is equal to the radius qftke 
circumscribed circk. 

Let ABCDEF be a regular hexagon inBoribed in a circle 
whose center is ; then any side as AB will be equal to the 
radios AO. 
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Draw the radius BO. Then the aoffle 
AOB is the sixth part of four right aagles 
(Prop. IIm Sch. 1)9 or the third part of two 
right angles. Also, because the three an* A\ 
gles of every triangle are equal to two 
right angles, the two angles OAB, OBA 
are together equal to two thirds of two 
right angles ; and since AO is equal to BO9 each of these an- 
gles is one llurd of two right angles. Hence the triangle 
AOB is equiangular, and AB is eqaal to AO. Therefore Sie 
side of a regular hexagon, ^c. 

Car. To inscribe a regular hexagon in a given circle, the 
radius roust be applied six times upon the circumference. 
By joining the alternate angle's A, C, £, an equilateral triaa- 
gfe will ha inscribed in the circle. 




PIOPOaiTIOir T« PKOBLBK. 

To ifiscribe a regular decagon ^ a given eirck. 

Let ABF be the given circle ; it is re^ 
quired to inscribe in it a regular decagon* 

Take C the center of the circle ; draw 
tiie radius AC, and divide it in extreme 
and mean ratio (Prob. XX., B. V.) at 
the point D. Make the chord AB equal 
to CD the greater segment; then will 
AB be the side of a regular decagon in- 
scribed in the circle. 

Join BC, BD. Then, by construction, A B 

AC : CD : : CD : AD ; but AB is equal to CD ; therefore 
AC : AB : : AB : AD. Hence the triangles ACB, ABD 
have a common angle A included between proportional 
sides ; they are therefore similar (Prop. XX., B. I V .) And 
because the triangle ACB is isosceles, the triangle ABD must 
also be isosceles, and AB is equal to BD. But AB was made 
equal to CD ; hence BD is equal to CD, and the angle DBC 
is equal to the angle DCB. Therefore the exterior angle 
ADB, which is eoual to the sum of DCB and DBC, must be 
double of DCB. But the angle ADB is equal to DAB ; therer 
fore each of the angles CAB, CBA is double of the angle 
ACB. Hence the snm of the three angles of the triangle 
ACB is five times the angle C. But these three angles are 
equal to two riffht angles (Prop. XXVH., B. I.) ; therefore 
the angle C is the fifth part of two right angles, or the tenth 
part of four right angles* Hence the arc AB is one tenth of 
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the circumference, and the chotd AB it the side of a regular 
decagon inscribed in the circle. 

Cor. 1. By joining the alternate angles of the regular dee- 
agon, a regular pentagon may be inscribed ih the circle. > 

Cor. 2. By combining this Proposition with the preceding 
a regular pentedecagon may be inscribed in a circle. 

For, let AE be the side of a regular hexagon ; then the arc 
AE will be one sixth of the whole circumfereoce, and the arc 
AB one tenth of the whole circumference. Hence the arc 
BE will be |— V^ or tV» ^°^ ^^^ chord of this arc will be the 
side of a regular pentedecagon. 

Scholium, By bisecting the arcs subtended by the sides of 
any polygon, another polygon of double the number of Bides 
may be inscribed in a- circle. Hence the square will enable 
us to inscribe regular polygons of 6, 16, 32$ dec, sides; the 
hexagon will enable us to inscribe polygons of 12, 24, &c«, 
sides ; the decagon will enable us to inscribe polyj^ons of 
20, 40, &c., sides ^ and the pentedecagon, polygons of 30, 60, 
&^., sides. 

The ancient geometricians were unacquainted with any 
method of inscribing in a circle, regular polygons of 7, 9, 11, 
13, 14, 17, &c., sides; and for a long time it was believed 
that these polygons could not be constructed geometrically; 
but GauBS) a German mathematician, has shown that a regu- 
lar polygon of 17 sides may be inscribed in a circle, by eo^ 
ploymg straight lines and circles only. 



PROPOSITION VI. PROBLEM. 

A regular polygon inscribed- in a circle being given^ to d^ 
scribe a simitar polygon about the circle. 

Let ABCDEF be a regular polygon 
inscribed in the circle ABD ; it is re- 
quired to describe a similar polygon 
about the circle. 

Bisect the arc AB in G, and through 
G draw the tangent LM. Bisect also 
the arc BC in U, and through H draw 
the tangent MN, and in the same man- 
ner draw tangents to the middle points 
of the arcs CD, DE, dec. These tangents, by their intersec- 
tions, will form a circumscribed polygon similar to the one 
inscribed. 

Fmd O the center of the circle, and draw the radii OG, 
OH. Then,'because OG is perpendicular to the tangent LM 
(Prop. IX., B. III.), and also to the chord AB (Prop. VI;, 
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Sch., B. III.)> the tangent is parMlel to the chord (Prop. XX.» 
B. I.). In the saroe manner it may be proved that the other 
sides of the circumscribed polygon are parallel to the sides 
of the inscribed polygon; and therefore the angles of the 
circumscribed polygon are equal to those of the inscribpd one 
(Prop. XXVI., B. L). 

Since the arcs B6^ BH are. halves of the equal arcs A6B» 
BHC, they are equal td emch other ; that is, the vertex B is 
at the middle point of the arc GBH* Join OM; the line CM 
will pass through the point B. For the right-angled trian- 
gles OMH, OM6 have the hypothenuse X^ common, and 
the side OH equal to OG ; therefore' the angle 6QM is equal 
to the angle HOM (Prop. XIX., B. i.), and the line OM passes 
through the point 6, the middle of the arc GBH. 

Now because the triangle OAB is similar to the triangle 
OLM, and the triangle OfiC to the triangle OMN, we have 
the proportions 

AB:LM::BO:MO; 
also, BC :MN::BO:MO; 

therefore (Prop. IV., B. II.), 

AB:LM::BC:MN. 

But AB is equal* to BC ; therefore LM is equal to MN, In 
the same manner, it may be proved that the other sides of the 
circumscribed polygon are equal to each other. Hence this 
polygon is regular, and similar to the one inscribed* 

Cor. 1. Conversely, if the circumscribed polygon is given, 
and it is required to form the similar inscribed one, draw the 
lines OL, 0M» ON, &c., to the angles of the polygon ; these 
lines will meet the circumference in the points A, B, C^ &c. 
Join these points by the lines AB, BC, CD, &c., and a similar 
polygon will be inscribed in the circle. 

Or we may siniply join the points of contact G, H, I, dec, 
by the chords GH, HI, &c., and there will be formed an in- 
scribed polygon similar to the circumscribed one. 

Cor. 2. Hence we can circumscribe about a circle, any 
regular polygon which can be inscribed within it, and con- 
versely. 

Cor. 8. A side of the circumscribed polygon MN is equal 
to twice MH, or MG + MH. 



PBOPOSITION VII. THBOREK. 

The area of a regular polygon is equivalent to the product 
of its perimeter^ by half tlie radius of the inscribed circle. 

Let ABCDEF be a regular polygon, and G the center of 
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tke iaseribed oircle« From G draw 

ItD^s ta ail the anglei of the polygon^ 

The polygon trill thiis be divided into 

as many triangles as it has sides ; and 

the common altitude of these triangles 

is 6H, the radius of the circle. NoWf 

the area of the triangle BGrC is equal to 

the product of BO by the half of 6H 

(Prop. VL, B, IV.) ; and so of all the 

other triangles having their vertices in 6. Hence the sum 

of all the trianglesi that is, the surface of the polygon, is 

equivalent to the product of the sum of the bases AB, BC, 

6lc* ; that is, the perimeter of the polygon, multiplied by half 

of GH, or half the radius of the inscribed circle. Therefore, 

the area of a regular polygon, &c. 





PBOFOSITIOIV VIII. I'HaoaEM. 

The perimeters of two regular polygons of the same ttvuiter 
of sideSf are as the radii of the inscribed or circumscribed cir^ 
€kSf and their surfaces ^re as the squares af the radii. 

Let AVCDEFi abcdef he 
two regular polygons of the 
same number of sides ; rlet 6 
and g be the centers of the 
circumscribed circles; and 
let GH, gh be drawn per- 
pendicular to BC and be; B" ^C 
then will the perimeters of the polygons be as the radii BG, 
bgf and, also^ as GH, gh^ the r.adii of the inscribed circles^ 

The angle BGC is equal to the angle bgc (Prop. IL, 8ck 
1) ; and since the triangles BGO, bgc are isosceles, they are 
flimilar. So» also» are the right-angled triangles BGH, bgh / 
and, consequently, BC :bc::BG:bg: : GH : gh. But the 

E trimeters of the two polygons are to each other as the sides 
C, 6c (Prop. I.| Cor.) ; they are, therefore, to each other as 
the radii BG, bg of the circumscribed circles; and also as the 
radii GH, gh of. the inscribed circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides BC, be (Prop. I., Cor.) ; they 
are, therefore, as the squares of BG, bg, the radii of the cir*^ 
cumscribed circles ; or as the squares of GH, gh^ the radii of 
the inscribed circles. 
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niOPOSITIO]! It. PBOtitBBf. 

7^ sutfacR of a regular inscribed polygojif and that of a. 
similar circumscribed polygon, being given; tojind tfte surfaces 
of regular inscribed and circumscribe pob/^ns haovUg JkhMe 
tlu number of sides. 

- - • . '. • ' 

Let AB be a side of. the given in 
scribed polygon ; £F parallel to AB, a 
side of the similar circumscribed poly- 

fon; and C the center of the circle. 
^raw the chord AG, and it will be the 
side of the inscribed polvgoq having 
double the number of sides. At the 
points A. and B draw tangents, meetins 
EF in the points H and I; then will 
HI, which is double of H6, be a side of 
the similar oircumscribed polygon (Prop. YL, Cor. I). Let 
p represent the inscribed polygon whose side- is AB, P the 
corresponding circumseiibed polygon ; pf the inscribed poly^ 
g(m haviiu^ double t|^e number of sides, F' the similar cir- 
cumscribed polygon. Then it is plain that the space CAD is 
the same part of /i, that CEG is of P ; also, CA6 of /»', and 
CAHG of P' { for each of these spaces must be repeated the 
same number of times, to complete the polygons to which they 
severally belong, . 

First, The triangles ACD, ACG, whose commoh vertex m 
A, are to each other as their bases CD» CG ; they are also la 
each other as the polygons /i nndp^-; hence 

' p:pf : I CD: CG. 

Again, the triangles CGA, 6GE, whose common vertex is 
6, are to each other as their bases CA, CE ; they are also to 
each other as the polygons p' and P ; hence 

j5' : P : : CA : CE. 

But since AD is parallel to EG, we hs^ve CD : CO : : CA 
: CE ; therefore, 

p ipf : :pf iV; 
that i9, the polygon p' is a mean proportional between the* 
iwB given polygons. 

Secondly. The triangles C6H, CHE, having the commoq 
altitude CG, are to each other as their bases GH, HE. Biit 
since CH bisects the angle GCE, we have (Prop. XVII., B. 
IV.), 

GH : HE : : CG : CE : : CD : CA, or CG : : » ipf. 
Therefore, CGH : CHE ::p:p'f 
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hence (Prop. VI., B. II.) 

CGH : CGH+CHE, or CGE : : p :p+p'f 
6r 2CGH : CGE : : 2p : p-^pf. 

But 2CGH, or CGH A : CGE : : P' : P. 

2pP 

Therefore, P' : P : : 2© : p+p' ; whence P'=-^v-i » 

^ ^ ^ ^ P'\-pf 

that is, th^ polygon P' is found by dividing twice the product of 

the two given polygons by the sum of the two inscribed polygons. 

Hence, by means of the polygons ;p and P, it is easy to find 

the polygODS p' and P' ha vhig double the number of sides. 



PROPOSITION Z. THEOREK. 

V 

A circle being given^ two similar polygons can always be 
foundf the one described about the circle^ and ike other inscribed- 
m itf which shall differ from each other by less than any as^ 
tigjiable surface. 

Let ACD be the given circle, and the square of X any 

S'ven surface; a polymn can be inscribed in the circle 
CD, imd a similar polygon be described about it, such 
that the difference between tiiem shfUl be less than the 
square of X^ 

Qisect AC a fourth part of the circumference^ then bisect 
die ha>lf of this fourth, and so continue the bisection, until an 
arc is found whose chord AB is less than X. As this arc 
must be contained a certain number of times exactly in the 
whole circumference, if we apply chords AB, BC, &c., each 
equal to AB, the last will terminate at A, and a regular 
polygon ABCD, &c., will be inscribed in the circle. 

Next describe a similar polygon about the circle (Prop. 
VI.) ; the difference of these two polygons will be less than 
the square of X. 

Find the center G, and draw the 
diameter AD. Let £F be a side ^/ 
of the circumscribed polygon; and ^, 
join EG, FG. These lines will pass 
through the points A and B, as was £^ 
shown in Prop. VI. Draw GH to 
the point of contact H ; it will bisect 
AB in I, and be perpendicular to it 
(Prop. VI., Sch., B. III.). Join, also, 
BD. 

Let P represent the circumscribed polygon, and p the in- 
scribed polygon. Then, because the polygons are similar, 
they are as the squares of the homologpus aides EF and AB 
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OProp. XXVI.9 B. IV,) ; that is, because tiie triangles EF6, 
AB6 are simitar^ as the square of EG to the square of A6y 
that is, of HG. 

Again, the triangles RHG, ABD, having their sides parat 
lel to each other, are similar ; and, therefore, 

EG : HG : : AD : BD, 
But the polygon P is to the polygon p as the square of EG 
to the square of HG ; 
hence P :;> : : AD' : BD% 

and, by division, P : V—p : : AD' : AD'-BD', or AB\ 
But the square of AD is greater than a regular polygon of 
eight sides described about the circle, because it contains 
that polygon ; and for the same reason, the polygon of eight 
sides is greater than the polygon of sixteen, and so on. 
Therefore P is less than the square of AD ; and, cdnsequent- 
ly (Def. 2, B. II.)» P—p is tess than the square of AB ; that is, 
less than the given square on X. Hence, the difference 01 
the two polygons is less than the given surface. 
' Cor. Since the cirde can not oe less than dny inscribed 
polygon, nor greater than any circumscribed one, it follows 
that a polygon may be inscribed in a circle f and anotlfer de^ 
scribed (tbout it^ each of which sludl differ from the circle by 
less than any assignable surface. 



PKOPOSITION XI. rBOBLBM. 

* 

To find the area of a. circle whose radius is unity^ 

If the radius of a circle be unity, the diameter will be rei>- 
resented by 2, and the area of the circumscribed square will 
be 4; white that of the inscribed square, beins half the cir- 
cumscribed, is 2. Now, according to Prop. IX., the surface 
of the inscribed octagon;isa mean proportional between the 
two squares p and P, so that p'=^yi^8= 2.82843. AISO9 the 

20P 16 
circumscribed octagon P'=-^t— ,=»k^ 3=3.31371. Hav- 

^ p^pr 2^y/^ 

ing thus obtained the inscribed and circumscribed octagons* 
we may in the ^ame way determine the polygons having 
twice the number of sides. We must put />»= 2.82843, and 

P« 3.31371, and we shall have p'=*\/j^ = 8.06147; and 

P'=«^^= 3.18260. These polygons of 16 sides will furnish 

us those of 32 ; and thus we may proceed, until there is no 
difference between the inscribed ana circumscribed polyg:on8, 
at least for any number of decinfial places which may be de- 
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liiecL The following table gives the results of thiit computa 
tkm for five decimal places : 



Mtmiber of Qd^ 


laacribed Poljgaii. 


CbrcnmMribed PolXflOQ* 


^4 


2.00000 


4.00000 


8 


2.82843 


3.31371 


IG 


a.06147 


3.18260 


9i 


a.12145 


3.15172 

• 


64 


8.13695 


3.14412 


128 


3.14033 


3.14222 


256 


3.14128 


3.14175 


512 


3.14151 


3.14163 


1024 


8.14157 


8.14160 


2048 


3.14159 


3.14159 



Now as the inscribed polygon can not be greater than th6 
oircle, and the circiunscribed polygon can not be loss than 
the circle^ it is plain that 3.14150 must express the area of a 
circle, whose radius is uhity, correct to five decimal places* 

After three bisections of a quadrant of a circle, we obtain 
tbOv inscribed polygon of 32 sides, which difiers from the cor* 
responding circumscribed polygon, only in the second decimal 
place. After five bisections, we obtain polygons of 128 side% 
which differ only m the third decimal place; after nine bisec- 
tions, they agree to five decimal places, but differ in the sixth 
place ; after eighteen bisections, they agree to ten decimeJ 
places ; and thus, by continually bisecting the arcs which sub- 
tend the sides of the polygon, new polygons are formed, both 
inscribed and circumscribed, which agree to a greater num- 
ber of decimal places. Yieta, by means of inscribed and cir- 
cumscribed polygons, carried the approximation to ten places 
of figures; Van Ceulen carried it to 36 places; Sharp com- 

Cjted the area to 72 places; De Lagny to 128 places; and 
r. Clausen has carried the computation to 250 places of de- 
cimals. 

By continuing this process of bisection, the difference be- 
tween the inscribed and circumscribed polvgons may bd 
made less than any quantity we can assign, however small. 
The number of sides of such a polygon will be indefinitely 
great ; and hence a regular polygon of an infinite number of 
sides, is said to be ultimately equal to the circle. Henceforth, 
we shall therefore regurd the circle as a regular polygon ot 
an infinite number of sides. 
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PftOPOBlTIDN Xn» TBSQftBlf. 
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The area of a circle i$ equai to -the product af its citau/h 
ferencc by half the radius. 

Let ABE be a circle whose center ia C 
and radius CA; the area of the circle is 
tqual to the product of its circumfiorenco by 
ialfofCA- 

Inscribe in the chrcl^ any regular polygon, 
«od from the center draw CD perpendicular 
to one of the sides. The area of the poly- -'szz::::::^^^ 

ton will be equal to its perimeter multiplied ^ ^ 

y half of CD (Pron. VIL). Conceive the nuniher of sides 
of the polygon ,to oe indefinitely increased^ by continually 
bisecting the arcs which subtend the aid^; its perimeiter 
will ultimately coincide with the circumference of the cirelot 
the perpendicular CD will become' equal to the radius CA» 
and the area of the polygon to the area of the circle (Prop. 
XLX Consequently, the area of the circle is equal to the 
product of its circumference by half the radius, > 

Cor. The area of a sector is equal to the product of its a^ 
hf half its radius. 

For the sector ACB is to the whole circle 
ABD, as the arc A£B is to the whole cir- 
cumference ABD (Prop. XIV«, Cor. 2, B. 
III.) ; or, since magnitudes have the same^ 
ratio which th^ir equimultiples havd (Prop. 
VIII., R II.), as the arc AEB X jAC is to the 
circumference ABD X -^AC. But this last ex- 
pression is equal to the area of the circle ; 
therefore the area of the sector ACB is ecjual to the product 
of it6 arc AEB by half of AC. 



paoposiTioN jau. THjaoaaii. 

^ ■ 

7%6 circumferences of cireks are to each other as their radiu 
and their areas areas Uie squares of iheir radii. 

Let R and r denote the radii of two circle ; C.and c their 
circumferences ; A and a their areas ; thea we aball have 

C : c : : R ; r, 
and A : a : : R* : r*. 

Inscribe within the circles, two regular polygons having 
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the same number of sides. Now whatever be the number 
of sides of the polygons, their perimeters will be to each other 
as the radii of the circumscribed circles .(Prop. VIII.). Con- 
ceive the arcs subtending the sides of the polygons to be con- 
tinually bisected, until the number of sides of the polygons 
becomes indefinitely great, the perimeters of the polygons 
will ultimately become equal to the circumferences of the 
circles, and we shall have 

C : c : : R : r. 

Again, the areas of the polygons are to each other as the 
squares of the radii of the circumscribed circles (Prop. VIII.). 
But when the number of sides of the polygcxis is indefinitely 
increased, the areas of the polygons become equal to the 
areas of the circles, and we shall have 

^ A : a : : R* : r*. 

Cor, 1. Similar arcs are to each other as their radii ; and 
similar sectors are as the squares of their radii. 

For since the arcs AB, ab are . 
similar, the angle C is equal to the 
angle c (Def. 5, B. IV.). But the 
angle C is to four right angles, as 
the arc AB is to the whole circum- 
ference described with the radius V i 
AC (Prop. XIV., B. III.) ; and the ^ 
angle c is to four right angles, as the arc ab is to the circum- 
ference described with the radius ac. Therefore the arcs 

AB, ab are to each other as the circumferences of which tbey 
form a part. But these circumferences are to each other as 

AC, ac ; therefore. 

Arc AB : are ab : : AC : ac. 
For the same reason, the sectors ACB, acb are as the en- 
tire circles to which they belong ; and these are as the squares 
of their radii ; therefore, 

Sector ACB : sector acb : : AC* : ac*. 
Car. 2. Ljst n represent the circumference of a circle whose 
diameter is unity ; also, let D represent the diameter, R the 
radius, and C the circumference of any other circle ; then, 
since the circumferences of circles are to each other as their 
diameters, 

' l:tr::2R:C; 

therefore, C«27rR=^7rD^ 

that is, the circumference of a circle is equal to the product of 
its diameter by the constant number n. 

Cor. 3. According to Prop. XII., the area of a circle is 
^ual to the product of its circumference by half the radius. 
If we put A to represent the area of a circle, then 

A«C X iR=^27rR X JR^ttR* ; 
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that is, the area of a eirck isltqual to the product of the square 
of its radius by the constant number tt. 

Cor, 4. When R is equal to unity, we have A=^ir ; that is, 
ir is equal to the area of a circle whose radius is unity. Ac- 
cording to Prop. XL, it is therefore equal to 3.14159 nearly. 
This number is represented by ir, because it is the first letter 
of the Greek word which signifies circumference. 
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BOOK VII. 

PLANES AND SOUD ANGLES. 
Definitions* 

L A STRAIGHT line is perpendicular to a 
plane^ when it is perpendicular to every 
straight line which it meets in that plane. 

Conversely, the plane in this case is per- 
pendicular to the line. 

The foot of the perpendicular, is the 
point in which it meets the plane. 

2. A line, is paraUel to a plane^ when it can not meet the 
plane, though produced ever so far. 

Conversely, the plane in this case is parallel to the line. 

8. Two planes are parallel to each other, when they can 
not meet, though produced ever so far. 

4. The angk contained by two planes which cut each other, 
is the angle contained by two lines drawn 
from any point in the line of their common 
seotion, at right angles to that line, one in 
each of the planes. 

This angle may be acute, right, or obtuse. 
If it is a right angle, the two planes are 
perpendicular to each other. 

5. A solid angle is the angular space con- 
tained by more than two planes which meet at 
the same point. 




PItOPOSlTION I. THEORSM. 



One part of a straight line can not be in a plane f and another 
part without it 

For from the definition of a plane (Def. 6, B. I.)f when a 
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' ftraight line has- two points common with a plaoe* it liea 
wholly in that [^ane. . 

Scholium. To discover whether a surface is plane, We ap- 
ply a straight. line in different directions to this surface, and 
•ee if it touches throughout its whole extent. 



PBOFOaiTION U. THBOBBM. 

Any two straight lines tohick tut each other, are m one plane, 
and determine' its position. 

Let the two straight lines AB, BC cut 
each other in B; then will AB, BC be in 
the same plane. 

Conceive a plana lo pass through the 
straight line BC, and let this plane be turned 
about BC, until it pass through the point A.^ 



be C ^ 

■R. ^. 



Then, because the points A and B are situated in this plane, 
the straight line AB lies in il (Def. 6, B, L). Hence the posi- 
tion of the plane is determined by the condition of its con- 
taining the two lines AB, BC. Therefore, any two straight 
lines, &c. 

Cor. 1. A triangle ABC, or three points A, B, C, not in the 
same straight line, determine the position of a plane. 

Cor. 2. Two parallel lines AB, CD 
determine the position of a plane. For 
if the line EP bo drawn, the plane c" 
the two straight lines AE, EF will I 
the same as that of the parallels AB, 
CD ; and it has already h«en proved that two straight lines 
which cut each other, determine the position of a plane. 



FBOFOBITION III. THEOREH, 

'■ If two planes cut each other, their comtnon seeHon it a 
straight Kne. 

Let the two planes AB, CD cut each C 
other, and let E, F be two points in their 
common section. From E to F draw the 
straight line EF. Then, since the points E 
and F are in the plane AB, the straight line 
EP which joins tnem, must lie wholly in 
that plane (Def. 6, B. I.). For the same 
reason, EF must lie wholly in the plane 
H 
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CD. Therefore the straight line EF 19 common to the tw» 
planes AB, CD ; that isi it is their common section. Hence^ 
if two planes» &c. 




PROPOSITION IV. THEORSIff. 

If a straight line be perpendicular to each of tioa straight 
lines at their point of intersection^ U will be perpendicular to 
the plane in which these lines are. 

Let the straight line A6 be perpen- 
dicular to each of the straight lines 
CD, EP which intersect at B ; AB will 
also be perpendicular to the plane MN M| 
which passes through these lines. 

Through B draw any line BG, in the 
plane MN ; let G be any point of this 
fine, and through G draw DGF, so that 
PG shall be equal to GF (Prob. XXL, 
^. v.). Join AD, AG, and AF. 

Then, since the base DF of the triangle DBF is bisected 
fa G, we shall have (Prop. XIV., B. IV.), 

BD'+BP=-2BGH2GF\ 
Also, in the triangle DAF, 

AD'+ AF'= 2AG«+2GP. 
Subtracting the first eqiciation from the second, we have 

AD'-BD«-f4F"-BP=2AG'-2BG\ 
But, because ABD is a right-angled triangle, 

AD«^BD'«AB'; 
and, because ABF is a right-angled triangle, 

AF^-BP-AB'. 
Therefore, substituting these values in the former equation, 

AB'+AB'=2AG'~2BG'; 
whence AB'=AG'-BG% 

or AG'=»AB'+BG\ 

Wherefore ABG is a right angle (Prop. XIIL, Sch„ B. IV.) ; 
^hat is, AB is perpendicular to the straight line BG, lii like 
manner, it may be proved that AB is perpendicular to any 
pther straight line passing through B in the plane MN; hepco 
}i if perpendicular to the plane MN (Def. I). Therefore, if 
jBi straight line, &c. 

' Scholium. Hence it appears not only that a straight line 
may be perpendicular to every straight line which passes 
through its foot in a plane, but that it always must be so» 
whenever it is perpendicular to two lines in the plane, which 
shows that the first definition involves no impossibility. 



Cor. I. The perpendicular AB !■ ahorler than any oblique 
Idke AD ; it therefore measures the true distauce of the poiat 
A from ibeplaDe'MPf' 

Cor. 2. Through a given point B in a plane, only one per- 
pendicular can be drawn to this plane. For, If there could 
oe two perpendiculars, suppose a plane to pass through them, 
whose intersection with tne plane MN is BG; then theae 
two perpendiculars would botti be at right angles to the line 
BG, at the same point and in the same plane, which ts im- 
possible (Prop. XVI.. Cor., B. I.). 

It is also impossible, from a given point without a plane, to 
let fall two perpendiculars upon the plane. For, suppose AB, 
AG to be two such perpendiculars; then the triaBgle ABG 
will have two right angles, which is impossible (Prop. XX VIL, 
Cor. 3, B. I.). 



PBOFOSITION V.' TaBOBBM. 

Obliqve lines drawn from a point to a plaiie, at equal dit- 
tances from the perpendicular, are equal ; and of too oblique 
tinet unequally dittantfrom die perpendunilar, tM more remote 
it tke longer. 

Let the straight line AB be 
drawn perpendicular to the plane 
MN ; and let AC, AD, AE be ob- 
Ikjue lines drawn from the point A, 
equally distant from the perpendic- 
ular ; also, let AF be more remote 
from the perpendicular than AE ; 
then will the lines AC, AD, AE all 
be equal to each other, and AF be 
longer than AE. 

For, since the angles ABC, ABD, ABE are right anglea, 
and BC, BD, BE are equal, the triangles ABC, ABD, ABE 
have two sides and the included angle equal ; therefore the 
third sides AC, AD, AE are equal to each other. 

So, also, since the distance BF is greater than BE. it is 
plain that the oblique line AF is longer than AE (Prop. XVIL, 

6. 1.). 

Cor. All the equal oblique lines AC, AD, AE, &c., termi- 
nate in the circumference CDE, which is described from B, 
the foot of the perpendicular, as a center. 

If, then, it is required to draw a straight line perpendicular 
to the plane MN, from a point A without it, take three points 
in the plane C, D, B, equally distant from At and find B th* 



116 



GBOMETBT. 



center of the circle which passes through these points. Join 
AB, and it will be the perpendicular required. 

Scholium. The an^le AEB is called the inclination of the> 
line AE to the plane MN. All the lines AC, AD, AE,*&c., 
which are equally distaiit from the perpendicular, have Ihe 
same inclination to the plane; because all the angles ACB^ 
ADB, AEB, &c., are equal. 



PROPOSITION VI. THEORKM. 

If a straight line is perpendicular U% a plane^ every phne 
which passes through that line^ is perpendicular to the first' 
mentioned plane. 

Let the straight line AB be perpen- 
dicular to the plane MN; then will 
every plane which passes through AB 
be perpendicular to the plane MN. 

Suppose any plane, as AE, to pass 
througn AB, and let EF be the common 
section of the planes AE, MN. In the 
plane MN, through the point B, draw 
CD perpendicular to the common sec- 
tion EF. Then, since the line AB is perpendicular to the 
plane MN, it must be perpendicular to each of the two 
straight lines CD, EF (Def. 1). But the angle ABD, formed 
by the two perpendiculars BA, BD, to the common section 
]^F, measures the angle of the two planes AE, MN (Def. 4) ; 
and since this is a right an^gle, the two planes must be per- 
pendicular to each other. Therefore, if a straight line, &c. 

Scholium. When three straight lines, as AB, CD, EF, are 
perpendicular to each other, each of these lines is perpen- 
dicular to the plane of the other two, and the three planes 
are perpendicular to each other. 




PROPOSITION Vri. THEOREM. 

If two planes are perpendicular to each other, a straight line 
drawn in one of them perpendicular to their common section, 
will be perpendicular to the other plane. 

\ r 

Let the plane AE be perpendicular to the plane MN, and 
let the line AB be drawn in the plane AE perpendicular to 
the common section EF ; then will AB be perpendicular to 
the plane MN. 
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For in the plane MN, draw CD 
through the point B perpendicular to 
EF. Then, because the planes AG and 
MN are perpendicular, the angle ABD 
is a right angle. Hence the line AB is 
perpendicular to the two straight lines 
CD, EF at their point of itltersecttda ; 
it is consequently perpendicular to their 
plane MN (Prop. IV.). Therefore, if 
two planes, &,c. 

Cor. If the plane AE is perpendicular to the plane MN, 
and if from any point B, in tneir common section, we erect a 
perpendicular to the plane MN, this perpendicular will be in 
the plane AE. For if not, then we may draw from the same 
point, a straight line AB in the plane AE perpendicular to 
£F, and this line, according to the Proposition, will be per- 
pendicular to the plane MN. Therefore there would be two 
perpendiculars to the plane MN, drawn from the same point, 
which is impossible (ftop, IV., Cor. 2). 



raopOBiTioN Tin. theobbh. 

If two planes, which aU one another, are each of them per' 
pendicttlar to a third plaMe, their comnMn tection is perpen- 
diculaj*to the same plane. 

Let the two planes AE, AD be each 
of them perpendicular to a third plane 
MN, and let AB be the common sec- 
tion of the first two planes ; then will 
AB be perpendicular to the plane MN. 

For, from the point B, erect a per- 
pendicular to the plane MN. Then, by 
the Corollary of the last Proposition, 
this line must bfi situated both in the 
plane AD and In the plane AB ; hence it is their common 
sec^D AR Therefore, if two planes, Ace. 



FlOFOaiTIOtI 11. TREOKBU, 

7W straight lines which are perpendicular to the same plane, 
ixre parallel to each other. 

■ Let the two straight lines AB, CD be each of them perpen- 
dicular to the same plane MN ; then will AB be parallel to CD. 
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In the plane MN, draw the straight 
line BD Joining the points B and D. 
Through the lines AB, BD pass the 
plane £F ; it will be perpendicular to ^^ 
the plane MN (Prop. VI.) ; also, the 
line CD will lie in this plane, because it 
is perpendicular to SIN (Prop. VIL, 
Cor.). Now, because AB and CD are 
both perpendicular to the plane MN, 
they are perpendicular to thei line BD in that plane ; and since 
AB» CD are both perpendicular to the same line BD, and lie 
in the same plane^ tney are parallel to each other (Prop. 
XX., B. L). Therefore, two straight lines, &c. 
^ Cor, L If one of two parallel Knes be perpendicular to a 
plane, the other will be perpendicular to the same plane. If 
AB is perpendicular to the plane MN, then (Prop. VI.) the 
plane £F will be perpendicular to MN. Also, AB is per- 
pendicular to BD; and if CD is parallel to AB, it will be 
perpendicular to BD, and therefore (Prop. VII.) it is perpen- 
dicular to the plane MN. 

Cor. 2. Two straight lines, parallel to a third, are parallel 
to each other. Far, suppose a plane to be drawn perpen- 
dicular to any one of them ; then the other two, being paral- 
lel to the fitst) will be perpendicular to the same plane, by 
the preceding Corollary ; hence, bf the Proposition, they will 
be parallel to each other. # 

The three straight lines are supposed not to be in the same 
plane; for in this ease the Proposition has been already de- 
monstrated. 



PRorosmoir x. theorem. 

If n straight line^ without a given planer be paraOd to a 
straight line in the plane^ it will be parallel to the plane. 

Let the straight line AB be parallel 
to the straight line CD, in the plane 
MN; then will it be parallel to the m 
plane MN. 

Through the parallels AB* CD sup- 
pose a plane ABdC to pass. If the line 
AB can meet the plane MN, it must N 

meet it in some point of the line CD, which is the common 
intersection of the two planes. But AB can not meet CD^ 
since they are parallel ; nence it can not meet the plane MN ; 
that is, AB is parallel to the plane MN (Def. 2). Therefore, 
if a straight line, &c. 



A 
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.-OBITION XL THBOXUI. 

3W planes, tokich are perpendicular to the taiHe straight 
Une, are portal to each other. 

Let the plases MN, PQ be 
perpendicular to the line AB ; 
then will they be parallel to each 
other. ] 

For if they are not parallel, 
they will meet if producea. Let 
them be producea and meet in C. 
Join AC, BC. Now the line AB. ** 

which is perpendicular to the plane MN, is perpendicular to 
the line AC drawn through its foot in that plane. For the 
same reason AB is perpendicular to BC. Therefore CA and 
CB are two perpendiculars let fall from the same point C 
upon the same straight line AB, which is impossible (Prop. 
XVI., B, L). Hence the planes MN, PQ can not meet when 

{iroduced ; that is, they are parallel to each other. There- 
bre, two planes, &c. 



FKOFOBITION Xtl. THEOREM. 

If two parallel planet are cut by a third plane, their ctanmon 
tectiont are parallel 

Let the parallel planes MN, PQ be }[ p 

cut by the plane ABDC ; and let their 
common sections with it be AB, CD; 
then will AB be parallel to CD. 

For the two lines AD, CD are in the 
same plane, viz., in the plane ABDC 
which cuts the planes MN, PQ ; and 
if these lines were not parallel, they 
would meet when produced; therefore 
the planes MN, PQ would also meet, which is impOBsible, b&* 
cause they are parallel. Hence the lines AB, CD are paral- 
lel. Therefore, if two parallel planes, &,c. 
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PROPOBITION XIII. THEOREM. 

If two planes are parattelf a straight line which is perpen- 
dicular to one ofthenif is also perpendicular to the other. 

Let the two planes MN, PQ be par- 
allel, and let the straight line AB be 
perpendicular to the plane MN ; AB jg^ 
"will also be perpendicular to the plane 

Through the point B, draw any line 
BD in the plane PQ ; and through the "P 
lines AB, BD suppose a plane to pass intersecting the plane 
MN in AC. The two lines AC, BD will be parallel (Prop. 
XH.)- B^^ ^^^ ^'^^ -^^v being perpendicular to the plane 
MN, is perpendicular to the straight line AC which it meets 
in that plane ; it must, therefore, be perpendicular to its par- 
allel BD (Prop. XXIIL, Cor. 1, B. L). But BD is any line 
drawn through B in the plane PQ. ; and since AB is perpen- 
dicular to any line drawn through its foot in the plane PQ, 
it must be perpendicular to the plane PQ (Def. 1). There- 
fore, if two planes, &c. 



PROPOSITION Xiy. THEOREM. 




Parallel straight lines included between two parallel planes 
are equal 

Let AB, CD be the two parallel 
straight lines included between two 
parallel planes MN, PQ ; then will AB 
be equal to CD. 

Through the two parallel lines AB, 
CD suppose a plane ABDC to pass, in- 
tersecting the parallel planes in AC and Z*' 
BD. The lines AC, Bv will be parallel to each other (Prop. 
XII.). But AB is, by supposition, parallel to CD ; therefore 
the figure ABDC is a parallelogram ; and, consequently, AB 
is equal to CD (Prop. XXIX., B. I.). Therefore, parallel 
straight lines, &c. 

Cor. Hence two parallel planes are every where eauidis* 
iant; for if AB, CD^are perpendicular to the plane MW, they 
will be perpendicular to the parallel plane PQ (Prop. XIII.) ; 
and being both perpendicular to the same plane, they will be 
parallel to each other (Prop. IX.), and, consequently, equal. 
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PROPOSITION XV. TflBOK£SL. 

V 

If two angkSf not in the same plane, have their sides parol- 
kl and similarly situated, these angles will be equal, and their 
planes will be parallel 

Lei the two angles ABC, DEF^ 
lying in different planes MN, PQ, j^, 
have their sides parallel each to each 
and similarly situated; then will the 
angle ABC be equal td the angle 
DEF, and the plane MN be parallel 
to the plane PQ. 

Take AB equal to DE, and BC 
equal to EF, and join AD, BE, CP, 
AC, DF. Then, because AB is. equal and parallel to DE» 
the figure ABED is a parallelogram (Prop. aXXL, B. I.); 
and AD is equal and parallel to BE. For the same reason 
CP is equal and parallel to BE. Consequently, AD and CF, 
being each of them equal and parallel to BE, are parallel to 
each other fprop. IX«, Cor. 2), and also equal ; therefore AC 
is also equal and parallel toDF (Prop. XXXI., B. I.). Henee 
the triangles ABC, DEF are mutually equilateral, and the 
angle ABC is equal to the angle DEF (Prop. XV., B. I.). 

Also, the plane ABC is parallel to the plane DEF. For, if 
they are not parallel, suppose a plane to pass through A par^ 
allel to DEF, and let it meet the straight lines BE, CF in the 
points G and H. Then the three lines AD, GE, HF will be 
equal (Prop. XIV.). But the three lines AD, BE, CF have 
already been proved to be equal ; hence BE is equal to GE, 
and CF is equal to HF, which is absurd ; consequently, the 
plane ABC must be parallel to the plane DEF. Therefore, 
if two angles, &c. 

Cor. 1. If two parallel planes MN, PQ are met by two 
other planes ABED, BCFE, the angles formed by the inter- 
sections of the parallel planes will be equal. For the secticm 
AB is parallel to the section DE (Prop. XII.) ; and BC is 
parallel to DF; therefore, by the Proposition, the angle ABC 
IS equal to the angle DEF. 

Cor. 2. If three straight lines AD, BE, CF, not situated in 
the same plane, are equal and parallel, the triangles ABC, 
DEF, formed by joining the extremities of these lines, will be 
equal, and their planes will be paralleL For, since AD is 
equal and parallel to BE, the figure ABED is a parallel- 
ogram ; hence the side AB is equal and parallel to DE. Foi 
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Uie same reason, the sides BC and EF are equal and paral- 
lel; as, also, the sides AC afld DF. Consequently, the two 
triangles ABC, D£F are equal ; and, according to* the Prop- 
osition, their planes are parallel. 



PROPOSITION XVI. THEOB&tf. 

If two straight lines are cut by parallel planes^ they will be 
cut in the same ratio. 

Let the straight lines AB, CD be cut Jifi ^ ! ■_. . - *A 
by the parallel planes MN, PQ, RS in ^^fczE^S 
the points A, E, B, C, F, D ; then we \- -p-y^^ JS 
shall have the proportion Pi ^j L i _L a 

AE : EB : : CF : FD. ^^^^p§ 

Draw the line BC meeting the plane «^^=^fe^ 
PQ in G, and join AC, BD, EG, GF. R^^^^ 
Then^ because the two parallel phmes ^^^^^5. 
MN, PQ ara cut by the plane ABC, the fe^^i^^^ s 
common sections AC, EG are parallel ^Prop. XII.). Also, be- 
cause the two parallel planes PQ, RS are cut by the plane 
BCD, the common sections BD, GP are paralleh Now, be- 
cause EG is parallel to AC, a side of the triangle ABC (Proa 
XVI., B. IV.), we have 

AE : EB : : CG : GB. 
Also, because GF is parallel to BD, one side of the triangle 
BCD, we have 

CG:GB::CP:PD; 
hence (Prop. IV.) B. II.), 

AE : ER : : CP : TD. 
Therefore, if two straight lines, &c. 



PROPOSITION XVII. THEOREM. 

If a solid angle is contained by three plane angles^ the sum 
of any two of these angles is greater than the third. 

Let the solid angle at A be con- ^ 

tained by the three plane angles 
BAC, CAD, DAB ; any two of these 
angles will be greater than the third. 

if these three angles are all ^qual 
to each other, it is plain that any 
two of them must be greater than b^^X^^^^S^^^S^lc 
the third. But if they are not equal, ^ 
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let BAG be that angle which is not leu than either of the 
other two, aod is greater than one of them BAD. Then, at 
the point A, make the angle BAB equal to the angle BAD; 
take AE equal to AD; through E draw the line BEG cutting 
AB, AC in the points B and C ; and join DB, DC. 

Now, because, ia the two triangles BAD, BAE, AD ia 
equal to AE, AB is common to botn, and the angle BAD ii 
equal to the angle BAE ; therefore the base BD is equal to 
the base BE (Prop. VI., B. I.). Alsot because the sum of the 
• lines BD, DC is greater than BC (Prop. VIII., B. I.), and BD 
is proved equal to BE, a part of BC, therefore the remaining 
line DC is greater than EG. Now, in the two triangles 
CAD, CAE, oecause AD is equal to AE, AC is common, nut 
the Irase CD is greater thaa the base CE ; therefore the an- 

f'e CAD is greater than the angle CAE (Prop. XIV., B. i.). 
ut, by construction, the angle BAD is equal to the angle 
BAE ; therefore the two angles BAD, GAD are together 
greater than BAE, CAE ; that is, than the angle BAG. 
Now BAG is not less than either of the angles BAD, CAD ; 
hence BAC,.with either of them, is greater than the third. 
Therefore, if a solid angle, &c. 



raoposiTiON xvtti. tbkorem. 

7^ plane angUs wkkh contain any toHd angle, are togtUur 
lest than four right angles. 

Let A be a solid angle contained by any 
number of plane angles BAG, CAD, DAE,- 
EAF, Fab ; these angles are together less 
than four right angles. 

Let the planes which contain the solid an- 

Sle at A be cut by another plane, forming 
»e polygon BCDEF. Now, because the 
solid angle at B is contained by three plane 
angles, any two of which are greater than 
the third (Prop. XVII.), the two angles ABC, 
ABF are greater than the angle FBG. For 
the same reason, the two angles AGB, ACD are greater than 
the angle BCD, and so. with the other angles of the polygon 
BCDEF. Hence, the sum of all the angles at the bases of the 
triangles having the common vertex A, is gre&tsT than the 
Bimi of all the angles of the polygon BCDEF. But all tho 
angles of these triangles are together equal to twice as many 
right angles as there are triangles (Prop. XXVII., B. I.), that 
is, as there are sides of the polygon BCDEF. Also, the an- 
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glen of the polygon, together with four right angles, are equal 
to twice as many right andes as the figure has sides (Prop. 
XXVIIL, B. I.) ; hence all the angles of the triangles are 
equal to all the angles of the polygon, together with four 
right angles. But it has been proved that the angles at the 
bases of the triangles, are greater than the angles of the 
polygon. Hence the remaining angles of the triangles, Tiz.^ 
those which contain the solid angle at A, are less than four 
right angles. Therefore, the plane angles, &c. 

Scholium. This demonstration supposes that the solid an* 
gle is convex ; that is, that the plane of neither of the faces, 
if produced, would cut the ^olid angle. If it were otherwise, 
the sum of the plane angles would no longer be limited, and 
might be of any magnitude. 




PROPOSITION XIX. THEORSH. 

If two solid angles are contained by three plane angks which 
are equals each to each^ the planes of the equal angles will be 
^.qualiy inclined to each other. 

Let A and a be two solid 
angles, contained by three 
plane angles which are 
equal, each to each, viz.^the 
angle BAG equal to froc, 
the angle CAD to cad, and 
BAD equal to bad; then B 
will the inclination of the 
planes ABC, ABD be equal 
to the inclination of the planes abc^ abd. 

In the line AC, the common section of the planes ABC, 
ACD, take any point C ; and through C let a plane BCE 
pass perpendicular to AB, and another plane CdE perpen- 
dicular to AD. Also, take ac equal to AC ; and through c 
let a plane bee pass perpendicular to a&, and another plane 
cde perpendicular to ad. 

Now, since the line AB is perpendicular to the plane BCE, 
it is perpendicular to every straight line which it meets in 
that plane ; hence ABC and ABE are right angles. For the 
iame reason abc and abe are right angles. Now, in the tri- 
angles ABC, abcj the angle 6AC is, by hypothesis, equal to 
bac, and the angles ABC, abc are right angles ; therefore the 
angles ACB, acb are equal. But the side AC was made 
equal to the side ac; hence the two triangles are equal 
-(Prop. YIL, B. I.) ; that is, the side AB is equal to ab, and BC 
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to &c. In the same mwner, it may be proved that AD in 
equal to ad, and CD to cd. 

We can now prove that the quadrilateral ABED is equal 
to the quadrilateral abed. For, let the angle BAD be placed 
upon the equal angle bady then the point fi will fall upon the 
point b, and the point D upon the point d; because AB is 
equal to abf and AD to ad. At the same time, BE, which is 
perpendicular to AB, will fall upon be, which is perpendicu- 
lar to ab ; and for a similar reason DE will fall upon de^ 
Hence the point E will fall upon e, and we shall have B£ 
equal to ie, and DE equal to de. 

Now, since the plane BCE is perpendicular to the line AB, 
it is perpendicular to the plane' ABD which passes through 
AB (Prop. VL). For the same reason CDE is perpendicular. 
to the same plane; hence C£, their common section, is per- 
pendicular to the plane ABD (Prop. YIII.). In the same man- 
ner, it may be proved that ce is perpendicular to the plane 
abd. Now, in the triangles BCE, Ace,the angles BEC, bee are 
right angles, the hypotheQUse BC is equal to the hypothenuse 
ic, and Uie side BE is equal to be ; hence the two triangles 
are equal, and the angle CBE is equal to the angle cbe. But 
the angle CBE is the inclination of the planes ABC, ABD 
(Def. 4) ; and the angle cbe is the inclination of the planes 
abc^ abd; hence these planes are equally inclined to each 
other. 

We must, however, observe that the angle CBE is not, 
properly speaking, the inclination of the planes ABC, ABD, 
except when the perpendicular CE falls upon the same side 
of AB as AD does. If it fall upon the other side of AB, then 
the angle between the two planes will be obtuse, and this 
angle, together with the angle B of the triangle CBE, will 
make two right angles. But in this case, the angle between 
the two plants aba, abd will also be obtuse, and this angle, 
together with the angle b of the triangle cbe, will also make 
two right angles. And, since the angle B is always equal to 
the angle b, the inclination of the twO planes ABC, ABD will 
always be equal to that of the planes abc, abd. Therefore, if 
two solid angles, &c. 

Scholium. If two solid angles are contained by three 
plane angles which are equal, each to each, and similarly 
siiuatedf the angles will be equal, and will coincide when 
applied the one to the other. For we have proved that the 
quadrilateral ABED will coincide * with its equal abed. 
Now, because the triangle BCE is equal to the triangle free, 
the line CE, which is perpendicular to the plane ABED, is 
equal to the line ce, which is perpendicular to the plane abed* 
And since only one perpendicular can be drawn to a plane 
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from the same poiot (Prop. a 

IV., Cor. 2), the lines CE,cfl 

ttuut coincide with each oth- 

w, and the point C coincide 

with the point c. Hence 

tiie two solid angles must 

coincide throughout. B 

It should, however, be ob- 
served that the two solid an- 
gles do not admit of superposition, unless the three equal plana 
angles are similarly situated in both cases: For if the per- 
pendiculars CE, ce fay on opposite sides of the planes ABED. 
abed, the two solid angles could not be made to coincide. 
Nevertheless, the Proposition will always hold true, that the 
planes containing the equal angles are equally inclined to 
each other. 




BOOK VIII. 

POLYEDRONS. 

1. A pofyedron ig a solid included by any number of planes, 
which are called ittfacat. If the solid have only four faces, 
which is the least number possible, it ts called a. lelraedron ; 
if six faces, it is called a bexaedron ; if eight, an octaedron; 
if twelve, a dodecaedron; if twenty, an icotatdron, &.c. 

2. The intersectiooa of the faces of a polyedron are called 
its edges. A diagonal of a polyedron ia the straight line 
which joins any two vertices not lying in the same face. 

3. Similar polyedrons are such as have all their solid au' 

ties equal, each to each, and are contained by the same num- 
er of similar planes. 

4. A regular polyedron is one whose solid angles are all 
equal to each other, and whose faces are all equal and regu- 
lar polygons. 

6. A priim is a polyedron having two faces 
wtiicfi are equal and parallel polygons ; and 
the others are parallelograms. The equal 
and parallel polygons are called the bases of 
the prism ; the other faces taken together 
form the lateral or convex surface. The alti- 
tude of a prism is the perpendicular distauce / 
between its two bases. The edges which join 
the corresponding angles of the two polygons 
are called the principal edges of the prism. 

6. A right prism is one whose principal edges arc all per- 
iwndicular to the bases. Any other prism is called an ofr> 
hque prism. 

7. A prism is triangular, quadrangular, pentagonal, hex- 
agonal, OK., aceording as its base is a triangle, a qoadri- 
laleral, a pentagon, a hexagon, &c. 

8. A paraliehpiped is a prism whose 
bases are parallelograms. A right par- 
alleloplped is one v/hoae faces are all rect- 
angles. 

U. A cuie 19 a right parallelopiped boonded by six t 
squares. 
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10. A pyramid is a polyedron contained by 
several triangular planes proceeding from the 
same point, and terminating in the sides of a 
polygon. This polygon is called the base of 
the pyramid ; and the point in which the planes 
meet, is the vertex. The triangular planes form 
the convex surface. 

11. The altitude of a pyramid is the perpen- 
dicular let fall from the vertex upon the plane 
of the base, produced if necessary. The slant height of a 
pyramid is a line drawn from the vertex, perpendicular to 
one side of the polygon which forms its base. 

12. A pyramid is triangular, quadrangular, &c., according 
as the base is a triangle, a quadrilateral, &c. 

13. A regular pyramid is one whose base is a regular poly- 

fon, and the perpendicular let fall from the vertex upon the 
asot passes through the center of the base. This perpendic- 
ular is called the axis of the pyramid. 

14. A frustum of a pyramid is a portion of the solid next 
the base, cut off by a plane parallel to the base. The alti- 
tude of the frustum is the perpendicular distance between 
the two parallel planes. 



PROPOSITION I. THEOREM. 

The convex surface of a right prism is equal to the pe- 
rimeter of its base multiplied by its altitude. 

Let ABCDE-K be a right prism; then will 
its convex surface be equal to the perimeter 
of the base AB+BC+CD+DE+EA multi. F 
plied by its altitude AF. 

For the convex surface of the prism is 
equal to the sum of thie parallelograms AG, 
BU, CI, &c. Now the area of the parallelo- 

?ram AG is measured by the product of its 
ase AB by its altitude AF (Prop. IV., Sch., 
B. IV.). The area of the parallelogram BH is measured by 
BC X BG ; the area of CI is measured by CD X CH, and so of 
the others. But the lines AF, BG, CH, &c., are all equal to 
each other (Prop. XIV., B. VII.), and each equal to the alti- 
tude of the prism. Also, the lines AB, BC, CD, ifec, taken 
together, from the perimeter of the base of the prism. There- 
fore, the sum of these parallelograms, or the convex surface 
of the prism, is equal to the perimeter of its base, multiplied 
by its altitude. 




CoTi If two right prisms have the same altitude, their con- 
vex surfaces will be to each other as the perimeterE of their 
bases. 



PROPOSITION II. TBKOKBM. 

In every prism, the sections formed 6y parallel planet art 
equal polygons. 

Let the prism LP be cut by the parallel 
^anes AC, FH ; then will the sectione ABC 
DE. FGHIK, be OTual polygons. 

Since AB and FG are the intersections 
of two parallel planes, with a third plane 
LMON. they are parallel. The lines AF, 
BG are also parallel, being edges of the ■ 
prism ; therefore ABGF is a parallelogrom, 
and AB is equal to FG. For the same I 
reason BC is equal and parallel to GH, CD 
to IH, DE to IK, and AE to FK. -^ ^ 

Because the sides of the angle ABC are parallel to those of 
FGH, and are similarly situated, the angle ABC is equal to 
FGH (Prop. XV,, B. VII.). In like manner, it may be proved 
that the angle BCD is equal to the angle GHI, and so of the 
rest. Therefore the polygons ABCDE, FGHIK are equal. 

Cor. Every section of a prism,made parallel to the base, is' 
equal to the base. - ' 



PBOPOSITION III. THBOBEM. 

Two prisms are equal, when they have a solid avgle contain- 
ed bu three faces which are equal, each to each, and similarly 
situated. 

Let AI, at be two prisms — 

having the faces which 
contain the solid angle B 
equal to the faces which 
dontain the solid angle b; 
viz., the base ABCDE to 
the base abcde, the paral- 
lelogram AG to the paral- ' 
lelogram ag, and the par- 
allelogram BH to the par- 
allelogram bh ; then will the prism AI be equal to the prism a'. 



ISO OKUIKTKT. 

Lst the prism AI b« j^ 

applied to the prism at, so 

that the equal bases AD I 

and ad may coincide, the , 

point A falling upon a, B 
upon b, and so on. And 
because the three plane 
angles which cootaia the 
■olid angle B, are etiual 
to the three plane angles 

which contain the solid anglefr, and these planes are similarly 
situated, the solid angles B and b are equal (Prop. XIX., Sch., 
B. VII.). Hence the edge EG will coincide with its equal 6^; 
and the point G will coincide with the point g. Now, be- 
cause the parallelograms AG and ag are equal, the side GF 
will fall upon its equal gf; and for the same reason, GH will 
fall upon^A. Hence the plane of the base FGHIK. will coin- 
cide with the plane of the haae fghik (Prop. II., B. VIL). But, 
since the upper basas are equal to their corresponding lower 
bases, they are equal to each other ; therefore the base FI will 
coincide throughout with^t ,- viz., HI with /U, IK with ik, and 
KF with kf; henee the prisms coiticide throughout, and are 
equal to each other. Therefore, two prisms, &c. 

Cor. Too right prisms, which have equal bases and equal 
aiHtudes, are equal. 

For, since the aide AB is equal to oi, and tlie altitude BG 
to bg, the rectangle ABGF is equal to the rectangle abgj. 
So, also, the rectangle BGHC is equal to the rectangle bghc ; 
hence the three faces which contain the solid angle B are 
equal to the three iaces which contain the solid angle b; 
eonsequenlly, the two prisma are equal. 



PKtttOSITION IV. T8B01EH. 

7%s opposite faces of a paralklopiped are equal andparalkL 

Let A6GH be a parallelopiped ; then 
will its opposite faces be equal and parallel. 

From the definition of a parallelopiped 
(DeC S) the bases AC, EG are equal and 
parallel ; and it remains to be proved that 
the same is true qf any two opposite faces, ^ 
as AH, BG. Now, because AC is a par- 
allelogram, the side AD is equal end par- 
allel to BC. For the same reason AE is equal and parallel 
to BF; hence the angle DAE is equal to the ang^ CBF 
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(Prop. XV., B. VII.), and the plane DAE is parallel to th« 
plane CBF. Therefore also the parallelogram AH is equal 
to the parallelogram EG. Id the same manner, it may be 
proved that the opposite ikces AF and DG are equal and 
parallel. Therefore,- the opposite faces, &c. 

Cor, 1. Since a parallelopiped is a solid contained by six 
faces, of which the opposite ones are equal and parallel, any 
&ee may be assumed as the base of a parallelopiped. 

Cor. 2. The four diagonals of a parallelepiped bisect each 
other. 

Draw any two diagonals AG, EC ; they 
wilt bisect each other. Since AE is equal 
and parallel to CO, the figure AEGC is a 
parallelogram; and therefore the diago- 
nals AG, EC bisect each other (Prop, j 
XXXIL, B. I.). In the same manner, it 
may be proved that the two diagonals BH 
and DF bisect each other ; and hence the 
four diagonals mutually bisect each other, in a point which 
may be regarded as the center of the parallelopiped. 
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If a parallelopiped lie cut by a plane passing through tMe 
diagonals of two opposite faces, it will be divided into two 
equivalent prisms. 

Let AG be a parallelopiped, and AC, 
£G the diagonals of the opposite parallelo- 
grams BD, FH. Now, because AE, CG are 
each of them parallel to BF, they are par- ' 
atlel to each otner ; therefore the diagonals 
AC, EG are in the same plane with AE, 
CG ; and the plane AEGC divides the solid 
AG into two equivalent prisms. ^ 

Through the vertices A and E draw the ^ 
planes AIKL, EMNO perpendicular to AB, 
meeting the other edges of the parallelo- 
mped in the points I, K, L, and in M, N, 0. 
The sections AIKL, EMNO are equal, because they are 
formed by planes perpendicular to the same straight line, 
and, consequently, parallel (Prop, II.)- They are also par- 
allelograms, because AI, KL, two opposite sides of the same 
section, are the intersections of two parallel planes ABF£, 
DCGHfby the same plane. 

For the same reason, the figure ALOE is a paxsUelogram ; 
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go, also, are AIME, IKNM, KLON, the 
other lateral faces of the solid AIKL^ _. 
EMNO ; hence this solid is a prism (Def/ [ 
5); and it is a ri^ht prism, because AE is Oj 
perpendicular to me plane of its base.- But 
the right prism AN is divided into two 
equal prisms ALK-N, AIK-N ; for the 
bases of these prisms are equal, being -^i 
halves of the same parallelogram AIKL, ^' 
and they have the common altitude AE; 
they are therefore equal (Prop. III., Cor.). 

STow, because AEHD, AEOL are paral- 
lelograms, the sides DH, LQ, being equal to AE, are equal to 
each other. Take away the common part DO, and we have 
DL equal to HO. For the same reason, CK is equal to GN. 
Conceive now that ENO, the base, of the solid ENGHO, is 
placed on AKL, the base of the solid AKCDL ; then the 
point O falling on L and N on K, the lines HO, GN will coin- 
cide with their equals HL, CK, because they are perpendic- 
ulars to the same plane. Hence the two solids coincide 
throughout, and are equal to each other. To each of these 
equals, add the solid ADC-N ; then will the oblique prism 
AuC-iGr be equivalent to the right prism ALK-N. 

In the same manner, it may be proved that the oblique 
prism ABC-G is equivalent to the right prism AIK-N. 
"but the two right prisms have been proved to be equal ; 
hence the two oblique prisms ADC-G, ABC-G are equiva- 
lent to each other. Therefore, if a parallelopiped, &c. 

Cor. Every triangular prism is naif of a parallelopiped 
having the same solid angle, and the same edges AB, BC, 
BF. 

. Scholium, The triangular prisms ' into which the oblique 
parallelopiped is divided, can not be made to coincide, be- 
cause the plane angles about the corresponding ;solid angles 
are not Similarly situated. 



PROPOSITION VI. THEOREM. 

ParalklopipedSfOf the same bas^ and the same aUitudefOre 
equivalent. , 

Casejirst. When their upper bases are between the same 
parallel lines. 

Let the parallelopipeds AG, AL have the base AC com- 
mon, and let their opposite bases EG, IL be in the same 
plane, and between the same parallels EK, HL ; then will 
the solid AG be equivalent to the solid AL. 



Because AF, AK are parallel- 
ogrems, EP and IK are each 
equal to AB, and therefore equal 
to each other. Hence, if EF and 
IK be taken away from the same 
hne EK, the remainders EI and i 
FK will be equal. Therefore 
the triangle AEI U equal to the 

triangle BFK. Also, the parallelogram EM is equal to the 
paraflelogram FL, and AH to BG. . Hence the solid angles 
at E and F are contained by three faces 'which are equ^ to 
each other, and similarly situated ; therefore the prism AEI- 
M is equal to the prism BFK-L <Prop. III.). 

Now, if from the whole solid AL, we take the prism 
AEI-M, there will remain the paraUelopiped AI^; and if 
from the same solid AL, we take the prism BFK-L, there 
will remain the paraUelopiped AG, Hence the parallelepi- 
peds AL, AG are equivalent to one another. 

Case tecond. When their upper bases are not between th 
same parallel lines. 

Xiet the parallelopipeds AG, g 
AL have the same base AC and \ 
the same altitude ; then will their . 
opposite bases EG, IL be in the 
same plane. And, since the sides 
EF and IK. are equal and parailel 
to AB, they are equal and paral- 
lel to each other. For the same 
reason FG is equal and parallel 
to KL. Produce the sides EH, 
EG, as also IK, LM, and let 

them meet in the points N, O, P, Q ; the figure NOPQ i» a 
parallelogram equal to each of the bases EG, IL ; and, con- 
sequently, equal to ABCD, and parallel to it 

Conceive now a third parallelopiped AP, having AC for it* 
lower base, and NP for its upper base. The solid AP will 
be equivalent to the solid AG, by the first Case, because they 
have the same lower base, and their uppr bases are in the 
same plane and between the same parallels, EQ, FP. For 
the same reason, the solid AP is equivalent to the solid AL; 
hence the solid AG is equivalent to the solid AL. There- 
fore, parallelopipeds, dec. 
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PEOPOBITIOM Ttf. TBBOEBM. 

4 

Any paraUehpiped is equivakni id a right paralkbpiped 
having the same aliUude and an equivalent hose. 

Let AL be any parallelopiped ; it is equivalent to a right 

Earallelopiped baring the same altitude and an equivalent 
ase. 

From the points A, B, C, D draw AE, BF, CG, DH, per- 
pendicular to the plane of the low- 
er base, meetinff the plane of the 
upper base in the points E, F, 6, 
H. Join EF, FG, GH, HE ; there 
will thus be formed the parallelo- 
piped AGy equivalent to AL (Prop. 
Vl.) ; and iU lateral faces AF, BG, 
CH, DE are rectangles. If the 
base ABCD is also a rectangle, 
AG will be a right parallelopiped, 
and it is equivalent to the parallel- 
opiped AL. But if ABCD is not a rectansle, from A and B 
draw AI, BK perpendicular to CD; and ^y^ 
from E and F draw EM, FL perpendicu- 
lar to GH ; and join IM, KL. TJie solid 
ABKI-M will be a right parallelopiped. 
For, by construction, the bases ABKI and 
EFLM are rectangles; so, also, are the 
lateral faces, because the edges AE, BF, 
KL, IM are perpendicular to the plane of ^ 
the base. Therefore the solid AL is a right 
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parallelopiped. But the two patalleiopipeds 
AG, AL may be regarded as having the same base AF, and 
the -same altitude AI ; they are therefore equivalent. But the 
parallelopiped AG is equivalent to the first supposed parallel- 
opiped ; hence this parallelopiped is equivalent to tiie right 
parallelopiped AL, having the same altitude, and an equiva* 
tent base. Therefore, any parallelopiped, &c. 



nOPOalTIQH Vltt. TBBOBBU. 

Right paraBelapipeds, having the same base, are to each oth- 
er as their aititudes. 

Let AG, AL be two right paralletopipeds 
having the same base ABCD; then will they 
be to each other as their aUitudee AE, AI. 

Cote. first. When the altitudes are in the 
ratio of two 'whole numbers. q 

Suppose the altitudes AE, AI are in the ' 
ratio of two whole numbers ; for example, as 
seven to four. Divide AE into seven equal ' 
Kirts; AI will contain four of those parts. - 
Through the several points of division, let ■ 
plapes oe drawn parallel to the base; these 
planes wHl divide the solid AG into seven ^ 
smalt pal'allelopipeds, all equal to each other, having equal 
bases and equal altitudes. The bases are equal, because ev- 
ery section of a prism parallel to the base is equal to the base 
(f^p. II., Cor.) ; the altitudes are equal, for these attitudes 
are the equal divisions of the edge AE. But of these seven 
equal parallelopipeds, AL contains four ; hence the solid AG 
is to the solid AL, as seven to four, or as the altitudp AE ia 
to the altitude AI. 

Case second. When the altitudes are not in the ratio of two 
whole numbers. 

Let AG, AL be two parallelopipeds whose altitudes have 
any ratio whatever ; we shall still have the proportion 
Solid AG : solid AL : : AE : AI. 

For if this proportion is not true, the first three terms re- 
maining the same, the fourth term must be greater or less 
than AI. Suppose it to be greater, and that we have 
Solid AG : solid AL : : AE : AO. 

Divide AE into equal parts each less than 01; there will 
be at least one point of division between O and I. Designate 
that point by N, Suppose a parallelo piped to be coDslruct- 
edihaving ABCD for its base, and A^ for its altitude ; imd 
represent this parallelopiped by P. Then, because the alti- 
tudes AE, AN are in the ratio of two whole numbere, we 
shall have, by the preceding Case, 

Solid AG : P : : AE : AN. 
But, by hypothesis, we have 

Solid AG : solid AL : : AE : AO. 
Hence (Prop. IV., Cor., B. 11.), 
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Solid AL : P : : AO : AN, 

But AO is greater than AN; hence the solid AL must be 
greater thim P (Def. 2, B. II.) ; on the contrary, it is less, 
which is absurd. Therefore the solid AG eaQ.n»t be to the 
solid AL, as the line AE to a line greater than AI 

In the same manner, it may be proved that the fourth term 
of the proportion can not be less than AI ; hence it must be 
AI, and we have the proportion 

Solid AG : solid AL : : AE : AI. 
Therefore, right parailelopipeds, &c. 



PBOPOStnON IX. TBEORBU. 

Right parallelopipetk, having the same altitude, are to each 
other as their bases. 

Let AG, AN be two right parallelopipeds having the same 
altitude AE ; then will they be to each other as their bases ; 
that is, 

Solid AG : solid A'N : : base ABCD : base AIKL. 

Place the two solids so that their 
surfaces may have the common 
angle BAE ; produce the plane 
LKNO till it meets the plane DCGH 
in the line PQ ; a third parallel- 
opiped AQ will thus be formed, 
which may be compared with each 
of the parallelopipeds AG, AN. ^ 
The two solids AG, AQ, having 
the same base AEHD, are to each 
other as their altitudes AB, AL 

S'rop. VIII.) ; and the (wo solids 
Q, AN, havingthe same base ALOE, are to each other as 
their altitudes Au, AI, Hence we have the two proportions 
Solid AG : solid AQ : : AB : AL ; 
Solid AQ : solid AN : : AD : AI. 
Hence (Prop. XI., Cor., B. II.), 

Solid AG : solid AN : : AB X AD : AL X AI. 
But ABxAD is the measure of the base ABCD (Prop. TV., 
Sch., B. IV.); and ALxAI is the measure of the b8«» 
AIKL ; hence 

Solid AG : solid AN : : base ABCD : base AIKL. 
Therefore, right parallelopipeds. Sec. 



pBOPoamoN X. theorem. 

Any two right parallelopipeds are ta each other as the prod- 
ucts of their bases by their altitudes. 

Let AG, AQ be two right paral- mis 
lelopipeds, of which the bases are 
the rectangles ABCD, AIKL, and 
the attitudes, the perpendiculars AG, 
AP ; then will ttie sohd AG be to 
the solid AQ, as the product of 
ABCD by AE,i9 to the product of 
AIKL by AP. 

Place the two solids so that thdr 
surfRces may have the common an- 
gle BAE ; produce the planes ne- 
cessary to form the third parallelo- B C 
piped AN, having the same base with AQ, and th« same alti- 
tude with AG. Then, by the last Proposition, we shall have 

Solid AG : solid AN : : ABCD : AIKL. 
But the two parallelopipeds AN, AQ, having the same baw 
AIKL, are to each other as their altitudes AE, AP (Prop. 
VIII.) ; hence we have 

Solid AN : soHd AQ : : AE : AP. 
Comparing these two proportions " (Prop. XL, Cor., B. II.), 
we have 

Solid AG : solid AQ : : ABCD X AE : AIKL X AP. 

II* instead of the base ABCD, we put its equal ABxAD, 
and instead of AIKL, we put its equal AI X AL, we shall have 

Sohd AG : so/id AQ : : ABxADxAB : AIxALxAP. 
Therefore, any two right parallelopipeds, &c 

Scholium. Hence a right parallelopiped is measured by 
the product of its base and altitude, or tne product of its three 
dimensions. 

It should be remembered, that by the product of two or 
more lines, we mderstand the product of the numbers which 
represent those lines ; and these numbers depend upon the 
linear unit employed, which may be assumed at pleasure. 
If we take a foot as the unit of measure, then the number of 
feet in the length of the base, multiplied by the number of 
feet in its breadth, will give the number of square feet in the 
base. If we multiply this product by the number of feet in 
the altitude, it will give the number of cubic feet in the par- 
allelopiped. If we take an inch as the unit of measure, we 
■hall obtain in the same manner the number of cubic inchoB 
in the parallelopiped. 
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nOPOBITION XI. THEOBBir. 

7^e solidity of a prism is measured by the product of its 
base by its ahituae. 

For any parallelopiped is equivalent to a right paralielo- 
piped, having the same altitude and an equivalent base (Prop. 
VlL). But the solidity of the latter, is measured by the prod- 
uct of its base by its altitude ; therefore the solidity of the 
former is also measured by the product of its base by its al- 
titude. 

Now a triangular prism is half of a parallelopiped having 
the same altitude and a double base (Prop, v.). But the' 
solidity of the latter is measured by the product of its base by 
its altitude; hence a triangular prism is measured by tM 
product of its base by its altitude. 

But any prism can be divided into as many triangular 
prisms of the same altitude, as there are triangles in the poly- 
gon which forms its base. Also, the solidity of each of these 
triangular prisms, is measured bv the product of its base by 
its altitude; and since they all have the same altitude, the 
sum of these prisms will be measured by the sum of the tri- 
angles which form the bases, multiplied by the common alti- 
tude. Therefore, the solidity of any i»dsm is measured by 
the product of its base by its altitude. 

Cor. If two prisms have the same altitude, the products of 
the bases by the altitudes, will be as the bases (Prop. VIIL, 
B. 11.) ; hence onsms of the same altitude are to each other as 
their bases. For the same reason, prisms of the same base 
are to each other as their altitudes ; and prisms generally are 
to each other as the products of their bases and altihides. 



PBOFOSITION XII. THBOBBM. 

< 

Similar prisms are to each other as the cubes of their homol' 
ogous edges. 

Let ABCDE-F, abcde-f be two similar prisms ; then will 
the prism AD-F be to the prism oJ-/, as AB' to ab\ or as 
AF* to ar. 

For the solids are to each other as the products of their 
bases and altitudes (Prop. XL, Cor.) ; that is, as ABODE x 
AF,to abcdeycaf But since the prisms are similar, the bases 
are similar figures, and are to each other as the squares of 



their homologous sides ; that 18, as AB* to afr". Tfaerefora, 
we have 

SoUd FD : lolidfd : : AB* x AP : of X ^. 
But since BF and bf are similar figures, theirliomologoiu 
tide* are proportional ; that is, 

AB : ofr : : AF : of, 
whence (Prop. X., B. II.). 

AB* : ofc* : : AP : rf". 
Also AF : a/ : : AF : af. 

Therefore (Prop. XI., B. iL). 

AB'x AF : ofxa/: : AP : a/" : : AB' : of. 
Hence (Prop. IV., B. II.), we have 

Solid FD : solid fd : : AB* : oi" : : AP : (i^. 
Therefore, similar prisms, &c. 



FKOPOBrriON XIII. THKOBEH. 

ff a pyramid is cut by a plane parallel to its boK, 

Ist. The edges and the altitude will be divided proporticna%. 

2d. The section will be a polygon titnilar to the hate. 

Let A-BCDEF be a pyramid out by a 
plane bcdef parallel to its base, and let 
AH be its altitude ; than will the edges 
AB, AC, AD, &c., with the altitude AH, , 

be divided proportionally in h, c, d, e, f, 
h ! and the section bcdef will be sianilar to 
BCDEF. 

First. Since the planes FBC, fbc are 
parallel, their sections FB,/6 with a third 
plane AFB are parallel (Prop. XII., B. 
Vll.); therefore the triangles AFB, Afb 
are similar, and we have the proportion 
AF:A/::AB:A6. 
For the same reason, 

AB : Ai : : AC : Ac, 
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and BO for the other edeea. Therefore the edges AB, AC, 
&c., are cut proportionaTly in b, c, &c. Also, since BH and 
bh are parallel, we have 

AH : AA : : AB : A6. 
Secondly. Because /& is parallel to FB, be to BC, cd to CD. 
&c., the angle/Ac is equal to FBC (Prop. XV., B. VIL), the 
angle bed is eqaal to BCD, and so on. Moreover, since the 
triangles AFB, Afb are similar, we have 
FB:/6:: AB:A6. 
And because the triangles ABC, Aftc'are similar, we have 

AB : A6 : : BC : 6c. 
Therefore, by equality of ratios (Prop. IV„ B. II.), 

FB :/6 : : BC : 6c. 
For the same reason, 

BC : 6c : : CD : cd, and so on. 
Therefore the polygons BCDEF, bcdef have their anglea 
equal, each to each, and their homologous sides proportional ; 
hence they are similar. Therefore, if a pyramid, &c. 

Cor. 1. If two pyramids, having the same altitude, and their 
bales situated in the tame plane, are cut by a plane parallel to 
their bases, the sections will be to each other as the bases. 

Let A-BCDEF, A-MNO 
be two pyramids having 
the same altitude, and their 
bases situated in the same 
plane ; if these pyramids 
are cut by a plane parallel 
to the bases, the sections 
bedef, mno will be to each , 
other as the bases BCDEF, ' 
MNO. 

For, since the polygons 
BCDEF, bcdef are similar, 

their surfaces are as the squares of the homologous sides BC 
6c (Prop. XXVI.,B. IV.), But, by the precet^Mr Proposition 
BC : 6c : : AB : A6. 
, Therefore, BCDEF : bedef: : AB' : AA*. 
For the same reason, 

MNO : ranp : : AM" : Am'. 
But since bcdef and mno are in the same plane, we have 

AB : A6 : : AM : Am (Prop. XVI.. B. VII.) ; 
consequently, BCDEF : bcdef : : MNO : mno. 

Cor. 2. If the biases BCDEF, MNO are equivalent, the 
■flctioQS bc^f, mno will also be equivalent 



FBOPOBITION XIV. THEOREM. 

The convex surface of a regular ppramid,is equal to the pe- 
rimeter of Us base, multiplied by half the slaiit height. 

Let A-BDE be a regular pyramid, 
whose base ia the polygon BCDEP, and 
its slant height AH ; then will its convex 
surface be equal to the perimeter BC+CD 
+DE, &c., multiplied by half of AH. 

The triangles AFB, ABC. ACD, &c., 
are all equal, for the sides FB, BC, CD, 
&.C., are all equal (Def. 13) ; and since the 
oblique lines AF, AB, AC, &c., are all at 
equal distances fi'om the perpendicular, 
they are equal to each other (Prop. V., B. 
VIL). Hence the altitudes of these sev- 
eral triangles are equal. But the area of the triangle AFB 
is equal to FB, multiplied by half of AH ; and the same it 
true of the other triangles ABC, ACD, &,c. Hence the sum 
of the triangles is equal to the sum of the bases FB, BC, CD, 
DE, EF, multiplied by half the common altitude AH; that 
is, the convex surface of the pyramid is equal to the pe- 
rimeter of its base, multiplied by half the slant height. 

Cor. 1 . The convex surface of a frustum of a regular pyra- 
mid is equal to the sum of the perimeters of its two bases, multi- 
plied by half its slant height. 

Each side of a frustum of a regular pyramid, as TBbf, is a 
trapezoid (Prop. XIII.). Now the area of this trapezoid is 
equal to the sum of its parallel sides FB,fb, multiplied by 
half its altitude HA (Prop. VIL, B. IV.). But the altitude of 
each of these trapezoids is the same ; therefore the area of all 
the trapezoids, or the convex surface of the frustum, is equal 
to the sum of the perimeters of the two bases, multiplied by 
half the slant height. 

Cor. 2. If the frustum is cut by a plane parallel to the 
bases, and at equal distances from them, this plane must bi- 
sect the edges B6, Cc, &c. (Prop. XVI., B. IV.) ; and the area 
of each trapezoid ia equal to its altitude, multiplied by the 
line which joins the middle points of its two inclined sides 
(Prop. VII,, Cor., B. IV.). Hence the convex surface of a 
frustum of a pyramid is equal to its slant height, multiplied 
by the perimeter of a section at equal distance* between the two 
bases. 



PlOrOBlTION IV. THHOIBM. 



T^-ianguiar pyratnidt, having equivalejU batea and equal at- 
titiides,are equivaletU. 



Let A-BCD, tt-icd be two triangular pyramids having 
equivalent bases BCD, bed, supposea to be situated in tbe 
aame plane, and having'ihe common altitude TB; then will 
the pyramid A-BCD be equivalent to the pyramid a-bcd. 

For, if they are not equivalent, let the pyramid A-BCD 
exceed the pyramid a-^d by a priam whose base is BCD, 
and altitude BX. 

IKvide the altitude BT into equal parts, each less than 
BX ; and through the levera) points of divi8ioD,let planes b« 
made to pass parallel to the base BCD, making the sections 
EFG, e/g equivalent to each other (Prop. XIII., Cor. ^ ; 
also, HIK. equivalent to hik, dec. 

Trom the point C, draw the straight line CR parallel to 
BE, meeting EP produced in R ; and from D draw DS par- 
alM to BE, meeting EG in S. Join RS, and it is plain that 
tiie solid BCD-ERS is a prism lying partly without the pyr- 
amid. In the same manner, upon the triangles EFG, HIK. 
&&, taken as hasea, construct exterior prisms, having ibr 
edges the parts EH, HL, &c., of the line AB. In like man- 
ner, on the bases efg, hik, Imn, &c., in the second pyramid, 
construct interior prisms, having for edges the corresponding 
parts oiab. It is plain that the sum of all the exterior prisms 
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of the pyramid A-BCD is greater thtiQ iJiis pyramid ; and, 
also, that the sum of all the interior prisms of the pyramid 
a-bcd is smaller than this pyramid. Hence the difiereDce 
between the sum of all the exterior prisms, and the sum of 
all the interior ones, most be greater than the difiorence be- 
tween the two pyramids themselves. 

Now, beginning with the bases BCD, bed, the second ex- 
terior prism EFG— H is equivalent to the first interior prism 
efg-b, becanse their bases are equivalent, and they have the 
same altitude. Fot the same reason, the third exterior prism 
HIK— L and the second intehor prism htk-e are equivalent; 
the fourth exterior and the third interior ; and so on, to the 
last in each series. ' Hence all the exterior p-isms of the pyr- 
amid A-BCD, excepting the first prism BCD-E, have equtv- 
lent corresponding ones in the interior prisms of the pyramid 
a-bcd. Therefore the prism BCD-E is the difference be- 
tween the sum of all the exterior prisms of the pyramid 
A— BCD, and the sum of all the interior prisms of the pyr- 
amid a--6c(f. But the difference between these two sets of 
prisms has been proved to be greater than that of the two 
pyramids ; hence the prisni BCD-E is greater than ihe prism 
BCD-X ; which is impossible, for they have the same base 
BCD, and the altitude of the first, is less than BX, the altitude 
of the second. Hence the pyramids A-BCD, a^-bcd are not 
unequal ; that is, they are equivalent to each other. There- 
fore, triangular [lyramids, Se.c. 



rBOPosmoN xvi. thbobbu. 

Every triangular pyramid is the third part of a triangulat 
priam having the Mome base and the tame altUude. 

Let E-ABC be a triangular pyramid, 
and ABC-DEF a triangular pnsm hav- 
ing the same base and the same altitude ; 
then will the pyramid be one third of the 
prism. 

Cut off from the prism the pyramid 
E-ABC by the plane EAC ; there will re- 
main the solid B-ACFD, which may be ^ 
considered as a quadrangular pyramid 
whose vertex is E, and whose base is the 
parallelogram ACFD. Draw the diago- 
nal CD, and through the points C, D, E pass a plane, dividing 
the quadrangular pyramid into two triangular ones E-ACD, 
E-CFD. Then, because ACFD is a parallelogram, of which 
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CD is the diagonal, the triangle A€D is 
equal to the triangle CDF. Therefore 
the p)a'amid, whose base is the triangle 
ACD, and vertex the point £, is equiva- 
lent to the pyramid whose base is the tri- 
angle CDF, and vertex the point E, But 
the latter pyramid is equivalent to the 
pyramid Er-ABC, for they have equal 
oases, viz., the triangles, ABC, DEF, and 
the same altitude, viz., the altitude of the 
prism ABQ-DEF. Therefore the three 
pyramids E-ABC, E-ACD, E-CDF, are equivalent to each 
other, and they compose the whole prism ABC-DEF ; hence 
the pyramid E-ABC is the third part of the prism which 
has the same base and the same altitude. 

Cor. The solidity of a triangular pyramid is measured by 
the product of its base by one third of its altitude. 




PROPOSITION XVII. THEOREM. 



The solidity of every pyramid it measured by the product of 
its base by one third of its altitude. 

Let A-BCDEF be any pyramid, whose 
base is the polygon BCdEF, and altitude 
AH ; then will the solidity of the pyramid 
be measured by BCDEFxiAH. 

Divide the polygon BCDEF into triangles 
by the diagonals CF, DF ; and let planes 
pass through these lines and the vertex A ; 
they will divide the polygonal pyramid 
A-6CDEF into triangular pyramids, all 
having the same altitude AH. But each of 
these pyramids is measured by the product 
of its base by one third of its altitude (Prop. 
XVL, Cor.) ; hence the sum of the triangular pyramids, or 
the polygonal pyramid A-BCDEF, will be measured by the 
sum of the triangles BCF, CDF. DEF, or the polygon 
BCDEF, multiplied by one third of AH. Therefore every 
pyramid is measured by the product of its base by one third 
of its altitude. 

Cor. 1. Every pyramid is one third of a prism having the 
same base and altitude. 

Cor. 2. Pyramids of the same altitude are to each other 
as their bases ; pyramids of the same base are to each other 




u thwr slUtudea ; am) pyramids wnerally are to eacH other 
as the products of their bases by tbeir altitudes. 

Cor. 3. Similar pyramids are to each other as the cubes 
of their homologous edges. 

Scholium. The solidity of any polyedron may be found 
by dividing It into pyramids, by planes passing through one 
of its Twtices. ° * 

ntOFOBITtON XTIU. THEORBK. 

A Jrvttum of a pyramid is equivalmt to the mm of three 
pyramds, having the same altitude ax thefruitvm, and wkoae 
baaet are the lower base of the frustum, its upper base, and a 
mean proportional between them. 

Case first When the base of the frustum it a triancle. 

Let ABC-DEF be a frustum of a tri- - 
angular pyramid. If a plane be made to 
pass through the points A, C, E, it will 
cut off the pyramid E-ABC, whose alti- 
tude js the altitude of the frustum, and 
its baae is ABC, the lower base of the 
frustum. 

Pass another plane through the points ■' 
C. D. E ; it will cut off the pyramid 
C-DEF, whose altitude is that of the 
frustum, and its base is DEF, the upper 
base of the frustum. 

To find the magnitude of the remaining pyramid E-ACD, 
draw EG parallel to AD ; join CG, DG. Then, because the 
two triangles AGC. DEF have the angles at A and D equal 
to eaoh other, we have (Prop. XXIIL, B. IV ) 
AGC : DEF : : AGxAC : DExDF, 

: : AC t DF, because AG is equal to DE. 
Also <Prop. VI., Cor. 1, B. IV.), 

ACB : ACG : : AB : AG or DE. 
But, because the triangles ABC, DEF are similar (Prop. 
XIII.), we have 

AB : DE : : AC : DF. 
Therefore (Prop. IV., B. II.), 

ACB : ACG : : ACG : DEF; 
that is, the triangle ACG is a mean proportional between 
ACB and DEF, the two bases of the frustum. 

Now the pyramid E-ACD is equivalent to the pyramid 
G-ACD, because it has the same base and the same altitude ; 
for EG is parallel to AD, and, consequently, parallel to the 
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plane ACD. Bat the pyramid G-ACB has Uie same altitude 
as the frustum, and its base ACG is a mean pFOpoiiional be- 
tweea the two bases of the frustum. 

Case tecoTtd. When the base of the frustum is any polygon. 

Let BCDEF-icde/ be a j^ g 

frustum of any pyramid. 

Let G-HIK be a trian- 
gular pyramid having the 
same altitude and an equiv- 
alent base with the pyramid 
A-BCDEF, and from it let 
a frustum HIK-At'A be cut 
ofi/ having the same altitude 
with the frustum BCDEF- 

bcdef. The entire pyramids are equivalent (Prop. XV.); 
and.the small pyramids A-bcdef, G-hih are also equivalent, 
for their attitudes are equal, and their base^ are equivalent 
(Prop. XIII., Cor. 3). Hence the two frustums are equiva- 
lent, and they have the same altitude, with equivalent bases. 
But the frustum HIK-AiA has been proved to be equivalent to 
the sum of three pyramids, each having the same altitude as 
the frustum, and whose bases are the lower base of the frus- 
tom, its upper base, and a mean proportional between them. 
Jlence the same must be true of tne frustum of any pyramid. 
Therefore, a frustum of a pyramid, &c. 



FROPOBITION XIZ. THEOKBH. 

TTtere can be hut five regular polyedrtms. 

Since the faces of a regular polyedron are regular poly- 
gons, they must consist of equilateral triangles, ofsquares, of 
regular pentagons, or polygons of a greater number of sides. 

First. If the faces are equilateral triangles, each solid an- 
gle erf the polyedron may be contained by three of these tri- 






angles, forming the tetraedron; or by four, forming the oc- 
taedron ,- or by five, forming the icosaedron. 

No other regular polyedron can be formed with equilat- 
eral triangles; for six angles of these triangles amount to 



tour right angles, and can not form a solid angle 
(Prop.^VIlf., B. VII.). 

Secondly. If the faces are squares, their an- 
gles may be united three and three, forming 
the hexaedron, or cube. 

Four ancles of squares amount to four right 
an^s, ana can not form a solid angle. 

Jliirdl^. if the faces are regular penta- 
gons, their angles may be nnited three and 
three, forming the regular dodecaedron. Four | 
angles of a regular pentagon, are greater I 
than four right angles, and can not form a " 
solid angle. 

Fauraly. A reeular polyedroa can ool be 
formed with regular hexagons, for three angles of a regular 
hexagon amount to four right angles. Three angles of a 
regular heptagon amount to more than four right angles ; 
and the same is true of any polygon having a greater number 
of sides. * 

Hence there can be but five regular polyedrons; three 
formed with equilateral triangles, one with squares, and one 
with pentagons. 
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BOOK IX. 



SPHERICAL G£(»fETRT. 




Defifutions. 

1. A sphere ia a solid bounded by a curved sarface, aU the 
points ot which are equally distant from a point witbint call* 
ed the cerUer. 

The sphere may be ooncerved to be de- 
scribed oy the revolution of a semicircle 
ADB, about its diameter AB, which re- 
mains unmoved. 

d. The radius of a spheretip a straight 
line drawn from the center to any point of 
the surface. The diameter^ or axis, is a line 
passing through the center, and terminated 
each way by the surface. 

All the radii of a sphere are equal ; all the diameters are 
also equal, and each aouble of the radius. 

8. It will be shown (Prop. I.), that every section of a 
sphere made by a plane is a circle. A greeU circle is a sec- 
tion made by a plane which passes through the center of the 
sphere. Any other section made by a plane is called a smaU 
circk. 

4. A plane touches a sphere, when it meets the sphere, but, 
being produced, does not cut it. 

5. The pole of a circle of a sphere, is a point in the surface 
equally distant from every point in the circumference of 
this circle. It will be shown (Prop. V.), that every circle, 
wheUier great or small, has two poles. 

6. A spherical triangle is a part of the sur- 
face of a sphere, bounded by three arcs of 
great circles, each of which is less than a semi- 
circumference. These arcs are called the sides 
of the triangle; and the angles which their 
planes make with each other, are the angles 
of the triangle. 

7. A spherical triangle is called right-angled, isosceles, or 
equilateral, in the same cases as a plane triangle. 




8. A spherical polygon is a part of the sur- 
face of a sphere bounded by several arcs of 
great circles. 




9. A hme is a part of the surface of a sphere in- 
cluded between tne halves of two great circles. 

10. A tpherical loe^e, or ungula, is that portion 
of the sphere included between the same semicir- 
cles, and has the lone for its base. 



11. A spherical pyramid is a portion of thi 
sphere mcluded between the planes of a tioIi< 
sjtgle, whose vertex is at the center. The bos 
of the pyramid is the ^herical polygcoi inlbr 
cepted oy those planes. 




12. A tone is e part of the surface of a 
sphere included between two parallel planes. 

IS. A spkerietU segmeiU is a portion of the | 
sphere included between two parallel planes. 

14. The bases of the segment are the sec- 
tions of the sphere ; the altitude of the seg- 
ment, or zone, is the distance betweea the 
aectioos. One of the two plajoes may touch the sphere, is 
which case the segment has but CHie base. 

15. A spherical sector w a solid de- 
scribed by the revolution of a circular 
sector, in the -same manner as the 
sphere is described by the revolution 
of a semicircle. ^ 

While the semicircle ADB, revolving 
round iu diameter- AB, describes a 
sphere, every circular sectcH', as ACE 
or ECt), describes a spherical sector. 

16. Two angles which are together 
equal to two right angles ; or two arcs 

which are together equal to a semicircumferenoe, are c^ed 
the stgtpkmesits of each other. 




150 ' OBOMBtftT. 




PROPOSITION I. THEOREM. 

Every section of a sphere^ made by a planer is a circle. 

Let ABD be a section, made by a 
plane, in a sphere whose center is C. 
From the point C draw CE perpendicu- •^ 
lar to the plane ABD ; and draw lines 
CA, CB, CD, &c., to different points of 
the curve ABD which bounds the sec- 
tion. 

The oblique lines CA, CB, CD are 
equal, because they are racUi of the 
sphere ; therefore they are emially distant from the perpen- 
dicular CE (Prop, v., Cor., B. VIL). Hence all the lines 
. £A, EB, ED are equal ; and, consequently, the section ABD 
is a circle, of which £ is the center. Therefore, every sec- 
tion, &c. 

Car. 1. If the section passes through the center of the 
sphere, its radius will be the radius of me sphere ; hence all 
great circles of a sphere are equal to each other. 

Cor. 2. Two great circles alwavs bisect each other ; for, 
since they have the same center, their common section is a 
diameter of both, and therefore bisects both. 

Cor. 3. Every great circle divides the sphere and its sur- 
face into two equd parts. For if the two hemispheres are 
separated and applied to each other, base to base, with their 
convexities turned the same way, the two surfaces must co- 
incide; otherwise there would be points in these surfaces un- 
equally distant from the center. 

Cor. 4. The center of a small circle, and that of the sphere, 
are in a straight line perpendicular to the plane of the small 
circle. 

Cor. 5. The circle which is furthest from the center is the 
least ; for the greater the distance CE, the less is the chord 
AB, which is^the diameter of the small circle ABD. 

Cor. 6. An arc of a great circle may be made to pass 
through any two points on the surface of a sphere ; for the 
two given points, together with the center of the sphere, 
make three points which are necessary to determine the posi- 
tion of a plane. If, however, the two given points were sit- 
uated at the extremities of a diameter, these two points and 
the center would then be in one straight line, and any num 
ber of great circles might be made to pass through them. 
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PE0P08ITI0N II. THEORBM. 

4 

Any two sides of a spherical triangle are greater than the 
third. 

Let ABC be a spherical triangle; any 
two sides as, AB, EC, are together greater A^ 
than the third side AC. 

Let D be the center of the sphere ; and 
join AD; BD, CD. Conceive the planes 
ADB, BDC, CDA to be drawn, forming a 
solid angle at D. The angles ADB, BDC, 
CDA will be measured by AB, BC, CA, 
the sides of the spherical triangle. But 
when a solid angle is formed by .three plane angles, the sum 
of ^ny two of them is greater than the third (Prop. XVIL, B. 
VIL); hence any two of the arcs AB, BC, CA must be 
greater than the third. Therefore, any two sides, &c. 



PROPOSITION III. THEOREM. 

I 

The shortest path from one point to another on the surface 
of a sphere^ is the arc of a great circle joining the two given 
points. 

Let A and B be any two points on the surface of 
a sphere, and let ADB be the arc of a great circle 
which joins them ; then will the line ADB be the 
shortest path from A to B on the surface of the 
sphere. ^ 

For, if possible, let the shortest path from A to B 
pass through C, a poinl situated out of the arc of a 
jpreat circle ADB. Draw AC, CB, arcs of great 
circles, and take BD equal to BC. 

By the preceding theorem, the arc ADB is less than AC+ 
CB. Subtracting the equal arcs BD and BC, there will re- 
main AD less than AC. Now the shortest path from B to C, 
whether it be an arc of a great circle, or some other line, is 
equal to the shortest path from B to D ; for, b^ revolving 
BC around B, the point C may be made to coincide with D, 
and thus* the shortest path from B to C must coincide with 
the shortest path from B to D. But the shortest path from 
A to B was supposed to pass through C ; hence the shortest 

Eath from A to C, can not be greater than the shortest path 
om A to D. 




Now the &rc AD has been proved to be less thtm AC ; and 
therefore if AC be reTolved about A until the poiDt C fnlls 
on the arc ADB, the point C will &11 between D and B. 
Hence the shortest path from C to A must be greater than 
the shortest path iroio D to A ; but it has just been proved 
not to be greater, which b absurd. Consequently, no poinl 
of the shortest path from A to B, can be out of the arc of a 
f^eat circle ADB. Therefore, the shortest path, &c. 



raorojUTiON fv. theoeem. 



The turn of the sidet of a ^herical polygon, U ksi than the 
ciraartference of a great circk. 



Let ABCD be any spherical polygcMi ; 
then will the sum of the sides AB, BC, CD, 




which are the meaaures of these a 
together less than four quadrants described with the radits 
A£ ; that is, than the circumference of a great circle. 
Therefore, the sum of the sides, &c. 



FBOPOeiTION V. THEOREM. 

lite extremiiies of a diameter of a sphere, are the pole* of aU 
circles perpeadicular to that diameter, . 

Let AB be a diameter perpendicu- A 

lar toCDE, a great circle of a sphere, 
and also to the small circle FGH ; 
then will A and B, the extremities of 
the diameter, be the poles of both 
these circles. 

For, because AB is perpendicular 
to the plane CDE, it is perpendicular 
to every straight line CI, DI, £1, &,c., 
drawn tbrougn its foot in the plane ; 
hence all the arcs AC, AD, AE, Sic, are quarters of the dr> 
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cnmfereoce. So» also, the arcs BC» BD, BE, &c., are quar* 
ter$ of the circumferenee ; hence the points A and^B are 
each equally distant from all the points of the circumference 
CDE ; they are, therefore, the poles of that circumference 
(Def. 6). 

Secondly. Because the radius AI is perpendicular to the 
plane of the circle F6H, it passes through K, the center of 
that circle (Prop. L, Cor. 4). . Hence, if we draw the oblique, 
lines AF, AG, AH, these lines will be equally distant from 
the perpendicular AK,~and will be equal to each Other (Prop. 
v., B. VIL). But since the chords AF, AG, AH are equal, 
the arcs are equal ; hence the point A is a pole of the small 
circle FGH ; and in the same manner it may be proved that 
B is the other pole. 

Cor. h The arc of a great circle AD, drawn from the pole 
to the circumference of another great circle CDE, is a qua- 
drant; and this (^adrant is perpendicular to the arc CD. 
For, because AI is perpendicular to the plane CDI, every 

f>lane ADB which passes through the line AI is perpendicu> 
ar to the plane Ct>I (Prop. VI., B. VII.) ; therefore the an- 
gle contained by these planes, or the angle ADC (Def. 6), is 
a right angle. 

Cor. 2. If it is required to find the pole of th6 arc CD, 
draw the indefinite arc DA perpendicular to CD, and take DA 
equal to a quadrant ; the point A will be one of the poles of 
the arc CD. Or, at each of the extremities C and D, draw 
the arcs C A and DA perpendicular to CD ; the point of inter- 
section of these arcs will be the pole required. 

Cor. 3. Conversely, if the distance of the point A from 
each of the points C and D is equal to a quadrant, the point 
A will be the pole of the arc CD ; and the angles ACD, 
ADC will be right angles. 

For, let I be the center of the sphere, and draW the rada 
AI, CI, DL Because the angles AIC, AID are right angles, 
the line AI is perpendicular to the two lines CI, DI ; it is, 
therefore, perpendicular to their plane (Prop. IV., B. VIL). 
Hence the point A is the pole of the arc CD (Prop. V.) ; and 
therefore the an^s ACD, ADC are right angles (Cor. 1). 

Scholium. Circles may be drawn upon the surface of a 
sphere, with the s^me ease as upon a plane surface. Thus, 
by revolving the arc AF around the point A, the point F will 
describe the small circle FGH ; and if we revolve the qua- 
drant AC around the point A, the extremity C will describe 
the great circle CDE. 

If it is required to produce the arc CD, or if it is required 
to draw an arc of a great circle throi^h the two points C 
and D» th^i from the points C and.D afl .centers, with a radius 



)S4 atOHETtr. 

XlI to a (quadrant, describe two arcs interaectiag each 
r hi A, The point A will be the polo of the arc CDj 
and, therefore, if, from A as a center, wtth a radiusequal to a 
quadrant, we describe a circle CDE, it will be a great circle 
passing tbrough C and D. ' 

If it is required to let fall a perpend tcnlar from any point 
G upon the arc CD ; produce CD to L, making DL equal to 
a quadrant ; then from the pole L, with the radius DL, de- 
scribe the arc GD ; it will be perpendicular to CD. 



raOPOBITION TI. TBEOKBH. 

A plane,perpmdumUir to a diameter at its extremittf, toucAe* 
the jphere. 

Let ADB be a plane perpendicular 
to the diameter DC at its extremity ; 
then the plane ADB touches the 
sphere. 

Let G be any point in the plane 
ADB, and join DE, CE. Because CD 
is perpendicular to the plane ADB, it 
is perpendicular to the Ime AB (Def. 
1, B. vll.) ; hence the c^gle CDE is a right angle, and the 
line CE is greater than CD. Consequently, the point E lies 
without the sphere. Hence the plane ADB has only the point 
A in common with the sphere ; it therefore touches the sphere 
(Def. 4). Therefore, a plane, &c. 

Cor. In the same manner, it may be proved that two 
spheres touch each other, when the distance between their 
centers is equal to the sum or difference of their radii ; in 
which case, the centers and the point of contact lie in one 
straight line. 



PEOFOBITIOIT VII. THEOKEH. 

The angk formed by two area of great circba, is equal to 
the angle formed by the tangents of those arcs at the point <f 
their intersection ; arid is measured by the arc of a great dr^ 
ck described from its vertex as a pole, and included between its 
sides. 

Let BAD be an angle formed by two arcs of great circles ; 
then will it be equal to the angle EAF formed by the tao- 
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gents of these arcs at the ptnnt A, 

nnd it is measurad by the arc DB de- 

scribed from the vertex A as a pole< 

• For the tangent AE, drawn in the 

plane of the arc AB, is perpendicular ' 

to the radius AC (Prop. IX., B. III.^ ; 

also, the tangent AF, drawn in the 

plane of the arc AD, is perpendicular 

to the same radius AC. Hence the 

angle EAF is equal to the angle of the 

planes ACB, ACD (Def. 4, S. VII.), which is the same as 

that of the arcs AB, AD. 

Also, if the arcs AB, AD are each equal to a quadrant, the 
lines CB, CD will be perpendicular to AC, and the angle 
BCD will be raual to the angle of the planes ACB, ACD ; 
hence the arc BD measures the angle of the planes, or the 
angle BAD. 

Cor. 1. Angles of spherical triangles may be compared ' 
with each other by means of arcs of great circles described 
from their vertices as poles, and included between their 
sides ; and thus an angle can easily be made equal to a given 
angle. 

Cor. 2. If two arcs Of great circles AC, . 
DE cut each other, the vertical angles ABE, 
DBC are equal ; for each is equal to the an- 
cle formed by the two planes ABC, DBE. 
Also, the two adjacent angles ABD, DBC 
are together equal to two right angles. 



PROPOSITION vni. TKEOKBU. 

If from the vertices of a given spherical triangle, aa poki, 
arcs of great circks are described, a second triangle is formed, 
whose vertices are poles of the sides of the given Iriangk. 

Let ABC be a spherical triangle; 
and irom the points A, B, C, as poles, 
let great circles be described mter- 
fleeting each other in D, E, and F ; 
then will the points D, E, and F be 
the poles of the sides of the triangle 

For, because the point A is the pole 
of the arc EP, the distance from A to 
E is a quadrant. Also, because the ^ 
point C is the pole of the arc DE, the 
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distance from C to E is a quadrant. Hence the point E is at 
a quadrant's distance from each of the points A and C ; it is, 
therefore, the pole of the arc AC (Prop. V., Oor. 3). In the 
same manner, it may be proved that D is the pole of the arc 
6C, and F die pole of the arc AB. 

Schofium. The trian^e DEF is called the polar triaf^b 
of ABC ; and so« also, ^C is the polar triangle of DEF. 

Several difierent triangles might be formed by producing 
the sides D£, EF, DF ; out we uiall confine ourselves to the 
central triangle, of which the vertex D is on the same side 
of BC with the vertex A ; E is on the same side of AC 
with the vertex B ; and F is on the same side of AB with 
the vertex C. 



l^ROPOaiTION IX. THBOREBS. 

t 

7%e sides of a spherical triangkfare Vie supplement of (he 
arcs which measure the angles cf its polar triangle ; and con-- 
verselym 

Let ABC be a spherical triangle, 
DEF its polar triangle ; then will the 
side EF be the sup^ementof the arc 
which measures the angle A; and 
the side BC is the supplemoat of the 
arc which measures the angle D. 

Produce the sides AB, AC, if ne- ^| 
cessary, until they meet EF in 6 and 
H. Then, because the point A is the _ 

pole of the arc GH, the angle A is ^.^ ^ 

measured by the arc GH (Prop. VIL). ^^ ^ 

Also, because E is the pole of the arc AH, the arc EH is a 
quadrant ; and, because F is the pole of AG, the arc FO is a 
quadrant. Hence EH and GF, or EF and GH, are tc^ethei 
equal to a semicircumferenoe. Therefore EF is the s^J^ 
ment of GH, which measures the angle A. So, also, DF is 
the supplement of the arc which measures the angle B ; and 
DE is tne supplement of the arc which measures the angle C« 

Conversely. Because the point D is the pole of the arc BC» 
the angle D is measured by the arc IK. Also, because C is 
the pole of the arc DE, the arc IC is a quadrant ; and, . be- 
cause B is the pole of the arc DF, the arc BK is a quadrai^ 
Hence IC and BK, or IK and BC, are together equal to a 
semicircumference. Therefore BC is the supplement of IK, 
which measures the angle D. So, also, AC is the supple- 
ment of the arc which measures the apgle E; and AB is the 
supplement of the arc which measures we angle F. 




«. 
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PEoroflrrioN X* i«bdbbm» 



t 



The smm of the angles of a spherical triangkfis greaier than 
two, and kss than six right angles. > 

Let A, B, and C b0 the angles of a spherical trianffle. 
The arcs which measure the angles A, B, aad C, together 
with the three sides of the polar triangle, are equal to three 
semicircttQifereQcea (Prop. 1X.)« But the three sides of the 
polar triangle are less tnan two seinicircumferences (Prop« 
IV.) ; hence the arcs which measure the angles A, B, and C 
are greater than one semicircumference ; and, therefore, the 
angles A, B, and C are greater than two right angles. 

Also, because each angl^of a sphmcal triangle is less than 
two right angles, the sum of the three angles must be le9» 
than sii right angles. >. 

Cor, A spherical triangle may have two, or . yv 
even three, right angles; also two, or even / \ 
three, obtuse angles. If a triangle have three / . \ 
right angles, each of its sides will, be a qua** / \ 

dr^nt, and the triangle is called a qtuidrantal / \ 

triangle. The quadrantal triangle is contaiur ^^ ^^ 
ed eight times in the surface of the £^^re. 



PBorosiTioir xi. thbokeit. 

If two triangles on equal spheres are miLtually equUatendf 
they are mutually equiangular. 

Let ABC,.DEF be»two triangles on equal spheres, havmg 
the sides AB equal to DE, AC to PF, and BC to EF ; then 
will the angles also be equal, each to each. 

A D 





Let the centers of the spheres be 6 and H, and draw the 
radii 6 A, GB, 6C, HD, HE, HF. A solid ancle may be con- 
ceived as formed at G by the three-lane angles AGB» ACiCy. 
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BGC; and another solid angle at H by the three plane an- 
gles DHE, DHF, EHF. Then, because the arcs AB, DE 
are equal, the angles A6B, DHE, which are measured by 
these arcs, are equal. For the same reason, the ancles AGrCf 
DHF are equal to each other ; and, also, BGC equal to EHF 





Hence G and H are two solid angles contained by three equal 
plane angles ; therefore the planes of these equal angles are 
equally inclined to each other flProp. XIX., B. VIL). That 
is, the angles of the triangle AJBC are equal to those of the 
triangle DEF, viz., the angle ABC to the angle DEF, BAG 
to EDF, and ACB to DFE. 

Scholium, It should be observed that the two triangles 
ABC, DEF do not admit of superposition, unless the three 
sides are similarly situated in both cases. Triangles which 
are mutually eauilateral, but can not be applied tp each other 
so as to coinciae, are called symmetrical triangles. 

PROPOSITION XIL THEOEEM. 

J^two triangles on equal spheres fire mutually equiangularf 
they are mutually equiioieraL 

» 

Denote by A and B two spherical triangles which are mu- 
tually equiangular, and by P and Q their polar triangles. 

Since the sides of P and Q are the suppIemeAts of the arcs 
triiich measure the angles of A and B (Prop. IX.), P and 
Q must be mutually equilateral. Also, because P and Q are 
mutually equilateral, they must be mutually equiangular 
(Prop. XL)^ But the sides of A and B are the supplements 
of the arcs which measure ihe angles of P and Q; and, 
therefore, A and B are mutually equilateral. 

PROPOSITION Xlir. THEOREM. 

If two triangles on equal spheres have two sides^ and the m* 
cbukd angle of the one^ equal to two sides and the included 
angle of the other, each to each, their third sides trill be equal, 
and their other angles will be equal, each to eacK 
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Let ABC, DEF be two triangles, having the side AB equal 
to DE, AC equal to DF, and the angle BAC equal to the an- 
gle EDF ; then will the side BC be equal to EF, the angle 
ABC to DEF. and ACB to DFE. 

If the equal sides in the two triangles are similarly sit- 
uated, the triangle ABC may be tipplied to the triangle DEF 
in the same manner as in plane tri- . 
angles (Prop. VI., B. L) ; and the two 
triangles will coincide throughout. 
Therefore all the parts of the one tri- 
angle, will be equal to the correspond- 
ing parts of the other triangle. 

But if the equal sides in the two tri- 
angles are not similarJy situated, then 
construct the triangle DF'E symmet- 
rical with DFE, having DF' equal to 
DF, and EF' equal to EF. The two triangles DEF', DEF, 
being mutually equilateral, are also mutually equiangular 
(Prop, XL). Now the triangle ABC may be applied to the 
triangle DEF', so as to coincide throughout ; and hence all 
the parts of the one triangle, will be equal to the correspond- 
ing parts of the other triangle. Therefore the side BC, be- 
ing equal to EF', is also equal to EF ; the an£;le ABC, b^ing 
equal to DEF', is also equal to DEF; and the angle ACB, 
being equal to DF'E, is also equal to DFE. Therefore, if 
two triangles, &c. 



FROFOBITION XIV. THEOBEtf. 

If tu3o triangles on equal spheres have two angles, and the 
included side of the one, equal to two angles and the included side 
(f this other, each to each, their third angles will be equal, and 
their other sides uriU be equal, each to each. 



fi 



If the two triangles ABC, DEF 
have the angle BAC equal to the an- 

le EDF, the angle ABC equal to 

)EF, and the included side AB equal 
to DE; the triangle ABC can be 
placed upon the triangle DEF, or 
upon its symmetrical triangle DEF', ^ 
so as to coincide. Hence the remain- 
ing parts of the triangle ABC, will be b' 
equal to the remaining parts of the triangle DEF ; that is, 
the side AC will be equal to DF, BC to EF, and the angle 
ACB to the angle DFE. Therefore, if two triangles, &c. 
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PEOPOSmON XV. TJIBORKM*, 

• * • ■ • * 

If two triangles an equal spheres are muivaUy equilaterajf 
they are equivalent. ^ ^ 

■ .^. . ., ■ ■ • 

Let ABC^ DEF be two trianglM 
which have t^e three aides of the 
one, equal to the three sides of th^ 
other* each to each, vi;s.> AB to 
ME, AC to DF, and EC to EF; 
then will the triangfe ABC be 
equivalent to the triangle I>EF. : 

Let 6 be the pole of the small 
circle passim through the three 
points A, B, C ; draw the. arcs GA, GB, GC ; these arcs will 
be equal to each other (Prop. ¥«). At the pomt E, make the 
angle DEH equal to the angle ABG; make the arc EH 
eqjual to the arc BG ; andi join DH, FH* 

Because, in the trian^es ABG, DEH» the sides DE, EH 
ar& equal to the sides Ab, BG, mA the induded angle DEH 
is equal to ABG; the arc DH is^ equal to AG; and the angle 
DHB equal to AGB (Prop. XIIL>. 

Now, because the triaiigles ABC, DEF are mvitually equi- 
lateral, they are mutually equiangular (Pi'op. XL) ; hence 
the angle ABC is eqyal to the angle DEF. Subtracting the 
equal angles ABG,DEH, the remainder GBC will be equal 
to the remainder HEF. Moreover, the sides BG, BC are 
equal to the sides EH, £F ; hence the arc HF is equal to the 
arc GC, «nd the angle EHF to the angle B6C (Prop. XIII.), 

Now the triangle DEH may be applied t6 the triangle 
ABG so as to coincide. For, place DH upon its equal JBG, 
and HE upon its eaual AG, thev will coincide^ because the 
angle DHEis equal to the angle AGB^ therefore the two 
triangles Coincide throughout, and have equal surfaces. For 
the same r'eason, the surface HEF is equal to the surface 
6BC, and the surface DFH to the surface ACG. Hence 

ABG+GBC--ACG-DEH+EHFr-DEH; 
or, ABC=-DEF; 

that is, the two triangles ABC, DEF are equivalent There- 
fore, if two triangles, &c. 

Scholium* The poles G and H might be situatecT within 
the triangles ABC, JDEF ; ih which case it would be neces- 
sary to add the three triangles ABG, GBC, ACG to form the 
triangle ABC; and also to add the three triangles DEHt 
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EHF, DFH to form the triangle DEP; otherwise the demon- 
Btration would be the same as above. 

Cor. If two triangles on equal spheres, are mutually equi# 
angular, they are equivalent. They are also equivalent, if 
they have two sides, and the included angle of the one, equal 
to two sides and the included angle of the other, each to 
each ; or two ancles and the included side of the one, equal 
to two angles and the included side of the other. 




PROPOSITION XVI. THEOREM. 

In an isosceks spherical triangle^ tlie angks opposite the 
equal sides are equal; and^ conversely , if two angles of a 
spherical triangle are equals the triangle is isosceles. 

Let ABC ba a spherical triangle, having 
the side AB equal to AC ; then will the angle 
ABC be equal to the angle ACB. 

From the point A draw the arc AD to the 
middle of the base BC. Then, in the two tri-r 
angles ABD, ACD, the side AB is equal to 
AC, BD is equal to DC, and the side AD is ^^ 
common ; hence the angle ABD is equal to 
the angle ACD (Prop. XL). 

Conversely. Let the angle B be equal to the 
angle C ; then will the side AC be equal to 
the side AB. 

For if the two sides are not equal to each 
other, let AB be the greater ; take BE equal 
to AC, and join EC. Then, in *the triangles 
EBC, ACB, the two sides BE, BC are equal to 
the two sides CA, CB, and the included angles B 
EBC, ACB are equal ; hence the angle ECB is equal to the 
angle ABC (Prop. XIIL). But, by hypothesis, the angle ABC 
is equal to ACB ; hence ECB is equal to ACB, which is ab- 
surd. Therefore AB is not greater than AC; and, in the 
same manner, it can be proved that it is not less ; it is, con- 
sequently, equal to AC. Therefore, in an isosceles spherical 
triangle, &c. 

Cor. The angle BAD is equal to the angle CAD, and the 
angle ADB to the angle ADC ; therefore each of the last two 
angles is a right angle. Hence the arc drawn from the vertex 
of an isosceles spherical triangle^ to the middle of the base^ is 
perpendicular to the hase^ and bisects the vertical angle. 
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PKOPOSITION ZVII. TBBOBBM. 

In a spherical triangle^ the greater side is cpposUe the greater 
angkf and conversely. 

Let ABC be a spherical triangley hav- 
ing the angle A greater than the angle 
B; then will the side BC be greater 
than the side AC. 

Draw the arc AD, making the angle 
BAD equal to B. Then, in the triangle 
ABD, we shall have AD equal to DB ^ ^ 

(Prop. XVI.) ; that is, BC is equal to the sum of AD and DC. 
But AD and DC are together greater than AC (Prop, 11.) ; 
hence BC is greater than AC. 

Conversely. If the side BC is greater than AC, then will 
the angle A be greater than the angle B. For if the angle 
A is not greater than B, it must be either equal to it, or less. 
(t is not equal ; for then the side BC would be equal to AG 
(Prop. XVI.), which is contrary to the hypothesis. Neither 
pai) it be less ; for then the side BC would be less than AC* 
by the first case, which is also contrary to the hypothesis. 
Hence the angle BAC is greater than the angle ABC. 
Therefore, in a spherical triangle, &o. 



PKOPOSITIOir XVIII. THBOREBf. 

TTie area of a lune is to the surface of the sphere^ as the an^ 
gle of the lune is to four right angles. 

Let AD6E be a lune, upon a sphere 
whose center is C, and the diameter 
AB ; then will the area of the lune be 
to the surface of the sphere, as the an- 
gle DCE to four right angles, or as the 
arc DE to the circumference of a great 
pircle. 

First. When the ratio of the arc to 
(he circumference can be expressed in 
mrhole numbers. 

Suppose the ratio of DE to DEFG to be as 4 to 25« Now 
if we divide the circumference DEFG in 26 equal parts, DE 
will contain 4 of those parts. If we join the pole A and the 
several points of division, by arcs of great circles, there will 
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be formed ot the hemisphere ADEFG, 25 triangles, all equal 
to each other, being mutually equilateraL , The entire sphere 
will contain 50 of these small triangles, and the lune APBE 
8 of them. Hence the area of the lune is to the surface of 
the sphere, as 8^ to 50, or as 4 to 25 ; that is, as the arc DE 
to the circumference. 

Secondly. When the ratio of the arc to the circumference, 
can not be expressed in whole numbers, it may be proved, as 
in Prop. XIV., B. III., that the lune is still to the surface of 
the sphere, as the angle of the lune to four right angles. 

Car. 1. On equal spheres, two lunes are to each other as 
the angles indqded between their planes. 

Cor. 2. We have seen that the entire surface of the sphere 
is equal to eight quadrantal triangles (Prop. X., Cor.j. If 
the area of the quadrantal triangle be represented by T, the 
surface of the sphere will be represented by 8T. Also, if we 
take the right angle for unity, and represent the angle of the 
lune by A, we shall have the proportion 

4 : A : : 8T : area of the lune. 

Hence the area of the lune is equal to — - — , or 2A X T. 

4 

Cor. B. The spherical ungula, comprehended by the planes 

ADB, AEB, is to the entire sphere, as the angle DCE is to 

four right angles. For the lunes being eaual, the sphericid 

ungulas will also be equal ; hence, in equal spheres, two uo- 

gufas are to each other as the angles included between their 

planes. 



PROPOSITION XIZ. THEOREM. 

j^ two great circles intersect each other on the surface of « 
hemisphere^ the sum of the opposite triangles thus formed^ is 

Suivalent to a /tene, whose angle is equal to the inclination of 
z two circles. 

Let the great circles ABC, DBE in- 
tersect each Other on the surface of 
the hemisphere BADGE ; then will the 
sum of the opposite triangles ABD, 
CBE be equivalent to a lune whose a| 
angle is CBE. 

For, produce the arcs BC, BE till 
they meet in F; then will BCF be a 
semicircumference, as also ABC. Sub- 
tracting BC from each, we shall have CF equal to AB. For 
the same reason EF is equal to DB, and CE is equal to AD* 
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Hence the two triangles ABD, CPE are mutually equilat- 
eral ; they are, therefore, equivalent (Prop. XV.). But the 
two triangles CBE, CFE compose the lune BCFB, whose an- 
gle is CBE ; hence the sum of the triangles ABD, CBE i» 
equivalent to the lune whose tegle is^ CBE. Therefore, if 
two great circles, &c. 



P&OPOSmON XX. THEOREM. 

The surface of a spherical triangk is measured by the ex- 
cess of the sum of its angles abote two right angles^ multiplied 
by the quadrantal triangle. 

Let ABC be any spherical triangle ; its 
•urface is measured by the sum otits an- 
gles A, B, C diminished by two right an- 
gles, and multiplied by the quadrantal tri- 
angle. 

Produce the sides of the triangle ABC, 
until they meet the great circle DEG, 
drawn without the triangle. The two 
triangles ADE, AGH are together equal 
Co the lune whose angle is A (Prop. XIX.) ; and this lune is 
measured by 2 A X T fl^rop. XVIII., Cor. 2). Hence we have 

ADE+AGH=2AxT. 
For the same reason, 

BFG+BDI=2BxT; 
also, CHI-fCEF=2CxT. 

But the sum of these six triangles exceeds the surface of 
the hemisphere, by twice the triangle ABC ; and the hemi- 
sphere is represented by 4T ; hence we have 
f 4T+2ABC=2AxTH-2BxT4-2CxT; 

or, dividing by 2, and then subtracting 2T from each of 
these equals, we have 

ABC = AxT+BxTh-CxT— 2T, 
-=(A+B-fC-2)xT. 
Hence every spherical triangle is measured by the sum of 
its angles diminished by two right angles, and multiplied by 
the quadrantal triangle. 

Cor. If the sum of the three angles of a triangle is equal 
to three right angles, its surface will be equal to the quad- 
rantal triangle ; if the sum is equal to four right angles, the 
surface of tne triangle will be equal to two quadrantal trian- 
gles ; if the sum is equal to five right angles, the surface will 
6e equal to three quadrantal triangles, etc. 
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PROPOSITION XZI. THEOREM, 

The surface of a spherical polygon is measured by the sum 
^Us angles, diminished by as many times two right angles as 
U has sides less two^ multiplied by the quadrantal triangle. 

Let ABCDE be any spherical polygon. 
From the vertex B draw the arcs BD, 
BE io the opposite angles ; the polygon 
will be divided into as many triangles as 
it has sides, minus two. But the surface 
of each triangle is measured by the sum 
of its angles minus two right angles, mul- 
tiplied by the ouadrantal triangle. Also, 
the sum of all tne angles of the triangles, is equal to the sum 
of all the angles of the polygon ; hence the surface of the 
polygon is measured by the sum of its angles, diminished by 
as many times two right angles as it has sides less two, mu(- 
tiplied by the quadrantal triangle. 

Cor. If the polygon has five sides, and the sum of its an- 
gles is equal to seven right angles, its surface will be equal to 
the quadrantal triangle ; if the sum is equal to eight right an- 

S'es, its surface will be equal to two quadrantal triangles ; if 
e sum is equal to nine right angles, the jsurface will be 
equal to three quadrantal triangles, etc. 
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THE THREE ROUND BODIES. 

DefinitionM. 

1. A cylinder is a solid described by the revolu- 
tion of a rectangle about one of its sides, which 
remains fixed. The hoses of the cylinder are the 
circles described by the two revolving opposite 
sides of the rectangle. 

2. The axis of a cylinder is the fixed straijght 
line about which the rectangle revolves. The op- 
posite side of the rectangle describes the amvez 
surface. 

3. A cone is a solid described oy the revolu- 
tion of a right-angled triangle about one of the 
sides containing the right angle, which side re- 
mains fixed. The base of the cone is the cir- 
cle described by that side containing the right 
angle, which revolves. 

4. The axis of a cone is the fixed straight 
line about which the triangle revolves. The 
favpothenuse of the triangle describes the conr>ex surface. 
l*he side of the cone is the distance from the vertex to the 
circumference of the base. 

5. A frustum of a cone is the part of a cone next the 
base, cut off by a plane parallel to the base. 

6. Similar cones and cylinders are those which have their 
axes and the diameters of their bases proportionals. 



PROPOSITION I. THEOREM. 

J 

The convex surface of a cylinder is equal to the product of 
its altitude by the circumference of its base. 

Let ACE-G be a cylinder whose base is the circle ACE 
and altitude AG; then will its convex surface be equal to 
the product of AG by the circumference ACE. 
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In the circle ACE inacribe the regular 
polygon ABCDEF; and upon this polygon e|| 
let a right prism be constructed of the same 
altitude with the cylinder. The edges AG, 
BH, CK9 SiChf of the prism, being perpen- 
dicular to the plane of the base, will oe con- 
tained in the convex surface of the cylinder. 
The convex surface of this prism i^ equal to 
the product of its altitude by the perimeter 
of its base (Prop, L, B. VIIL). Let, now, 
the arcs which subtend the sides AB, BC, &c., be bisected* 
and the number of sides of the polygon be indefinitely in« 
creased; its perimeter wilt approach the circumference of the 
circle, and will be ultimately equal to it (Prop. XL, B. VL); 
and the convex surface of the prism will become eoual to 
the convex surface of the cylinder. But whatever oe the 
number of sides of the prism, its convex surface is equal to 
the product of its altitude by the perimeter of its base ; hence 
the convex surface of the cylinder is equal to the pr|>duct ,of 
its altitude by the circumference of its base. 

Cor. If A represent the altitude of a cylindev, and R the 
radius of its base, the circumference of the base will be repre- 
sented by 27rR (Prop. XIII., Cor. S, B. VI.) ; and the convex 
surface of the cylinder by 27rRA. 



PROPOSITION II. THEOREM. 



Tlie solidity of a cylinder is equal to the product of its base 
by its altitude. 

Let ACE-6 be a cylinder whose base is 
the circle ACE and altitude AG ; its solidity G 
is equal to the product, of its base by its al- 
titude. 

In the circle ACE inscribe the regiilar 
polygon ABCDEF ; and upon this polygon 
let a right prism be constructed of the same 
altitude with the cylinder. The solidity of 
this prism is equal to the product of its base 
by its altitude (Prop. XL, B. VlIL). Let, 
now, the number of sides of the polygon be indefinitely in- 
creased; its area-wiil become equal to that of the circle, and 
the solidity of the prism becomes equal to that of the cylinder. 
But whatever be the number of sides of the prism, its solidity 
is equal to the product of its base by its altitude ; hence the 
solidity of a cylinder is equal to the product of its base by ita 
altitude. 
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Cor, J« If A represent the altitude of a cylinder, and R 
the radius of its base, the area of the base will be represent- 
ed by 7rR» (Prop. XIIL, Cor. 3, B, VI.) ; and the solidity of 
the cylinder will be ttR'A, 

Cor. 2. Cylinders of the same altitude, are to each other 
as "their bases ; and cylinders of the same base, are to each 
other as their altitudes. 

Cor. 3. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the diameters of their 
bases. For the bases are as the squares of their diameters ; 
and since the cylinders are similar, the diameters of the bases 
are as their altitudes (Def. 6). Therefore the bases are as 
the squares of the altitudes ; and hence the products of the 
bases by the altitudes, or the cylinders themselves, will be as 
the cubes of the altitudes. 



PROPOSITION III. THEOREIff. 

The convex surface of a cone is equal to the product of hd^ 
its side^ by the circumference of its base. 

Let A-BCDEF6 be a cone whose base is 
the circle BDE6, and its side AB ; then will 
its convex surface be equal to the product 
of half its side by the circumference of the 
circle BDF. 

In the circle BDF inscribe the regular 

1>olygon BCDEFG ; and upon this polygon 
et a regular pyramid be constructed having b| 
A for its vertex. The edges of this pyramid 
will lie in the convex surface jjf the cone. 
From A draw AH perpendicular to CD| one of the sides of 
the polygon. The convex surface of the pyramid is equal to 
the product of half the slant height AH by the perimeter of 
its base (Prop. XIV., B. VIII.). Let, now, the arcs which 
subtend the sides BC, CD, &c., be bisected, and the number 
of sides of the polygon be indefinitely increased, its perimeter 
will become equal to the circumference of the circle, the slant 
height AH becomes equal to the side of the cone AB, and 
the coiivex surface of the pyramid becomes equal to the con- 
vex sur&ce of the cone. But, whatever be the number of 
faces of the pyramid, its convex surface is eaual to the prod^ 
Qct of half its slant height by the perimeter of its base ; hence 
the convex surface of the cone, is equal to the product of 
half its side by the circumference of its base. 

Cor. If S represent the side of a cone, and R the radius 




of its base, then the circumference of the base will be repre- 
sented by SttR, and the convex surface of the cone by 
8irRxiS,orirRS. 



PKOPOSITIOM IV. TflEOREH. 

I^e eonwx surface of a frustum of a cone is equal to th» 
product of its side, by half ike sum of the circumferences of iti 
two bases. 

Let WHT-bdf be a frustum of a cone 
whose bases are BDF, bdf, and Bb its 
side; its convex surface is equal to the 
product of Bfr by half the sum of the cir- 
cumferences BDF, bdf. 

Complete the cone A-BDF to which the 
frustum belongs, and in the circle BDF 
inscribe the regular polygon BCDEFG ; 
and upon this polygon let a regular pyr- 
amid oe constructed having A for its 
vertex. Then will BDF-b^ be a frus- 
tum of a regular pyramid, whose convex 
surface ia equal to the product of its slant height by half the 
■um of the perimeters of its two bases (Prop. XlV., Cor. l,Bk 
VIII.), Let, now, the number of sides of the polygon be in- 
definitely increased, its perimeter will become equal to the 
circumference of the circle^ and the convex surface of tha 
pyramid will become equal to the convex surface of the cons- 
Butt whatever be the number of faces of the pyramid, the con- 
vex surface of its frustum is equal to the product of its slant 
height, by half the sum of the perimeters of its two bases. 
Hence the convex surface of a frustum of a cone is equal to 
the product of its side by half the sum of the circumferences 
of its two bases. 

Cor. It was proved (Prop. XIV., Cor. 2,B. VIIL), that the 
convex surface of a frustum of a pyramid is equal to the 
product of its slant height, by the perimeter of a section at 
equal distances between its two bases; hence the convex sur- 
face of a frustum of a cone is equal to the product of its side, 
ey the circumference of a section at equal distances betioein ths 
two bates. 
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PROPOSITION V. THEOEEM. 

The solidity of a cone is equal tq one third of the product of 
its base and altitude. 

Let A-BCDF be a cone whose base is the ^ 

circle BCDEF6, and AH its altitude ; the "a 

solidity of the cone will be equal to one third Jsk 

of the product of the base BCDF by the al- //f'iU 

titudeAH. ///\\\ 

In the circle BDF inscribe a regular poly- / // 1 \\\ 
gon BCDEFG, and construct a pyramid 1<S''^'''^^ 
whose base is the polygon BDF, and having bP j L \'^S 
its vertex in A, The solidity of this pyra- ^^^isLzi::::^^ 
mid is equal to one third of the product of ^ 

the polygon BCDEFG by its altitude AH (Prop. XVII., B. 
VIII.). Let, now, the number of aides of the polygon be in- 
definitely increased ; its area will become equal to the area 
of the circle, and the solidity of the pyramid will become 
equal to the solidity of the cone. But, whatever be the 
number of faces of the pyramid, its solidity is equal to one 
third of the product of its base and altitude; hence the solidity 
of the cone is equal to one third of the product of its base and 
altitude. 

Cor, 1. Since a cone is one third of a cylinder having the 
tame base and altitude, it follows that cones of equal alti- 
tudes are to each other as their bases ; cones of equal bases 
are to each other as their altitudes ; and similar cones are as 
the cubes of their altitudes, or as the cubes of the diameters 
of their bases. 

Cor. 2. If A represent the altitude of a cone, and R the 
radius of its base, the solidity of the cone will be represented 
by ttR" X iA, or JttR'A. 



FROPOBITION VI. THEOREM. 

A frustum of a cone is equivalent to the sum of three coneSf 
having the same altitude with thefrusiumf and whose bases are 
the lower base of the frustum^ its upper base, and ameanprO" 
portional between them. 

Let BDF-it^f be any frustum of a cone. Complete the 
cone to which the frustum belongs, and in the circle BDF in- 
scribe the regular polygon BCDEFG ; and upon this poly- 
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gon let a regular pyramid be conttruct' 
ed having its vertex in A. Then will 
BCDEFG-bcdefg be a frustum of a reg- 
ular pyramid, whose solidity is equal to 
three pyramids having the same altitude 
with the frustum, and whose bases are 
the lower base of the frustum, its upper 
base, and a mean proportional betweeo 
them (Prop. XVllI., B. VIIL). Let, now, 
the number of sides of the polygon be in- 
definitely iocreasied, its orea will become 
equal to the area of the circle, and the 
frustum of the pyramid will become the frustum of a cone. 
Hence the frusium of a cone is equi valent to the sum of three 
cones, having the same altitude with the frustum, and whose 
bases are the lower base of the frustum, its upper base, and 
a mean proportional between them. 



rsopoeiTioif vn. theobbh. 

The turface of a sphere is equal to the product of its d 
ter by the circumference of a great circle. 

Let ABDP bo the semicircle by the revo- 
lution of which the sphere is described. In- b^. 
scribe in the semicircle a regular semi-poly- „ /^ 

fon ABCDEF, and from the points B, C, D, 7%~- 
1 let fall the perpendiculars BG. CH, DK, y--^ 
EL upon the diameter AF. If, now, the f\ 
polygon be revolved about AF, the lines AB, li 
EF will describe the convex surface of two lA— — — 
cones; and BC, CD, DE will describe the \ 
convex surface of frustums of cones. >«- ■ 

From the center I, draw IM perpendicular E'^ 
to BC ; also, draw MN perpendicular to AF. 
and BO perpendicular to CH. Let circ. MN represent tbe 
circumference of the circle described by the revolution of 
MN. Then the surface described by the revolution of BC, 
will be equal to BC, multiplied by circ. MN (Prop. IV., 
Cor.). 

Now, the triangles IMN, BCO are similar, since their sides 
are perpendicular to each other (Prop. XXI., B. IV.) ; whence 
BC : BO or GH : : IM : MN. 

: : circ. IM : circ. MN. 
Hence (Prop. I., B. 11.), 

BC xcirc. MN=GH x«Vc. IM. 
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Therefore the surface described by DC, is 
equal to the altitude GH, multiplied by circ. 
IM, or the circumference of the inscribed 

circle. r// 

In like manner* it nwiy be proved that the ^f-- 
surface described by CD is equal to the alti- 
tude HK, multiplied by the circumference of 
the inscribed circle; and the same may be D^ 
proved of the other sides. Hence the entire 
surface described bv ABCDEF is equal to 
the circumference oi the inscribed circle, m\il- 
tiplied by the sum of the altitudes AG, GH, 
HK, KL, and LF ; that is$ the axis of the polygon. 

Let, now, the arcs AB, BC, &c., be bisected, and the num- 
ber of sides of the polygon be indefinitely increased, its pe- 
rimeter will coincide with the circumference of the semicircle, 
and the perpendicular IM will become equal to the radius of 
the sphere; that is, the circumference of the inscribed circle 
will become the circumference of a great circle. Hence the 
surface of a sphere is equal to the product of its diameter by 
the circumference of a great circle. 

Cor. 1, The area of a zone is equal to the product pf Us air 
titude by the circumference of a great circle, " 

For the surface described by the lines BC, CD is equal to 
the altitude GK, multiplied by the circumfisrence of the inr 
scribed circle. But when the number of sides of the polygon 
is indefinitely increased, the perimeter BC+CD becomes the 
arc BCD, and the inscribed circle becomes a great circle. 
Hence the area of the zone produced by the revolution of 
BCD, is equal to the product of its altitude GK by the cir- 
cumference of a great circle. 

Cor. 2. The area of a great circle is equal to the prod- 
uct of its circumference by half the radius (Prop. Xll., B, 
VI.), or one fourth of the diameter; hence the surf ace of a 
sphere is equivalent to four of its great circles. 

Cor. 3, The surface of a sphere is equal to the convex sur'^ 
face of the circumscribed cylinder. 

For the latter is equal to the product of its 
altitude by the circumference of its base. But 
its base is equal to a great circle of the sphere, 
and its altitude to tne diameter ; hence the 
convex surface of the cylinder, is equal to the 
product of its diameter by the circumference 
of a great circle, which is also the measure of , 
the surface of a sphere. 

Cor. 4. Two zones upon equal spheres, are to each othei 
as their altitudes ; and any zone is to the surface of its 
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sphere, as the altUode jof the sone is to the diameter of the 
sphere. 

Cor, 5. Let R denote the radius of a sphere, D its diame^. 
ter, C the circumference of a great circle, and S the surface 
of the sphere, then we shall have 

C=2trR, or irD (Prop. XIIL, Cor. 2, B. VL). 
Also, S »-27rR X 2R == 47rR', or ttD'. 
If A represents the altitude of a zone, its area vrill be 

27rRA. 




PROPOSITION VIII. THEOREM. 

The solidity of a sphere is equal to one third the product of 

its surface by ins radius. 

» 

Let ACE6 be the semicircle by the revo- 
lution of which the sphere is described. In- 
scribe in the semicircle a regular semi-poly- 
gon ABCDEFG, and draw the radii BO, 
CO, DO, ifec. 

The solid described by the revolution of 
the polygon ABCDEFG about AG, is com- 
posed 01 the solids formed by the revolu- 
tion of the triangles ABO, BCO, CDO, &c., 
about AG. 

First. To find the value of the solid form- 
ed by. the revolution of the triangle ABO. 

From O draw OH perpendicular to AB, 
and from B draw BK perpendicular to AO. 
The two triangles ABK, BKO, in their revolution about AO, 
will describe two cones having a common base, viz., the cir- 
cle whose radius is BK. Let area BK represent the area 
of the circle described by the revolution of BK. . Then th^ 
solid described by the triangle ABO will be represented by 

Area BK x ^AO (Prop. V,). 

Now the convex surface of a cone is expressed by nRS 
(Prop. III., Cor.) ; and the base of the cone oy ttR". Hence 
the convex surface : base : : nRS : 7rR\ 

: : S : R (Prop. VIII., B. II.). 

But AB describes the convex surface of a cone, of which 
BK describes the base ; hence 
the surface described by AB : area BK : : AB : BK 

: : AO : OH, 
because the triangles ABK, AHO are similar. Hen(!e 

Area BKx A0= OHx surface described by AB, 
or Area BK x | A0» {OH x surface described by AB. 
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But we have proved that the solid de« 
scribed by the triangle ABO, is equal to 
area BKx^AO; it is, therefore, equal to 
|OH X surface described by AB. 

Secondly. To find the Value of the solid 
formed by the revolution of the triangle 
BCO, 

Produce BC until it meets AG produced 
in L. It is evident, from the preceding 
demonstration, that the solid described by 
the triangle LCO is equal to 

I^OM X surface described by LC ; 
and the solid described by the triangle LBO 
is equal to 

^OM X surface described by LB ; 
hence the solid described by the triangle BCO is equal to 

^OM X surface described by BC. 

In the same manner, it may be proved that the solid de^ 
scribed by the triangle CDO is equal to 

lONx surface described by CD; 
and so on for the other triangles. But the perpendiculars 
OH, OM, ON, &c., are all equal ; hence the solid described 
by the polygon ABCDEF6,is equal to the surface described 
by the perimeter of the polygon, multiplied by ^OH. 

Let, now, the number of sides of the polygon be indefinite- 
ly increased, the perpendicular OH will become the radfus 
OA, the perimeter ACEG will become the semi-circumference 
ADG, and the solid described by the polygon becomes a 
sphere ; hence the solidity of a sphere is equal to one third 
of the product of its surface by the radius. 

Cor. 1, The solidity of a spherical sector is equal to the prod' 
uctofthe zone which forms its base, by one third of its radius. 

For the soFid described by the revolution of BCDO u 
equal to the surface described by BC+CD, multiplied bv- 
iOM. But when the number of sides of the polygon is in 
definitely increased, the perpendicular OM becomes the 
radius OB, the quadrilateral BCDO becomes the sector 
EDO, and the solid described by the revolution of BCDO 
becomes a spherical sector. Hence the solidity of a spheri- 
cal sector is equal to the product of the zone which forms its 
base, by one third of its radius. 

Cor. 2. Let R represent the radius of a sphere, D its di- 
ameter, S its surface, and V its solidity, then we shall have 

S=4TrR* or 7rD» (Prop. VIL, Cor. 6). 
Also, y=jRxS=j7rR'ori7rD'; 

hence the solidities of spheres are to each other as the cubes of 
their radii. 
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If we put A to represent the altitude of the zone which 
forms the base of a sector, then the solidity of the sector will 
be represented by 

27rRAxiR = |7rR'A. 

Cor. 3. Every sphere is two thirds of the circumscribed 
cylinder. 

For, since the base of the circumscribed cylinder is equal 
to a great circle, and its altitude to a diameter, the solidity 
of the cylinder is equal to a great circle, multiplied by the 
diameter (Prop. II.). ' But the solidity of a sphere is equal 
to four great circles, multiplied by one third of the radius ; or 
one great circle, multiplied by | of the radius, or f of the 
diameter. Hence a sphere is two thirds of the circumscribed 
cylinder. 



PROPOSITION IX. THEOREM. 

A spherical segment with one base^ is equivalent to half of 
a cylinder having the same base and altitude^ plus a sphere 
whose diameter is the altitude of the segment. 

Let BD be the radius of the base of the 
segment, AD its altitude, and let the segment E 
be generated by the revolution of the circu- /.-''"^ 
lar naif segment AEBD about the axis AC. ^f^ — N 



Join CB, and from the center C draw CP per- / 
pendicular to AB. 

The solid generated by the revolution of ^ 

the segment AEB, is equal to the difference of the solids gen- 
erated by the sector ACBE, and the triangle ACB. Now, 
the solid generated by the sector ACBE is equal to 

IttCB* X AD (Prop. VIII., Cor. 2). 
And the solid generated by the triangle ACB, by Prop. VIII., 
is equal to |CF, muhiplied by the convex surface described 
by AB, which is 27rCP x AD (Prop. VII.), making for the solid 
generated by the triangle ACB, 

IttCPxAD. 
Therefore the solid generated by the segment AEB, is equal 
to f7rADx(CB*-CF*), 

or iTrAD X BF' ; 

that is, IttADxAB', 

because CB*— CP is equal to BP, and BP is equal to one 
fourth of AB*. 

Now the cone generated by the triangle ABD is equal to 
{wAD X BD' (Prop. V., Cor. 2). 
Therefore the spherical segment in question, which is the 
sum of the solids described by AEB and ABD, is equal to 
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i7rAD(2BD*+ ABO ; 
i7rAD(3BD'+ AD'), 



that is, . Vv • 

because AB' is equal to BD'H- AD*. 

This expression may be separated into the two parts 

inADxBD\ 
and inAD\ 

The first part represents the solid- 
ity of a cylinder having the same 
base with the segment and half its 
altitude (Prop. IL) ; the other part 
represents a sphere, of which AD is 
the diameter (Prop. VIII., Cor. 2). 
segment, &o. 

Cor. The solidity of the spherical seg- 
ment of two bases, generated by the revolu- 
tion of BCDE about the axis AD, may be 
found by subtracting that of the segment of 
one base generated by ABE, from that of the C 
segment of one base generated by ACD. 




Therefore, a apherical 




CONIC SECTIONS. 



Tbeeb are three curves whose properties are extensively 
applied in Astronomy, and many other branches of science^ 
which, beijQg the sections of a cone made by flMPl^^e in dif- 
ferent positions, are called the conic sections. These axe 

The Parabola^ 

The Ellipse, and • ^ 

The Hyperbola. 



PARABOLA. 



Definitions. 

1. A parabola is a plane curve, every point of which is 
equally distant from a. fixed point, and a given straight line. 

2. The fixed point is called the focus of the paraoola, and 
the eiven straignt line is called the directrix. 

T^us, if F be. a fixed point, and BC a j^^ 
^iven line, and the point A move aSout P 
m such a manner, timt its distance trom F ^ 
is always equal to the perpendicular dis- 
tance from BC, the point A will describe 
a parabola, of which F is the focus, and 
Bu the directrix* 

3. A diameter is a straight line drawn 
through any point of the curve perpen- 
dicular to the directrix. The vertex of 
the diameter is the point in which it cuts c 
the curve. 

Thus, through any point of the curve, as A, draw a line 
DE perpendicular to.the directrix BC ; DE is a diameter of 
the parabola, and the point A is the vertex of this<liameter. 

4. The axis of the parabola is the diameter which passes 
through the focus ; and the point in which it cuts the curve 
IS called the principal vertex. 

Thus, draw a diameter of the^arabola, 6H, through thd 
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focus F ; GH is the axis of the parabola, B 
and the point V, where the axis cuts the £ 
.curve, is called the principal vertex of 
the parabola, or simply the vertex. 

It is evident from Def. 1, that the line ^ 
FH is bisected in the point V. 

5. A tangent is a' straight line which £ 
meets the curve, but, being produced, does 
not cut it. . C 

6. An ordinate to a diameter, is a straight line drawn from 
any point of the curve to meet that diameter, and is parsdlel 
to the tangent at its vertex. 

Thus, let AC be a tangent to the 
parabola at B, the vertex of the di- 
ameter BD. From any point E of the 
curve, draw EGH parallel to AC; 
then is EG an ordinate to the diame- 
ter BD. 

It is proved in Prop. IX., that EG 
is e(\uB,\ to GH ; hence the entire line 
EH is called a double ordinate. 

7. An abscissa is the part of a diameter intercepted be- 
jt^een its vertex and an ordinate. 

fk^s, BG is the abscissa of the diameter BD, correspond- 
jing to Ihe ordinate EG. 

8. 4 subtangent is that part of a diameter intercepted be- 
tween a tangent and ordinate to the point of contact. 

Thus, let EL, a tangent to the curve at E, meet the di* 
'ameter BD in tk» point L ; then LG is the subtangent of BD, 
.corresponding to the point E. 

9. The parameter of a diameter is the double ordinate 
which passes through the focus. 

Thus, through tl^ focus F, draw IK parallel to the tan* 
gent AC ; then is IK the parameter of the diameter BD. 

10. The parameter of the axis is called the principal ^ 
rameter, or latus rectum. 

11. A normal is a line drawn perpendicular to a tangent 
from the point of contact, and terminated by the axis. 

12. A subnormal is the part of the axis 
intercepted between the normal, apd the 
corresponding ordinate., 

Thus, let AB be a tangent to the 
parabola at any point A. From %. 
^graw AC perpendicular to AB ; draw, 
al^, the ordinate AD. Then AC is tha 
normal, and DC is the subnormal oor« 
iiiespQ^diDg to the point A.^ 




^KoroBTtiow I. noAiUb 
7\t dtier&K a parabdia. 

Lot BC be B ruler laid upcHi a plane, 
■kI let DEG be a Kjuare. Take a 
thread equal in tenf^h to EG, and attach I 
«ne extremit/ at O, and the other at 
some point aa F. Then slide the aide 
of the square DE alonz the ruler BC, 
and, at the same lime, keep the thread 
continually tight by means of the pencil 
A; the pencil wiU describe one part &f 
a parabola, of which F is the focus, and , 
BC the directrix. For, in every posi- 
tion of the square, 

AF+AG=AE+AG, 
and hence AF^-AK; 

that is, the point A is always equally distant from the focua 
F and directrix BC. 

If the square be turned over, and moved on the other sidtf 
of the point P, the other part of the same parabola may be 
described. 
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A tangent to the paf^fola buecU the angle formed of Ott 
point of contact, by a perpendienlar to Uie directrix, and a Rtm 
drawn to the focua. 

Let A be any point of the parabola 
AV, from which draw the line AF to 
the focus, and AB perpendicular to the 
diredlrix, and draw AC bisecting the an- 
gle BAF ; then will AC be a tangent t 
the curve at the point A. 

For, if possible, let the line AC meet 
the curve in some other point as D. 
Join DP, DB, and BF ; also, draw DB 
perpendicular to the directrix. 

Since, in the two triangles ACB, ACF. AP is equal to hR 
(Daf. 1), AC is common to both triangles, and the angle CAB 
is, by supposition, equal to the angle CAP ; therefore CB m 
equal to CF, and the angle ACB to the angle ACF. 
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Again, in the two triangles DCB, DCF, because BC is 
equal to CF, the side DC is common to both triangles, and 
the angle DCB is equal to the angle DCF ; therefore DB is 
equal to DP. But DP is equal to D£ (Def. 1) ; hence DB 
10 equal to DE^ which is impossible (Prop. XVII., B. !.)• 
Therefore the line AC does not meet the curve in D ; and in 
the same manner U may be proved that it does not meet the 
curve in any other point than A ; consequently it is a tangent 
Co the parabola. . Therefore, a tangent, &c. 

Cor. 1. Since the angle FAB continually increases as the 
point A moves toward Y, and at V becomes equal to two 
right angles, the tangent at the principal vertex is perpendicu- 
far to the axis. The tangent at the vertex V is Called the 
vertical tangent. 

Cor, 2. Since an ordinate to any diameter is parallel to 
the tangent at its vertex, an ordinate to tl)e axis is perpen- 
dicular to the axis. 



PROPOSITION III. TQEORBM. 

The lotus rectum is equal to four times the distance from tie 
focus to the vertex. 

Let AVB be a parabola, of which P is the 
focus, and V the principal vertex ; then the ^ 
latus rectum APB will be equal to four 
limes PV. m 

Let CD be the directrix, and let AC be 
drawn perpendicular to it; then, according D 
to Def. 1, AP is equal to AC or DP, because 
ACDP is a parallelogram. But DV is equal 
to VP ; that is, DP is equal to twice VP. 
Hence AP is equal to twice VP. In the 
same manner it^ may be proved that BP is equal, to twice 
VP ; consequently AB i3 equal to four times VP. There- 
fore, the latus rectum, &c« 



PROPOSITION IV. THRORKM. ^ * 

If a tangent to the parabola cut the axis produced, the 
points of contact and of intersection are equally distant from 

^6 focus. 

Let AB be a tangent to the parabola GAH at the point A, 
and let it cut the axis producea in B ; also, let AP be drawa 
to the focus ; then will the line AP be equal to BP. 
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Draw AC perpendiedar to the di- 
rectrix ; then, since AC is parallel to 
BF, the angle BAC is equal to ABF. 
But the angle BAC is equal to BAF 
(Prop. II.) ; hence the angle ABF is ^ 
equal to BAF, and, consequently, AF 
is equal to BF. Therefore, if a tan^ 
gent, &C. 

Cor* L Let the normal AD be 
drawn. Then, because BAD is a 
right angle, it is equal to the sum of the two angles ABD, 
ADB, or to the sum of the two angles BAF,, ADB. Take 
away the common anglOv BAF, and we have the angle DAF 
equal to ADF. Hence the line AF is equal to FD. There- 
fore, if a circle be described with the ^enter\Fy and radius FA« 
U will pass through the three points B, A, D, 

Cor. 2. The normal bisects the angle made by the diametet 
at t/ie point of contact^ with the line drawn from that point to 
the focus. 

f*or, because BD is parallel to CE, the alternate angles 
ADF, DAE are equal. But the angle ADF has been proved 
equal to DAF ; hence the angles DAF, DAE are equal to 
each other* 

Scholium. It is a law in Optics, that the angle made by a 
ray of reflected light with a perpendicular to the reflecting 
surface, is equal to the anele which the incident ray makea 
with the same perpendicular. Hence, if 6AH represent a 
concave parabolic mirror, a ray of light falling upon it in the 
direction EA would be reflected to F. The same would be 
true of ail r^ys parallel to the axis. Hence the point F, in 
which all the rays would intersect each other, is called the 
focus. 



PROPOSITION V. TBBOREXK. 

The subtangent to the axis is bisected by the vertex. 

Let AB be a tangent to the parab- 
ola ADV at the point A, and AC 
an ordinate to the axis; then will 
BC be the subtangent^ and it will be 
bisected at the vertex V. 

For BF is equal to AF (Prop. 
IV.) ; and AF is equal to CE, which 
is the distance of the point A from 
the directrix. But C£ is equal to 
the sum of CV and YE, or CY and ^F. Hence BF, or 
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PV+VF, is equal to CV+YF; that ii, BY i$ equal to CV. 
l*herefore, the subtangent, &c. 

Cor. i. Hence the taogent at D, the extremity of the latqn 
rectum, meets tfie axis in E, the same point mth the direc* 
trix. For, by Def. 8, EF is the subtangent corresponding tP 
the tangent DE. 

Cor. 2. Hence, if it in required to draw a tangent to the 
curve at a giveq point A, draw the ordinatie AC to the axif. 
Make BY equal to YG ; join the points B, A, and the line 
&A will be the tangent required. 



PROPOSITIOV VI. THBOXBM. 

TAe whnarmal is equal to halfHu laius reeium* 

Let AB be a tangent to the parab- 
i^la AY at the point A, let AC be 
the ordinate, and AD the normal from 
the point of contact ; then CD is the 
enbnormai, and is equal to half the 
lattis rectum. 

For the distance of the point A 
from the focus, is equal to its distance 
from the directrix, which is equad to 
VF+ YC, or 2YF+PC ; that is, 

FA«2YP-hFC, 
or 2YF«FA--FC. 

Also, CD is equal to PD-FC, which is equal to FA— PC 
(Prop. lY., Cor. 1). Hence CD is equal to 2YP, which is 
equal to half the iatua rectum (Prop. III.). Therefore, the 
subnormal, &c. . 

FBOPOS^TION Vlf. TBCOXIM.. ' 

If a perpendicular be drawn from ihefocut to any iangentf 
tie point of intersection will be in the vertical tangent^ 

Let AB be any tangent to the pa^ 
rabola AY, and FC a perpendicular let 
fall from the focus upon AB ; join YG ; 
then will the line YC be a tangent to 
the curve at the vertex Y. 

Draw the ordinate AD to the axis. 
Since FA is equal to FB (Prop. IV.), 
and FC is drawn perpendicular to 
4B, it dtvidey the I|iaQgle AFB into 





two equal parts, and, therefore, AC is equal to BC. But 
BV is equal to VD (Prop. V.) ; hence 

BC : CA : : BV : VD, 
and, therefore, C V is parallel to AD (Prop. XVI., B. IV.). But 
AD is perpendicular to the axis BD ; hence C V is also per- 
pendicular to the axis, and is a tangent to the curve at the 
point V (Prop. II., Cor. 1). There tore, if a perpendicular* 
d&c. 

Cor. 1. Because the triangles F^, FCA are similar, we 
have FV:FC::FC:FA; 

that is, ike perpendicular from the focus upon aity tangent^ is « 
mean proportional betted the dUtances cf the focus from the 
f)erteXf and from the point of contact 

Cor. 2. It is obvious that FV : FA : : PC* : FA\ 

Cor, S. From Cor. 1. we have 

FC'==FVxFA. 
But FV remains constant for the same parabola ; therefcwi 
ilie distance from the focus to the point of contact^ fforits as the 
square of the perpendicular upon the tangent 



PROPOsrrioif via. thborbii* 

The square of an ordinal to the axis, is equal to the product 
of the lotus rectum by the corresponding abscissa^ 

Let AVC be a parabola, and A any point 
of the curve. From A draw the ordinate 
AB ; then is the square of AB equal to the 
product of VB by the latus rectum* 

For AB* is equal to AP-FB'. 
But AF is equal to VB^^VF, and FB is 

SualtoVB-VF. 
ence AB'-(VB+VF)'-fVB~VF)% 
which, according to Prdp. lA., Cor., B. IV., 
is equal to 

4VBxVP, 
or VB X the latus rectum (Prop. UL). 

Therefore, the square, dpc. 

Cor. 1. Since the latus rectum lit constant for the same 
parabola, the squares ofordinates to the axiSfOre to each oOier 
as their corresponding abscissas^ 

Cor. 2. The preceding demonstration is equally applicable 
to ordinates on either side of the axis ; hence AB is equal t^ 
BC, and AC is called a double ordinate. The curve is sym- 
metrical with respect to the axis, and the whole parabola is 
bisected bv the axis. 
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PROPOSmOlf IX. TBXOREM, 



• The square of an ordinate io any diameter^ is equal to four 
times the product ^fihe corresponding abscissa^ by the distance 
from the vertex of that diameter to the focus. 




Let AD be a tangent^o the 
parabola YAM at the point 
A; throuffh A draw the di- 
ameter HAC, and through h 
any point of the curve, as H, 
draw BC parallel to AD; 
draw also AF to the focus; ^ 
then will the square of BC be 
equal to 4AF x AC. x: 

Draw CE parallel, and EBG 
perpendicular to the directrix HK ; and join BH, BF, HF. 
Also, produce CB to meet HF in L. 

Because the right-angled triangles FHK| HCL are simi- 
lart and AD is parallel to CL, we nave 

HF : FK : : HC : HL 
: : AC : DL. 
Hence (Prop. I., B. IL), 

HFxDL= FKxAC, 
or 2HF X DL =2FK X AC, or 4VF X AC, 

But 2HF X DL« HL'-LF' (Prop. X., B. IV.) 

«HB«-BP 
«HG*orCE'. 
Hence CE» is equal to 4VF X AC. 
Also, because the triangles BCE, AFD are similar, we ha^e 

CE : CB : : DF : AF. 
Therefore CE* : CB' : : DP : AP (Prop. X., B. IL) 

: : VF : AF (Prop. VII., Cor. 2) 
::4VFxAC:4APxAC, 
But the two antecedents of this proportion have been proved 
to be equal ; hence tlie consequents are equal, or 

BC«:*4AFxAC. 
Therefore, the square of an ordinate, &c. 

Cor. In like manner it may be proved that the square of 
CM is equal to 4AF x AC. Hence BC is equal to CM ; and 
•inoe the same may be proved for any ordinate, it follows 
that every diameter bisects its doubk ordinaies. 
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The parameter flf any diameter, u equal to four limes Uu 
distance from its vertex to the focus. 

Let BAD be a parabola, of whidi 
F is the focna, AC is any diameter, 
and BD its parameter ; tnen is BD 
equal to four times AF. 

Draw the tangent AB ; then, since ^ 
AEFC IB a parallelogram, AC is equal ' 
to EF, which is equal to AF (Prop. 
IV.). 

Now, by Prop. IX., EC is equal to 
4AFxAC; that is, to 4AP. Hence 
EC is equal to twice AF, and BD is equal to four times AF. 
Therefore, the parameter of any diameter, &c. 

Cor. Hence the square of an ordinate to a diameter, it 
€quat to the product of its parameter by the corr 



PBOPOBITION XI. THEOREM. 

ffa cone be cut by a plane parallel to its side, the section is 
a parabola. 

Let ABGCD be a cone cut by a plane a 

VDG parallel to the slant side AB ; then 
will the section DVG be a parabola. 

Let ABC be a plane section through 
the axis of the cone, and perpendicular to 
the plane VDG ; then VE, which is their 
common section, will be parallel to AB. 
Let bgcd be a plane parallel to the base 
of the cone; the intersection of this plane 
with the cone will be a circle. Since the 
plane ABC divides the cone into two 
equal parts, BC is a diameter of the circle 
BGCD, and be is a diameter of the circle bgcd. Let DEG, 
deg be the common sections of the plane VDG with the 
planes BGCD, bgcd respectively. Then DG is perpendicular 
to the plane ABC, and, consequently, to the lines VE, BC. 
For the same reason, dg is perpendicular to the two linea 
VE,tc. -«. r r 
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CONIC BccrrioNS. 



Now, since be is parallel to BEf and 
tB to eE, the figure 6BEe is a parallelo- 
gram, and be is equal to BE. But be- 
cause the triangles Yec, YEC are similar, 
we have 

ec : EC : : Ve : VE ; 
and multiplying ^the first and second terms 
of this proportion by the equals be and 
BE, we have 

be-Xec : BExEC : : V« : VE. ] 

But since be is a diameter of the cirde 
bgcdf and de is perpendicular to be (Prop. 
XXIL, Cor., B. IV.), 

beyec «=»&*. 
For the same reason, BE x EC«DE*. 
Substituting these values of beXec and BE X EC in the pre- 
ceding proportion, we have 

A*:DE*::Ve: VE; 
that is, the squares of the ordinates are to each other as the 
eorresponding abscissas ; and hence the curve is a parabola^ 
whose axis is VE (Prop. VIII.^ Cor. 1.). Hence the parab* 
ola is called a conic ^ectionf as mentioned on page 177. 




.PROPOSITION Xn. THEOREM. 



Every segment of a parabola is itoo thirds of its droum^ 
scribing rectangk. 

Let AVD be a segment of 
a parabola cut off by the 
straight line AD perpendicu- 
lar to the axis; the area of 
AVD is two thirds of the ctr- 
cumscribing rectangle ABCD. ^ 

Draw the line AE touching 
the parabola at A, and^meet- 
mg the axis produced *in E ; 
and take a point H in the 
curve, so near to A that the 
tangent and curve may be regarded as coinciding. Through 
H draw KL perpendicular, and MN parallel to the axis. 
Then the 

V rectangle AL : rectangle AM : ; AG x GL : AB x AN 

::AGxGB:ABxAG 
::GErAB, 




»4JtAJM>UA. IM 

because GL or NH : AN : : GE : AG. But GE is eqqal to 
twice GV or AB (Prop. V.) ; hence 

AL : AM : : 2 : 1 ; 

that is, AL is double of AM. 

Hence the portion of the parabola included between two or* 
dinates indefinitely near, is double the corresponding portion 
of the extetnal sparce ABV. Therefore, since the same is 
true for every point of the curve, tj^e whole space AYG is 
double the space ABV. Whence AYG is two thirds of 
ABVG ; and the segment AVD is two thirds of the rectan- 
gle ABCD« Therefore, every segment, 6cc^ 
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ELLIPSE. 
De/iniHoms. 

1. Alt ellipse is a plane curve> in which the sum of the dis- 
tances of each point from two fixed points, is equal to a given 
line. 

2. The two fixed points are called the/oci. 
Thus, if F, F' are two fixed points, 

and if the point D moves about F in 
such a manner that the sum of its dis- 
tances from F and F' is always the 
same, the point D will describe an 
ellipse, of which F and F' are the foci. 

3. The center is the middle point of 
the straight line joining the foci. 

4. The eccentricity is the distance from the center to either 
focus. 

Thus, let ABA'B' be an ellipse, 
F and F' the foci. Draw the line 
FF' and bisect it in C. The point 
C is the center of the ellipse ; and ., 
CF or CF' is the eccentricity. 

5i A diameter is a straight line 
drawn through the center, and 
terminated both ways by the 
curve. 

6. The extremities of a diameter are called its vertices. 
Thus, through C draw any straight line DD' terminated 

by the curve ; DIV is a diameter of the ellipse ; D and IV 
are its vertices. 

7. The major axis is the diameter which passes through 
the foci ; and its extremities are called the principal vertices. 

8. The minor axis is the diameter which is perpendicular 
to the major axis. 

Thus, produce the line FF' to meet the curve in A and 
A' ; and through C draw BB' perpendicular to A A' ; then is 
AA' the major axis, and BB' the minor axis. 

9. A tangent is a straight line which meets the curve, but, 
being produced, does not cut it. 




1LLIF8E* 



18» 




10. An ordinate to a dian^eter, is a straight line drawn 
from any point of the curve to the diameter, parallel to the 
tangent at one of its vertices. 

Thus, let DD' be any diameter, 
and TT' a tangent to the ellipse 
at D. From any point 6 of the 
curve draw GKG' parallel to TT' 
and cutting DD' in K; then is 
6K an ordinate to the diameter 
DD'. 

It is proved in Prop. XIX*, Gor. 
1, that 6K ]a equal to G'K ; hence the entire line GG' is call* 
ed a daubk ordinate, 

4 11. The parts into which a diameter is divided by an or- 
dinate, are called abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate GK. 

12. The parameter of a diameter, is the double ordinate 
which passes through one of the foci. 

Thus, through the ibcus F draw HH' parallel to the tan- 
gent TT' ; then is HH' the parameter of the diameter DD^ 

13. Two diameters • are conjugate to one another, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK, an ordinate 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT' ; then is the diameter EE' conju- 
gate to DD'. ' 

14. The parameter of the major axis, is called the princi- 
pal parameter, or latus rectum. 

Thus, through the focus F' 
draw LL' a double ordinate to 
the major axis> it will be the latus 
rectunf of the ellipse. 

15. A subtangent is that part 
of the axis produced which is in- 
cluded between a tangent and the 
ordinate drawn from the point of 
contact 

Thus, if TT' be a tangent to the carve at D, and DG an 
ordinate to the major axis, then 6T is the correspondbg 
subtangent. 




COHIC accTiaNB. 



PROPOSITION I. PBOBftBH* 



To describe an eBips^ 



Let F ttdd F^ be any two fixed 
points. Take a thread longer than 
the distance FF', and fasten one of 
its extremities at F, the other at F^ 
Then tet a pencil be made to glide 
dong the thread so as to keep it al- 
ways stretched ; the curve described 
br the point of the pencil will be an 
ellipse. For* in every position of the 
pencil, the sum of the distances DF* DF' will be the same, 
viz., equal to the entire length of the string. 




;PR0P0BITU>]f II. THSCmslt. 

l%e nun of the two lines drawn from any point of an ellipse 
to thefocif is equal to the major axis. 

Let ADA' be an ellipse, of 
wiiicb F, F' are the foci, AA' is 
the major axis, and D any point of 
tiie curve ; then will DF+DF' be ^ 
equal to AA^ 

For, by Def. 1, the sum of the 
distances of any point of the curve 
from the foci, is equal to a given line. Now, when the point 
D arrives at A, FA+F'A or 2AF+FF' is equal to the given 
liae. And when D is at A', FA^+PA' or 2A'F'+FF' is 
equal to the same line. Hence 

2AF+FF'«2A'F'+FF' ; 
consequently, AF is equal to A'F^ 
Hence DF+DF', which is equal to AF+AF^ must be equal 
le AA'. Therefore, the sum of the two lines, inc. 

Car. The major axis is bisected in the center. For, by I>of« 
8, CF is equal to CF' ; and we have just proved that AF ia 
equal to A'F' ; therefore AC is equal to A'C. 
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FAOpaunoN III, Tj^ipum. 
JSiwy diameter is bieeciedin the cenUr. 

Let D be any point of an ellipse ; 

- join DF, DF', and FF', Complete the 

parallelogram DFIVF^ and join DD^ 

Now, because the opposite sides of 
a parallelogram are equal, the sum of 
DF and DrMs equal to the sum i>f 
D'F and D'F' ; hence D' is a point in 
the ellipse. But the diagonals of a parallelogram bisect each 
other ; therefore^ FF' is bisected in C ; that is, C is the center 
of the ellipse, and DD' is a diameter bisected in C. There- 
fore, every diameter, &€. 





PSOPOtlTION IT.- TBEOaSIf, 

J%e distance from eiAer focus to the extremity of the miner 
axiSi is equal to ka^the major axis^ 

Let F and F' be the foci of an 
ellipse,^ AA' the major axis, and 
BB' the minor axis ; draw the 
•traight lines BF, BF' ; then BF, ^ 
BF' are each equal to AC. 

In the two right-angled trian- 
gles BCF, BCF', CF ia equal to 
CF^ and BC is common to both 
triangles ; hence BF is equal to BF^ Bat BF+BF' is equal 
to 2 AC (Prop. IL); consequently, BF and BF' are each 
equal to AC. Therefore, the distance, &c. 

Cor. 1. Half the minor axis is a mean proportional betweeti 
tike distances from either focus to the principal vertices. 

For BC is equal to ftF'-FC (Prop. XL, B. IV.)< which 
is equal to AC*--FC* (Prop. IV.). Hence (Prop. X., B. IV.)» 

BC'=(AC-f FC) x(AC-FC) 
«=AF'xAF; and, therefore, 
AF : BC : : BC : FA'. 

Car. 2. The square of the eccentricity is equal to the differ*' 
enee ef the squares cf the semi-axes. 

For FC* is equal to BP— BC*, which is equal to AC'— 
EC*- 
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PItOPOSmON T. THEO|t«M. 

A tangent to the ellipse makes equal angles with straight 
Hnes drawn from the point of contact to thefocu 

Let F, F' be the foci of an ellipse, 
and D any point of the curve ; if 
through the point D the line TT' 
be drawn, making the angle TDF 
equal to T'DF', then will TT' be 
a tangent to the ellipse at D. 

For if TT' be not a tangent, it 
must meet the curve ip aome other 
point than D.« Suppose it to meet the ciirve in the point E. 
Produce F'D to 6, making DG equal to DF ; and join £F, 
EF', EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is equal 
to DG, DH is common to both triangles, and the angle FDH 
is, by supposition, equal to F'DT', which is equal to the ver- 
tical angle GDH ; therefore HF is equal to HG, and the an- 
^le DHF is equal to the angle DHG. Hence the line TT' 
IS perpendicular to FG at its middle point; and, therefore, 
EF is equal to EG. 

Also, FG is equal to FD+DF, or F'E-f EF, from the na- 
ture of the ellipse. But F'E+EG is greater than F'G (Prop, 
VIIL, B. I.) ; it is, therefore, greater than F'E+EF. Con- 
sequently EG is greater Ihan EF; which is impossible, for 
we have just proved EG equal to EF. Therefore E is not 
a point of the curve, and TT' can not meet the curve in any 
otner point than D ; hence it is a tangent to the curve at the 
.point D. Therefore, a tangent to the ellipse, &c. 

Cor. 1. The tangents at the vertices of the axes, are per- 
pendicular to the axes ; and hence an ordinate to either axis 
is perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror, a ray of light 
proceeding from F in the direction FD, would be reflected in 
the direction DF', making the angle of reflection equal to the 
angle of incidence. And, since the ellipse may be regarded 
as ccnnciding with a tangent at the point of contact, if rays 
of light proceed from one focus of a concave ellipsoidal mir- 
ror, they will all be reflected to the other focus. For this 
reason, the points F, F' are called the/oci, or burning points. 
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PROPOBITION VI. THBOEBM*. 

Tof^eiUs to the ellipse ol the vertices ef a dianrnter^ are pat 
allel to each other. 

Let DIV be any diame- 
ter of an ellipse, and TT' 
VV tangents to the curve 
at the points D» D'; then 
will they be parallel to each w 
other. ^ 

Join DF, DF', D'F. D'F^ 
then, by the preceding Prop- 
osition, the angle FDT is 
equal to F'DT^ and the an- 
gle FD'V is equal to FD'V. But, by Prop. III., DFD'F' is 
a parallelogram ; and since the opposite angles of a parallelo- 
gram are equal, the angle FDF' is equal to FD'F' ; therefore 
the angle FDT is equal to F'D'V (Prop. IL, B. I.). Also, 
since FD is parallel to F'D', the angle FDD' is equal to 
F'D'D ; hence the whole angle D'DT is equal to DD'V ; 
and, consequently, TT' is parallel to VV', Therefore, tan- 
gents, &c. 

Cor, If tangents are drawn through the vertices of any 
two diameters, they will form a paraUelogram circumscribing 
the ellipse. 




PROPOSITION VI I. THEOREM. 

If from the vertex of any diameter^ straight lines are drawn 
through the foci^ meeting the conjugate diameter^ the part in* 
tercepted'by the conjugate is equal to half the major axis. 

Let EE' be a diameter conju- 

fate to DD^ and let the lines DF, 
^F' be drawn, and produced, if 
necessary, so as to meet EE' in 
H and K ; then will DH or DK 
be equal to AC. 

Draw FG parallel to EE' or 
TT'. Then the angle D6F is 
equal to the alternate angle 
F'DT^ and the angle DF6 is equal to FDT« But the angles 
FDT, P'DT' are equal to each other (Prop. V.) ; hence the 

N 




angles DGF, DF6 are equal to each other, and DG is equal 
to DF. Also, because CU is parallel to F6, and CF is equal 
to CF' ; therefore HO must be equal to HP. 

Hence FD+F'D is equal to 2DG+2GH or 2DH. But 
FD+PD is eaual to 2AC;. Therefore 2AC is equal to 2DH, 
or AC is equal to DH. 

Also, the angle DHK is eaual to DKH ; and hence DE, is 
equal to DH or AC. Therelore, if firom the vertex, Ac. 



PROPOSITION VUI. TltBOEKM. 

Perpendiculars drawn from the foci upon a tangent to the 
ellipse, meet the tangent in the circumference of a circhf whose 
c^ameter is the major axis. 

Let TT' be a tangent to the 
ellipse at D, and from P draw 
PE perpendiculi?Lr to T'T ; the 
point E will be in the circum- 
ference of a circle 4escribed 
upon AA' as a diameter. 

join CE, PI), F^D, and pro- 
duce F'E to mee^ FD produced 
in G. 

Then, in the two triangles 
DEP, DEG, because DE is com- 
mon to both triangles, the angles 
at E are equal, being right angles ; also, the angle EDF' is 
equal to FDT (Prop. V.), ^hich is equal to the vertical an- 
gle EDG ; therefore DP i^ equal to DG, and EF' is equal 
to EG. 

Also, because F'E is equal to EG, and F'C is equal to CF, 
CE must be parallel to FG, and, consequently, equal to half 
ofFG. 

But, since DG has been proved equal to DF^ FG is eaual 
to FD+DF^ which is equal to AA'. Hence CE is equal to 
jhalf of A A' or AC ; and a circle described with C as a cen- 
ter, and radius C A, will pass through the point E. The same 
may be proved of a perpendicular let fall upon TT' from the 
focus F. Therefore, perpendiculars, &c. 

Cor. CE is parallel to DF, and if CH be jmned, CH w^ill * 
be parallel to DF'. 
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PftOPOBITIOir IX. THEOmSK. 

2^ product of the perpendiculars from the foci upon a tMr 
gentf is equal to the square of half the minor axis* 

' Let TT' be a tangent to the 
ellipse at any point £, and let 
the perpendiculars FD, F'G be 
drawn firom the foci % then will 
the product of FD by F'G, be 
equal to the square of BC* 

On AA^ as a diameter, de- 
scribe a circle; it will pass 
through the points D and 6 
(Prop. VIII:). Join CD, and 

!roduce it to meet GF' in D'. 
^hen, because FD and F'G are perpendicular to the same 
straight line TT', they are parallel to each other, and the al- 
ternate angles CFD, CF'D' are equal Also, the vertical 
angles DCP, D'CF' are equal, and CP is equal to CF^ 
Therefore (Prop. VIL, B. I.) DF is equal to D'F, and CD is 
equal to CD' ; that is, the point D' is in the circumference 4>f 
the circle ADGA', 

Hence DFxGP is equal to D'F'xGF', which is equal to 
A'F'xF'A (Prop. XXVII., B. IV.). which is equal to BC 
(Prop. IV., Cor. 1). Therefore, the product, &c. 
Cifr. The triangles FDE, F'GE are similar ; hence 

PD:P'6::FE;F'E; 
that is, perpendiculars let fall from the foci upon a tangent^ 
are to each other as the distances of the point of contactfrom 
the foci. 




PfiOPOSITIOir X. THSOIEM. 

If a tangent and ordinate be drawn from the same point of 
an ellipse^ meeting either axis produced^ hd^ of that axis %d%U 
he a mean proportional between the distances of the two inter* 
sections from the center. 

Let TT' be a tangent to the ellipse, and D6 an ordinate 
to the major axis from the point ot contact ; then we shall 
have CT : CA : : CA : CG. 

Join DF, DF' ; then, since the exterior angle of the trian- 
gle FDF' is bisected by DT (Prop. V.), we have 
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FT : FT : : PD : FD (Prop. XVII., Sch., B. IV.). 
Hence, by Prop. VII, Cor., B. II., 

F'T+FT : FT— FT : : F'D+FD : FD— FD, 
or 2CT : FF : : 2CA : F'D— FD ; 

that is, 2CT : 2CA : : FF : FD-FD. (1) 

Again, because D6 is drawn from the vertex of the trian- 
gle FDF perpendicular to the base FF, we have (Proa 
XXXI., Cor., B. IV.), 

FF : F'D— FD : : F'D+FD : F'G— FG, 
or FF : FD-FD : : 2CA : 2CG. (2) 

Comparing proportions (1) and (2), we have 

2CT : 2CA : : 2CA : 2CG, 



or CT: CA 

It may also be proved that 

CT' : CB 
Therefore, if a tangent, &c. 



. * 



CA: CG. 
CB : C&. 



PROPOSITION XI. THEOREM. 

7%e ^ubtangent of an ellipse^ is equal to the corresptmding 
subtangent of the circk described upon its major axis* 

Let AEA' be a circle de- 
scribed on AA', the major 
axis of an ellipse ; and from 
any point K in the circle, 
draw the ordinate EG cut- ^ 
ting the ellipse in D. Draw 
DT touching the ellipse at 
D ; join ET ; then will ET 
be a tangent to the circle at E. 

Join CE. Then, by the last Proposition, 

CT:CA::CA:CG; 
or, because CA is equal to CE, 

CT : CE : : CE : CG. 
Hence the triandes CET, CGE, having the an^le at C com- 
mon, and the sides about this angle proportional, are similar. 
Therefore the angle CET, being equal to the angle CGE, is 
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a right angle ; that is, the line ET is perpendicular to the 
radius CE, and is, consequentty, a tangent to the circle (Prop. 
IX., B. III.). Hence 6T is the subtangent corresponding to 
each of the tangents DT and ET. Tberefore, tne subtan- 
gent, &c. 

Cor. A similar property may bo proved of a tangent to the 
ellipse meeting the mmor axis. 



FEOPOSITION XII. THEOREM. 



The square of either azis^ is to the square of the other^ as the 
rectangle of the abscissas of the former^ is to the square of their 
ordinate. 



Let DE be an ordinate to the 
major axis from the point D; 
then we shall have 
CA';CB':: AExEA'rDE*. 
Draw TT' a tangent to the 
ellipse at D, then, by Prop. X., jjT 

CT 2 CA : : CA : CE. 
Hence (Prop. XII., B. IL), 

CA*;CB'::CT:CE; 
and, by division (Prop. VIL, B. 
IL), CA' : CA'-CE* 

Again, by Prop. X., 



T 




B 


^n 


/^ ^ 


^ 


-^ 


V ^ 


X 



: CT ; ET. 



(1) 



CT':CB::CB:CE'orDE. 
Hence (Ptop. XII., B. II.), 

CB* : DE* : : CT' ; DE. 
But, by similar triangles, 

CT' : DE : : CT : ET ; 
therefore CB' : DE' : : CT : ET. (2) 

Comparing proportions (1) and (2), we have 

CA* : CA'-CE* : : CB* : DE\ 
But CA*-CE* is equal to AExEA' (Prop. X., B. IV.); 
hence CA* : CB* ; : AE xEA' : DE*. 

In the same manner it may bc^roved that 

CB* : CA* : : BE' xE'B' : DE". 
Therefore, the square, &c. 

Cor. 1. CA* : CB* : : CA*-CE* : DE*. 

Cor. 2. The squares of the ordinates to either axis, are to 
each other as the rectangles of their abscissas. 

Cor. Z. If a circk be described on either axis^ then any or* 
dinate in the circk^ is to the corresponding ordinate in the 
ettipse, as the axis of that ordinate, is to the other axis. 
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For, by the Proposition; 

CA* : CB* : : AE xEA' : DE". 
Bm AExEA^ is equal to OE' 
(Prop, XXIL, Con, B. IV.). 
Therefore CA' : CB* : : GE* : DE% ^ 
or CA : CB : : GE : DE. 
In the same maimer it may be 
proved that 

CB : CA : : G'E' : DE', 




, FBOPOBtTION XXIL THEOHBM, 

The latus rectum is a third proportional to the major arid 
minor axes. -g 



Let LL' be a double ordinate to 
e m 
focus 



the major axis passing through the 
F ; then we sbdl have -^ 




AA' : BB' 1 : BB' 2 LV. 
Because LF is an ordinate to the 
major axis, 

AC* : BC : : AP X FA' : LP» (Prop. XII.). 
: : BC* : LP (Prop. IV., Cor. 1). 
Hence AC : BC : : BC : LF, 

or AA' : BB' 2 : BB' : LL'. 

Therefore, the latus rectum, 6cc. 



FK0P08ITI0N XIV. T0EORftM. 

If from the vertices <^ tUH) conjugate diameters, ordinates are 
drawn to either axis^ the sum of their squares will be equal to 
the square of half the other axis. 

Let DD', EE' be any 
two conjugate diameters, 
DG and EH ordinates to 
the major axis drawn 
from their vertices ; in '^^ 
which case, CG and CH 
will be equal to the ordi- 
nates to the minor axis 
drawn from the same points ; then we shall have 

^ ^^ CA»=CG«+CH«, and CB««- DGHEH*. 

Let DT be a tangent to the ellipse at D, and ET' £1 tan- 
gent at E. Then, by Prop. X., 
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CGxCT is equal to CA't or CHxCT'; 
whence C6 ; CH : : CT' : CT ; or, by similar triangles, 

::CE :DT} that is, 
: : CH : GT. 
Hence CH*- GT xCG, 

«(CT-CG)xCG 

- CG xCT -^CG' 

- CA'-^CG' (Prop. X.) ; 
that is, CA'= CG' +CH'. 

In the pame tnaiwer it may be proved that 

C3'=IX?+EH'. 
Therefore, if from the vertices, 6cei 

Cor. 1. CH* is equal to CA*— CG*; that is, CGxGT; 
hence (Prop. XII., Cor. 1), 

CA*:CB*:iCGxGT:DG'. 
Cor. 2. CG' is equal to CA'—CH* or AHxHA'; hence 

CA* : CB* : : CG* ! EH*. 



KOrOSITION XT. TBBOBlUf. 

The sum of the squares of any two conjugc^ diameters^ is 
equal to the sum of tlie squares of the axes. 

Let DD', EE' be any two con- 
jugate diameters ; then we shall 
have 

Draw DG, EH ordinates to the 
major axis. Then, by the prece- 
ding Proposition, 

CG*+CH*=CAN 
and DG'+EH'-CB'. 

Hence CG*+DGHCHHEH'«CA*+CB\ 

or CD«+CE'-CA'+CB*; 

that is, DD''+EE'*=AA"+BB/*. 

Therefore* th6 sum of the squares, &c« 




PftOPOSITION ZTI. THEORElf* 

The paralkhgram formed by drawing tangents through the 
vertices of two conjugate diameters^ is equal to the rectangle of 
the axes. 

I, formed by drawing tav- 
pik«.t;<«As of two cpnjugAta 

AA'xBB'. 
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Let the tangent at D, meet the major axis produced in T ; 
join E'T, and draw the ordinates DG, E'H. 

Then, by Prop, XIV., Cor. 2, we have 
CA« : CB* : : CG' : E'H*, 
or CA : CB : : CG : E'H. 

But CT : CA : : CA : CG (Prop. IL) ; 

hence CT : CB ::CA : E'H, 

or C A X CB is equal to CT x E'H, 

which is equal to twice the triangle CE'T, or the parallelo- 
gram DE' ; since the triangle and parallelogram nave the 
same base CE', and are between the same parallels. 

Hence 4C A x CB or A A' x BB', is equal to 4DE^ or the 
parallelogram DED'E'. Therefore, the parallelogram, &c. 



PROPOSITION XVII. THEOREM. 



If from the vertex of any diameter^ straight lines 
to the foeif their promct is equal to the square of k 
jugate diameter » 



_.^ are drawn 

square of half the con* 



Let DD^ EE' be two conjugate 
diameters, and from D let lines 
be drawn to the foci ; then will 
FD XFD be equal to EC\ 

Draw a tangent to the ellipse 
at D, and upon it let fall the per- -^ 

BmdicularsFG, F'H; draw, also, 
K perpendicular to EE'. 
Then, because the triangles 
DFG, DLK, DF'H are similar, we have 

FD:PG::DL:DK. 
Also, FD : P'H : : DL : DK. 

Whence (Prop. XL, B. IL), 

FDxFD : FGxFH : : DL* : DK\ 
But, by Prop. XVL, ACxBC-ECxDK; 
whence AC or DL : DK : : EC : BC, 

and DL* : DK* : : EC* : BC*. 




0) 



(») 
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Coinparing_proportlons (1) and (2), we have 
FDxF'D : FGxFH iiEC: BC\ 



But PGxFH is equal to EC* (Prop. IX.); hence FDxF'D 
is equal to EC*. Tnerefore. if from the vertex, &c. 



Proposition xviii. theoeem. 

Jff'a taTigerU and ordinate he drawn from the same point of 
an ellipse to any diameter^ half of that diameter will he a mean 
proportional between the distances of the two intersections from 
the center. 

Let a tan^nt EG and an ordinate EH be drawn from the 
same point £ of an ellipse, meeting the diameter CD pro- 
duced ; then we shall have 

CG : CD : : CD : CH. 




O MKAIC X T 

Produce EG and EH to meet the major axis in K and L ; 
draw DT a tangent to the curve at the point D, and draw 
DM parallel to 5K. Also, draw the ordinates EN, DO. 
By Prop. XIV., Cor. 1, CA' : CB* : : COxOT ; DC, 

::CNxNK:EN*. 
Hence 
COxOT : CNxNK : : DO* : EN* 

: : OT* : NL*, by similar triangles. 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. 
Multiplying together proportions (1) and (2) (Prop. XL 
B. II.), and omitting the factor OT* in the antecedents, and 
NKxNL in the consequents, we have 

CO:CN::OM:NL; 



0) 
(2) 



and, by composition, CO : CN : : CM : CL. 
Also, by Prop. X., CKxCN=CA*^CTxCO; 



hence 



CO : CN : : CK : CT. 



Comparing proportions (3) and (4), we have 

CK : CM : : CT : CL. 
But CK : CM : : CG : CD, 

and CT : CL ::CD:CH; 

hence CG : CD : : CD : CH, 

Therefore, if a tangent, &c. 



(4) 
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PROPOSmOlt XIX. THBOBSM. 

7^ square of any diameter^ is to the square of its conjugate, 
as the rectangle of its abscissas, is to the square qf their or* 
dinate. 

Let DD', EE' be two conjugate ^, 
diameters, and GH an ordinate to * 
DD^ ; then 

DD'' : EE'' : : DH xHD' : Gff. 
. Dr^w TT' a tangent to the 
curve at the point G* and draw 
GK an ordinate to EE'. Then, 
by Prop. XVIII., 

CT : CD : : CD ; CH, 
and CD' : CH« : : CT : CH (Prop. XIL, B. H.) ; 

whence, by division, 

CD' : CD*-CH« : : CT : HT. (1) 

Also, by Prop. XVIIL, 

CT':CE r:CE : CK, 
and CE' : CK' : : CT' : CK or GH, 

: 2 CT : HT. (2) 

Comparing proportions (1) and (3), we have 

CD' : CE' : : CD'^CH' : CK' or GH', 
or DD" : EE" ; : DH x HD' : GH'. 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved that 
DD" : EE" : : DH X HD' : G'H' ; hence GH is equal to G'H, 
or every diameter bisects its double ordinates. 

Cor. 2. The squares of the ordinates to any diameter, are 
to ea^h other as the rectangles of their abscissas. 



PROPOSITION XX. THEOREM. 

If a cone be cut by a plane^ making an angle with the base 
Use than that made by the side of the cone, Me section is an 
ellipse. 



t 



Let ABC be a cone cut by a plane DEGHt making an an- 

le with the base, less than that made by the side of the ccme ; 

le section DeEGHA is an ellipse. 

Let ABC be a section through the axis of the cone, and 

perpendicular to the nlane D£GH. Let EMHO, emho be 

circular sections parallel to the base ; then EH, the interseo* 
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Hon of the planes DE6H, EMHO, will 
be perpenaicular to the plane ABC, 
and, conseqaently, to each of the lines 
DG, MO. So, also, th will be perpen- 
dicalar to D6 and mo. 

Now, beeause the triangles DNO, 
t)no are similar, as also the triangles 
6MN, Gmn, we have the proportions, 

NO : no : : DN : D«, 
and MN :mn:i N6 inGt. 
Hence, by Prop. XL, B. IL, 

MNx-NO : mnxno : : DNxNG : DnxnG. 
But since MO is a diameter of the circle EMHO, and EN is 
perpendicular to MO, we have (Prop. XXIL, Cor., B. IV.), 

MNx NO-EN'. 
For the same reason, mnxno^en\ 

Substituting these values of MNxNO and mnxnot in the 
preceding proportion, we have 

EN« :en*:: DNxNG : DnxnG; 
that IB, the squares of the ordinates to the diameter DG, are 
to each other as the products of the corresponding absdisas. 
Therefore the curve is an ellipse (Prop. XII., Cor. 2) whose 
major axis is DG. Hence the ellipse is called a conic sectiorif 
as mentioned on page 177. 



PROPOSmON XXI. THEOREM. 

TTie area of an ellipse is a mean proportional between the 
two circles described on Us axes. 

Let AA' be the major axis of an 
ellipse ABA'B'. On AA' as a di- 
ameter, describe a circle ; inscribe 
in the circle any regular polygon 
AEDA^ and from the vertices E, 
D, &c., of the polygon, draw per- j[ 
pendiculars to AA'. Join the 
points B, G, &c., in which these 
perpendiculars intersect the ellipse, 
and there will be inscribed in the 
ellipse a polygon of an ^qual num- 
ber of siaes. 

Now the area of the trapezoid CEDH, is equal to (CE+ 

CH 
DH) x-^p- ; and the area of the trapezoid CBGH, is equal to 
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CH 
(CB +GH) X -^ These trapezoids 

are fo each other, as CE+DH to 
CB+GH. or as AC to BC (Prop. 
XIL, Cor. 8). 

In the same manner it may \^ jL\ 
proved that each of the trapezoids 
composing the polygon inscribed in 
tiie circle, is to the corresponding 
trapezoid of the polygon inscribed 
in the ellipse, as AC to BC. Hence, 
the entire polygon inscribed in the circle, is to the polygon in- 
scribed in the ellipse, as AC to BC. 

Since this proportion is true, whatever be the number of 
sides of the polygons, it will be true when the number is in- 
definitely increased ; in which case one of the polygons coin- 
cides with the circle, and the other with the ellipse. Hence 
we have 

Arta of circle : area of ellipse : : AC ; BC. 

But the area of the circle is represented by irAC ; hence 
the area of the ellipse is equal to ttACxBC, which is a mean 
proportional between the two cu-cles described on the axes. 



HYPERBOLA. 




DefinitioM* 

1. An hyperbola is a plane curve, in which thd diflference 
of the distances of each point from two fixed points, is equal 
to a given line. 

2. The two fixed points are called the/oa. 
Thus, if P and F' are two fixed 

points, and if the point D moves 
about F in such a manner that the 
difference of its distances fix>m F and 
F^is always the same, the point D 
will describe an hyperbola, of which 
F and F' are the foci. 

If the point D' moves about F' m 
such a manner that D'P— D'F' is 
always equal to DF'— DF, the point D' will describe a sec- 
ond hyperbola similar to the first. The two curves are call- 
ed opposite hyperbolas, 

3. The center is the middle point of the straight line join- 
ing the foci. 

4. The eccentricity is the distance from the center to either 
focus. 

Thus, let F and F' be the foci of 
two opposite hyperbolas. Draw the 
line FF^ and bisect it in C. The 
point C is the center of the hyperbola, 
and CF or CF' is the eccentricity. 

5. A diameter is a straight line 
drawn through the center, and termi- 
nated by two opposite hyperbolas. 

6. The extremities of a diameter are 
called its vertices. 

Thus, through C draw any straight line DD' terminated 
by the opposite curves ; DD' is a diameter of the hyperbola; 
D and D' are its vertices. 

7. The major axis is the diameter which, when produced, 
passes through the foci; and its extremities cure called the 
principal vertices, 

8. The minor axis is a line drawn through the center per- 
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pendicular to the major axis, and terminated by the circom- 
lerence described from one of the principal vertices as a cen- 
ter, and a radius equal to the eccentricity. 

Thus, through C draw BB' perpendicular to AA^ and with 
A as a center, and with CF as a radius, describe a circum- 
ference cutting this perpendicular in B and B' ; then A A' is 
the major axis, and >BB' the minor axis. 

If on BB' as a major axis, opposite hyperbolas are de- 
scribed, having AA' as their minor axis, these hyperbolas are 
said to^ be conjugate to the former. 

9. A tangent is a straight line which meets the curve, but, 
being produced, does not cut it. 

10. An ordinate to a diameter, is a straight line drawn 
from any point of the curve to meet the diameter produced, 
parallel to the tangent at one of its vertices. 

Thus, let DD' be any diame- 
ter, and TT' a tangent to the 
hyperbola at D. From any 

e)int G of the curve draw 
KG' parallel to TT' and cut- 
ting DD' produced in K; then 
is GK an ordinate to the di- 
ameter DI>. 

It is proved, in Prop. XIX., 
Cor. 1, that 6K is equal to 
G'K ; hence the entire line G6' is called a dcmbk ordiwUe, 

11. The parts of the diameter produced, intercepted be- 
tween its vertices and an ordinate, are called its abscissas. 

Thus, DK and D'K are the abscissas of the diameter DD' 
corresponding to the ordinate GK. 

12. The parameter of a diameter, is the double ordinate 
which passes through one of the foci. 

Thus, through the focus F draw HH' parallel to the tan- 
gent TT' ; then is HH' the parameter of the diameter DD'. 

13. Two diameters are conjugate to one ano^er, when 
each is parallel to the ordinates of the other. 

Thus, draw the diameter EE' parallel to GK an ordmafe 
to the diameter DD', in which case it will, of course, be par- 
allel to the tangent TT'; then is 
the diameter EE' conjugate to DD'. 

14. The parameter of the major 
axis, is called the principal parame- 
ter, or latus rectum. 

Thus, through the focus F' draw 
LL' a double ordinate to the major 
axis, it will be the latus rectum of 
the hyperbola. 
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15. A stibiangent is that part of the nxin produced which 
is included between a tax^ent, and the ordinate drawn from the 
point of contact 

Thus, if TT' be a tangent to the curve at D, and D6 an 
ordinate to the major axis, then GT is the corresponding 
subtangent. 



PBOPOBITION I. FKOBLEM. 

To describe an hyperbola. 

Let F and P' be any two fixed 
points. Take a ruler longer than 
the distance FF^ and fasten one 
of its extremities at the point F'. 
Take • a thread shorter than the 
ruler, and fasten one end of it at 
F, and the other to the end H of the 
ruler. Then move the ruler HDF' 
about the point F^ while the thread is kept constantly stretched 
by a pencil pressed against the ruler ; the curve described by 
the point of the pencil, will be a portion of an hyperbola* 
For, in every position of the ruler, the difference of the lines 
DF, DF' will be the same, viz., the difference between the 
length of the ruler and the length of the string. 

If the ruler be turned, and move on the other side of the 
point F, the other part of the same hyperbola may be de- 
scribed. Also, if one end of the ruler be fixed in F, and that 
of the thread in F^ the opposite hyperbola may be described. 



PR<»0SITION II. THEORBlt. 

The difference of the two lines drawn from any point of an 
hyperbola to thefoci^ is eqtial to the major axis* 

Let F and F' be the foci of two 
opposite hyperbolas, AA' the major 
axis, and D any point of the curve ; 
then will DF'-DF be equal to A A'. 

For, by Def. 1, the difiference of the 
distances of any point of the curve 
from the foci, is equal to a given line. 
Now when the point D arrives at A, 
F'A-FA, or AA'+F'A'—FA, is equal to the given 
And when D is at A^ FA'-F'A', or AA'+AP— A'F, is 
equal to the same line. Hence 
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AA'+AF-A'P'-AA'+F'A'-FA, 
or 2AF=2A'F'; 

that is, AP is equal to A«F'. 

Hence DF'— DF, which is equal to AF'— AP, must be 
equal to A A'. Therefore, the difference of the two lines, &c- 

Cor. The major axis is bisected in the center. For, by 
Def. 3, CF is equal to CF' ; and we have just proved that 
AP is equal to A'F' ; therefore AC is equal to AC 



PROPOSITION III. THEOREM. 

Every diameter is bisected in the center. 

Let D be any point of an hyper- 
bola ; join DP, DF, and FP'. Com- 
plete the parallelogram DPD'F^ and 
join DD'. 

Now, because the opposite sides of 
a parallelogram are eaual, the differ- 
ence between DP ana DP' is equal 
to the diflferetice between D'P and 
lyP' ; hence D' is a point in the opposite hyperbola. But 
the diagonals of a parallelogram bisect each other ; there- 
fore PF' is bisected in C ; that is, C is the center of the hy- 
perbola, and DD' is a diameter bisected in C. Therefore, 
every diameter, &c. 




PROPOSITION IV. THEOREM. 

Balf the minor axis is a mean proportional between the diS' 
tancesfrom either focus to the principal vertices. 

Let F and F' be the foci of opposite 
hyperbolas, AA' the major axis, and BB' 
the minor axis ; then will BC be a mean 
proportional between AP and A'P. 

Join AB. Now BC* is equal to AB*— 
AC*, which is equal to PC'— AC* (Def. 
8). Hence (Prop. X., B. IV.), 

BC*«(PC-AC) X(PC+AC) 
-AFxA'F; 
and hence AP : BC : : BC : A'P. 

Cor. The" square of the eccentricity is equal to the sum of the 
squares of the semi-axes. 

For PC* is equat to AB* (Def. 8), which is equal to AC*+ 
BC*. 
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PROPOSITION y. TfiEOBBM. 

A tangent to the hyperbola iiseds the angle contained by 
lines drawn from the point of contact to the foci. 

Let F, F' be the foci of two 
opposite hyperbolas, and , D any 
point of the curve ; if through the 
point D, the line TT' be drawn 
oisecting the angle FDF'; then 
will TTf be a tangent to the hy- 
perbola at D. 

For if TT' be not a tangent, let 
it meet the curve in some other 

B>int, as E. Take D6 equal to 
F ; and join EF, EF\ EG, and FG. 

Now, in the two triangles DFH, DGH, because DF is 
equal to DG, DH is common to both triangles, and the angle 
FDH is, by supposition, equal to GDH; therefore HP ia 
equal to H6, and the angle DHF is equal to the angle DHG. 
Hence* the line TT/ is perpendicular to FG at its middle 
point ; and, therefore, EF is equal to EG. 

Now F'G is equal to F'D—DF, or F'E-EF, from the 
nature of the hyperbola. But F'E— EG is less than F'G 
(Prop. VIII., B. I.) ; it is, therefore, less than F'E— EF. 
Consequently, EG is greater than EF, which is impossible, 
for we have just proved EG equal to EF. Thereiore E is 
not a point of the curve ; and TT' can not meet the curve in 
any other point than D; hence it is a tangent to the curve 
at the point D. Therefore, a tangent to the hyperbola, &c. 

Cor. I. The tangents at the vertices of the axes, are per- 
pendicular to the axes ; and hence an ordinate to either axis 
IS perpendicular to that axis. 

Cor. 2. If TT' represent a plane mirror, a ray of light 
proceeding from F in the direction FD, would be reflected in 
a line which, if produced, would pass through FS making the 
angb of reflection equal to the angle of incidence. And, 
sin^^e the hvperbola may be regarded as coinciding with a 
tangent at tne point of contact, if rays of light proceed from 
one focus of a concave hyperbolic mirror, they will be re- 
/flected in lines diverging from the other focus. For this 
' reason, the points F, F' are called the /oci* 
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PROPOSITION VI. T0BORSM* 

Tangents to the hyperhela at tks verticei €f a dtameUTf are 
parallel to each ether. 

Let DD' be any diameter of an 
hyperbola, and TT', VV tangents 
to the curve at the points D, D'; 
then will they be parallel to each 
other. 

Join DF, DP% D'P, D'F'. Then, 
by Prop. III., FDP'D' is a paral- 
lelogram; and, since the opposite 
angles of a parallelogram are equal, 
the angle FDP' is equal to PD'P^ 
But the tangents TT^ W bisect the angles at D and D' 
(Prop, y.) ; hence the angle F'DT^ or its alternate angle 
FT^D, is equal to FD^V. But FT'D is the exterior angle op- 
posite to FD'V ; hence TT' is parallel to YY^ Therefore^ 
tangents, &c. 

Cor. If tangents are drawn through the vertices of any 
two diameters, they will form a paralfelogram. 




PBOPOSmON VII. TBEOSBM. 

If through the vertex of any diameter, straight lines are 
drawn from the focij meeting tne conjugate diameter, the pari 
intercepted by tiie conjugate is equal to ha^ of the metfor axis. 

Let E£' be a diameter conjugate to 
DD', and let the lines DF, DP' be 
drawn, and produced, if necessary, so 
as to meet EE' in H and K ; then wiU 
DH or DK he equal to AC. 

Draw F'G parallel to EE' or TT', 
meeting FD produced in 6. Then the 
angle D6F' is equal to the exterior ^i 
angle FDT' ; and the angle DF'G is ' 
oqual to the alternate angle F'DT^ 
But the andes FDT', F'DT' are equal 
to each other (Prop. Y.) ; hence the 
angles DGP\ DFG are equal to each other, and DG is equal 
to DF^ Also, because CiL is parallel to F'G, and CF b equal 
to CF' ; therefore FK must be equal to KG. 
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Hence PD-FD is equal to GD— PD or GF-2DP; dmi 
is, 2KF— 3DF or 2DK. But FD— FD is equal to 2 AG. 
Therefore 2AC is equal to 2DK, or AG is equal to DK. 

Also, the angle DHK is equal to DKH ; and hence DH ii 
equal to DK or AC. Therefore, if through the vertex, dec. 



PlM)P08!TIOII VIIIv THBOftBM. 

Perpendiculars drawn from the foci upon a tangent to the 
hyperbola^ meet the tangent in the circumference of a circle 
tbioae diameter is the major axis. 

Let TT' be a tangent to the hyper- 
bola at D, and from F draw FE per- 
pendicular to TT' ; the point E will 
De m the circumference of a circle de- 
scribed upon AA' as a diameter. 

Join CE, FD, F'D, and produce FE r< 
to meet F'D in G. 

Then, in the two triangles DEF, 
DEG, because DE is common to both 
triangles, the angles at E are equal, be- 
ing right angles ; also, the angle EDF is equal to EDG 
(Prop. V.) ; therefore DP is equal to DG, and EP to EG- 

Also, because FE is equal to EG, and OF is equal to CP^ 
CE must be parallel to F'G, and, consequently, equal to half 
ofP'G. 

But, since DG has been proved equal to DP, P'G is equal 
to F'D— FD, which is equal to AA'. Hence CE is equal to 
half of AA' or AC ; and a circle described with C as a ceil*' 
ter, and radius CA, will pass through the point E. The same 
may be proved of a perpendicular let fall upon TT' from the 
focus F^ Therefore, perpendiculars, &c. 



PROPOSITION IX. THSOREM. 

The product of Ifie perpendiculars from the foci upon a tan^ 
gentf is equal to the square of half the minor axis. 

Let TT' be a tangent to the hyperbola at any point E^ 
and let the perpendiculars PD, P'G oe drawn from the foci ; 
then will the product of FD by F^G, be eqwit to the square 
ofBC. 

On AA' as a diameter, describe a circle ; it will pass 
through the points D and G (Prop. VIIL). Join CD, and 
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Coduce it to meet 6F' in IV. Then, 
cause FO and F'6 are perpendicu* 
*lar to the iiame straight line TT\ thev 
are parallel to each other, and the al- 
ternate angles CFD, CFD' are equal. 
Also, the yertical angles DCF, D'CF' i< 
are equal, and CF is equal to CF'. 
Therefore (Prop. VIL, B. L), DF is 
equal to D'F', and CD is equal to CD' ; 
tluat is, the point D' is in the circum- 
ference of the circle ADA'G. 

Hence DFxGF' is equal to D'F'xGF', ^hicb is equal to 
A'F'xFA (Prop. XXVIIL, Cor. 2, B. IV.), which is equal 
to BC* (Prop. IV.). Therefore, the product, &c. 
. Cor. The triangles FDE, F'GE are similar ; hence 

FD : F'G : : FE : FE ; 
that is, perpendiculars let fall from the foci upon a tangent^ are 
to each other as the distances of the point of contact from the 
foci. 




PROPOSITION X. TH80BSM. 

If a tangent and ordinate he drawn from the same point of 
an hyperbola^ meeting either axis produced^ half of that axis 
will be a mean proportional between the distances of the two in- 
tersections from the center. 

Let DTT' be a tangent to the 
hyperbola, and DG an ordinate to 
the major axis from the point of 
contact ; then we shall have 
CT : CA : : CA : CG. 
Join DF, DF ; then, since the ^- 
angle FDF' is bisected by DT 
(Prop, v.), we have 

F'T : FT : : FO) : FD 

gVop. XVIL, B. IV.). 
ence, by Prop. VII., Cor., B. II., 

FT— FT : F'T+FT : : FD-FD : F'D+FD, 
or 2CT : F'F : : 2CA : F'D+FD ; 

that is, 2CT : 8CA : : F'P : FD+FD. (1) 

Again, because DG is drawn from the vertex of the trian- 
gle PDF' perpendicular to the base FF' produced, we have 
(Prop. XXXI., Cor., B. IV.), 

FF : FD+FD : : FD-FD : FG+FG, 
or FF : FD+FD : : 2CA : 2CG. (2) 




STJCftBOLA. 

Comparing proportions (1) and (2), we hatre 

2CT : 2CA : : 2CA : 2CG, 
or CT : CA : 2 CA : CG. 

It may also be proved that 

CT^ : CB : 2 CB : CG'. 
Therefore, if a tangent, &c. 
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upon iis maJ9r aeu^ 




Let AEA' be a circle described on 
A A' the major axis of an hyperbola ; 
and from any point E in the circle, 
draw the ordinate ET. Through T 
draw the line DT touching the hyper- 
bola in D, and from the point of con- 
toct draw the ordinate DG. Join GE ; 
then will GE be a tangent to the cir- 
cle at E. 
• Join CE. Then, by the last Proposition, 

CT:CA22CA2CG; 
or, because CA is equal to CE, 

CT 2 CE : 2 CE 2 CG. 

Hence the triangles CET, CGE having the angle at C 
common, and the sides about this angle proportional, are simi- 
lar. Therefore the angle CEG, oeing equal to the angfe 
CTE, is a right angle ; that is, the line GE is perpendicular 
to the radius CE, and is, consequently, a tangent to the chr- 
cle (Prop. IX., B. III.). Hence GT is the subtangent cor- 
responding to each of the tangents DT and EG. Therefore, 
the subtangent, &c. 



raopoarrioK ^oii. TflHOauf. 

The square cf either axis^ is to the square of the other^ as the 
rectangle of the abscissas of ike former^ is to we Square of their 
ordinate4 

Let DE be an ordinate to the miyor axis from the point 
D ; then we shall have 

CA*2CB*22 AExEA'2DE*. 

Draw DTT' a tangent to the hyperbola at D ; then, by 
Prop.X^ CT2CA::CA;CE, 
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Hence (Prop. XII., B. 11.) 

CA':CE«::CT!CE; 
and, by divifiion (Prop. YIL, B. H.), 

CA' : CE'-CA* : : CT : ET. (1) 
Again, by Prop. X., 

CT' : CB : : CB : CE' or DE* 
Hence (Prop. XII., B. II.), 

CB» : DE* : : CT' : DE. 
But, by similar triaoglet, 

CT' : DE : : CT : 
therefore CB« : DE' s : CT : 

Comparing proportions (1) and (d), we have 

CA« : CE*— CA* : : CB* : DE\ 
But CE'--CA* is equal to AE xEA^ (Prop. X., B, IV,) ; hence 

CA*:CB»:: AExEAMDE*. 
lb the same manner it may proved that 

CB* : CA* : : BE' XE'B': D'E"* 
Therefore* the square, dec. 
Cor. 1. CA* : CB' : ! CE*^GA* : DE'. 
Cor. 3. The squares of the ordinates to either axis, are to 
each other as the rectangles of their abscissae. 

Cor. 3. If a circle be described on 
the major axis, then any tangent to 
the circle, is to the corresponding or- 
dinate in the hyperbola, as the major 
axis is to the minor axis. 
For, by the Proposition, 
CA*;CB'::ABxBA':DE*. 
But AExEA' is equal to GB* (Prop. 
XXVIIL, B. lY.). ^ 

Therefore CA* : CB* : : GE* : DE', 

or CA : CB : r 6E : DE. 




PBOFOSITION XIII. THEOREM. 



7^6 lotus rectum is a third proportional to the major and 
minor axes. 



Let LL' be a double ordinate to 
the major axis passing through the 
focus F ; then we shall have 

AA' J BB' : : BB' : LL'. 
Because LF is an ordinate to the ma* 
jor axis, 

AC':BC*::AFxPA':LP(Prep.XII.) 
::BC* : LP (Prop, IV.) 
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Hence 
or 



AC : BC : : BC : LR 
AA' : BB' : : BB' : LL'. 



Therefore, the latua rectum, &c 




pROPoemoir xiv. tbsorbm; 

If from the vertices of two coigttgate diameterSf ordinates are 
drawn to either axis^ the difference of their squares wiU be 
eqnai to the square of half the other axis. . 

Let DD^ EE' be any two conju- 
gate diameters, D6 and EH ordinates 
to the major axis drawn from their 
vertices, in which ease, C6 and CH 
will be equal to the ordinates to the 
minor axis drawn from the same 
points ; then we shall have 
CA»«CG«-CH%and CB'«EH*-DG'. 
Let DT be a tangent to the curve at 
D, and ET' a tangent at E. Then, by Prop. X., 

CG X CT is equal to C A*, or CH X CT' ; 
whence 

CT' : CT ; or, by similar triangles, 
CB : DT ; that is, 
CH : GT. 
Hence CH'-GTxCG 

=-(CG— CT)xCG 
«.CG»*-.CGxCT 

-CG»-CA*(Prap;X-); 
that is CA**-CG'-^CHV 

In the same manner it may be proved that 

CB*«EH*-DG'. 
Therefore, if from the vertices, 4&c. 

Cor. I. CH'is equal to QG'-CA»; thati8,CGxGT; hence 
(Prop. XII., Cor. 1), 

CA':CB':;CGxGT:DG\ 
Cor. 2. By Prop. XIL, 

CB* : CA' : : EH'— CB« : CH\ 
By composition, 

CB' : CA' : : EH' 2 CA'+CH' or CG'. 
Hence CA' : CB' : : CG' : EH'. 
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OOVfO SBOTIClirS. 



PROPOSITION XT, TBBOBEM. 

The difference of the squares of any two conjugate diameters^ 
is equal to the difference of the squares of the axes. 

Let DD', BE' be iiny two conju- 
gate diameters ; then we shall have 

Draw D69 EH ordinates to the ma- 
jor axis. Then, by the preceding 
Proposition, 

CG*-CH*«CA\ 
and Eff— DG*«CB\ 

Hence CG'+DG'-CH*— EH*-CA*-CB% 
or CD'-CE'-CA*-CB^ 

that is, DD'*-.EE''= AA'*-^BB'"; 

Therefore, the difference of the squares, d&c. 




PROPOSITION XVI. THEOREM. 

The paraUelogram formed by drawing tangents through the 
vertices of two conjugate diameters^ is equal to the rectangk of 
the axes. 

Let DED'E' be a parallelogram, 
formed by drawing tangents to the 
conjugate hyperbolas mrough the 
vertices of two conjugate diame- 
ters DD^ EE' ; its area is equal to 
AA'XBB'. 

Let the tangent at D meet the 
major axis in T ; join £T, and draw 
the ordinates DG, EH. 

Then, by Prop. XIV., Cor. % we have 
CA* : CB* : : CG* : EH*, 
or CA : CB : : C6 : EH. 

But CT : CA : : CA : CG (Prop. X.) ; 

hence CT : CB : : CA : EH, 

or C A X CB is equal to CT x EH, 

which is equal to twice the triangle CTE, or the parallelo- 
gram DE; since the triangle and parallelogram have the 
same base CE, and are between the Same parallels. 

Hence 4CAxCB or AA'xBB' is equal to 4DE, or the 
parallelogram DED'E'. Therefore, the parallelogram, &c. 




BrriKBOLA. 



rRo?OBiTtoir XVII. tbeobbh. 

If from the vertex of aftjr diameter, strtnght lines are drawn 
to me foci, their prodvcl is equal to the square of half the eojt- 
jugate diameter. , 

Let DD', EB' be two conjugate 
diameters, and from D let lines 
be drawn to the foci ; thea will 
FDxF'DbeequaitoEC". 

Draw a tangent to ibe hyper- 
bola at D, and upon it let faU the 
perpendiculars FG, F'H ; draw, 
also, DK perpendicular to E£'. 

Then, because the triangles 
DFG, DLK, DF'H are similar, 
we have 

FD:FG::DL:DK. 
Also, P'D : F'H : : DL : DK. 

Whence (Prop. XI., B. II.), 

FDxF'D : FGxF'H : :DL' :DK'. (1) 

But, by Prop. XVL, AC x BC = EC x DK ; 
wheoce AC or DL : DK : : EC : BC, 

and DL' : DK' : : EC : BC'. (8) 

Comparing proportions (1) and (3), we have 
FD X F'D : FG X F'H : : EC : BC. 
But FGxF'H is equal to BC (Prop. IX.); hence FDxFD 
is equal to EC. Therefore, if from the vertex, &c 



piopoemoif xviir. tbeobbh. 

If a tangent and ordinate be drawn from the same point of 
an hyperbola to any diameter, half of that diameter will be a 
mean proportional between the distances of the two intersections 
from the center. 

Let ft tangent EG and an ordinate EH be drawn from the 
same point E of an hyperbola, meeting the diameter CD 
produced ; then we shall have 

CG : CD : : CD : CH. 
Produce GE and HE to meet the major axis in K and Lj 
draw DT a Ungent to the curve nt the point D, and draw 
DM parallel to GK. Also, draw the ordinates EN, DO. 
By Prop. XIV., Cor. 1, CA" : CB" : : COxOT : DO', 
::CNxNK:EN'. 
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Hence 

COxOT : CNxNK : ; DO* : EN* 

:: OT* : NL% by similar triangles- (1) 
Also, by similar triangles, OT : NL : : DO : EN 

: : OM : NK. (2) 

Multiplying together proportions ^1) and (2) (Plrop. XI., 
B. II.), and omitting the factor OT* in the antecedents* and 
NK X NL in the oonsequeiits, we have 

CO;CN::OM:NL; 
and, by division, CO : CN : : CM : CL. (^ 

Abo, by Prop. X., CKxCN=CA*=«CTxCO; 
hence CO : CN : : CK : CT, (4) 

Comparing proportions (3) and (4), we have 

CK : CM : : CT : CL. 
But CK : CM : : CG : CD, 

and CT:CL ::CD:CH; 

hence CG :CD::CD;CH. 

Therefore> if a tangent^ &c. 



PKOPOSITION XIX. THBOREM. 

T%e square of any diameter, is to the square of its ctmjugate^ 
as the rectangle of its abscissas , is to the square of their ordinate. 

Let DD', EE' be two conju- 
gate diameters, and GH an or- 
dinate to t)IV ; then 
DD'* : EE'* : : DH X Hiy : GH*. 

Draw GTT' a tangent to the 
curve at the pomt G, and draw 
OK an ordinate to EB^ Then, 
by Prop. XVIII., 

CT : CD : : CD : CH, 
and CD* : CH* : : CT 2 CH 
(Prop. XIL, B. IL), 




^eDee, by diviiion, CI> -. CH' - CD' : : CT : 'HT. (I) 
Also, by Prop. XVIII., CT' : CE : : CE : CK, 
and CE' : CK" : : CT' : CK or GH. 

:;CT :HT. (9) 

Comp&riDK propOTtioos (1) and (2), we hare 

CD* : CE' : : CH'~CD« : OK' or GH*. 
or Diy : EE" : : DH xHD' : GH'. 

Therefore, the square, &c. 

Cor. 1. In the same manner it may be proved that DD" : 
EE'' : : DH xHD' : G'H" j hence GH is equal to G'H, or 
every diameter bisects its double ordinates. 

Cor. S. The squares of the ordinates to any diameter, are 
to each other as the rectangles of their abscissas. 



rROPOBITION XX. THBOaalL 

If a cone be cut by a phne, not passing through the vertex, 
ana making an angle vnth the hate greater than that made by 
fAe aide of the cone, the section is an hyperbola. 

Let ABC be a cone out by a plane 
DGH, not passing through the vertex, 
and making an angle with the base 
greater than that made by the side of 
Uie cone, the section DHG is an hyper- 
bola. 

Let ABC be a section through the axis 
of the eone, and perpendicular to the 
plane HDG. Let becd be a section 
made by a plane parallel to the base of 
the cone; then DE, the intersection of 
the planes HDG, BGCD, will be perpen- 
dicular to the plfine ABC, and, consequently, to each of the 
lines BC, HE. So, also, de will be perpendicular to he and 
HE. l<et AB and HE be produced to meet in L. 

Now, because the triangles LBE, Ute are similar, as also 
the triansles HEC, Hec, we have the proportions 
BE : to : : EL : cL 
EC : ec : : HE : H& 
Hence, by Prop. XL, B. H, 

BBxEC:ieXec:: HExELtHeXeL. 
But, since BC is a diameter of the circle BGCD, and DE la 
perpendicular to BC, we have (Prop. XXIL. Cor., B. IV.). 
BExEC-DE". 

For ^ same reasos. 



dSO COKIC BWCTWKB. 

Substituting* these values of BE X EC and ieXec, in the pfe* 
ceding proportion, we have 

DE* : &• : : HExEL : Hfix^L ; 
that is, the squares of the ordinates to the diameter HE, are 
to each other as the products of the corresponding abscissas. 
Therefore the curve is an hyperbola (Prop. XU., Cor. 2) 
whose major axis is LH. Hence the hyperbda is called a 
conic section^ as mentioned on page 177« 



OP THE ASYMPTOTE& 

Definition. — An asymptote of an hyperbola is a straight 
line drawn through the center, which approaches nearer the 
curve, the fiirther it is produced, but being extended ever so 
far, can never meet the curve. . 



pROPosirroN xzi, thbosbjh^ 

Jf tangents to four conjugate hyperbolas be drawn through 
the vertices of the azes^ the diagonals of the rectangle so formed 
are asymptotes to the curves. 

Let AA^ BB' be the axes of 
four conjugate hyperbolas, and 
through the vertices A, A^ B, 
B^ let tangents to the curve be 
drawn, and let CE, CE' be the 
diagonals of the rectangle thus 
formed ; CE and CE' wHl be 
asymptotes to the curves. 

From any point D of one of the 
corves, draw the ordinate DO, 
and produce it to meet CE in H. 
Then, from similar triangles, we shall have 
CG* : GH* : 2 CA« : AE* or CB% 

: : CXJ*-CA» : DG* (Prop. XII., Cor. 1). 

Now, according as the ordinate DG is drawn at a greater 
distance from the vertex, CG* increases in Comparison with 
CA"; that is, the ratio of CG* to CG'— CA* continually ap- 

E roaches to a ratio of equality. But however much CG may 
e increased, CG'— CA* can never become equal to CG*; 
hence DG can never become equal to HG, but approaches 
continually nearer to an equality with it, the further we re- 
cede from the vertex. Hence CH is an asymptote of the 
hyperbola ; since it is a line^ drawn through the center, which 
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approaches nearer the curve, the further it is produced, but 
bemg extended ever so far, can never meet the curve. 

In the same manner it may be proved that CH is an 
asymptote of the conjugate hyperbola. 

Cor. I. The two asymptotes make equiJ an^es with the 
major axis, and also with the minor axis. 

Cor. 2. The line AB joining the vertices of the two axes, is 
bisected by one asymptote, and is parallel to the other. 

Cor. 3. All lines perpendicular to either axis, and lermi- 
nated by the asymptotes, are bisected by th&t axis 



raoPOsmoH zxii. tbeokkm. 

^ an orditutU to either axis be produced to meet the atymp' 
totes, the rectangle of the segments into which it is divided oy 
the curve, mil be equal lo the square of half the other axis. 

Let DG be an ordinate to the 
major axis, and let it be produced 
to meet the asvmptotes m H and 
H' ; then will the rectangle HD X 
DH' be equal to BC'. 
For. by Prop. XII., Cor. 1, 
CA' : AE' : : CG'-CA" : DG' ; 
or, by similar, triangles, 

: : CG* : GH'. 
HeDce 

CG* : GH* : : CG'-CA* : DG', 
and, by division, 

CG' : GH' : : CA* : GH*-DG', or as CA' : AE'. 
Since the antecedents of this proportion are equal to each 
other, the consequents must-be equal ; that is, 

AE' or BC* is equal to GH'— DG' ; 
which is equal to HD X DH'. 

So, also, it may be proved that 

CA'=D'KXD'L. 
Cor. HDxDH'=BC'-KMxMK'; that is, if ordinatea to 
the major axis be produced to meet the asymptotes, the rect- 
angles of the segments into which these lines are divided by 
the curve, are equal to each other. 



9BKI 



come stonoifB. 



PftOFOSITION XXItr. TBEOBBIff* 

Alt the paraUehgrams farmed hv drawing Unci from any 
point of an hyperbola parallel to the asymptotes^ are equal to 
each other. 

Let CH, CH' be the aflymptofes 
of an hyperbola ; let the lines AK, 
DL be drawn parallel to CH\ and 
the lines AK^ DL' parallel to CH ; 
then will the parallelogram CLDL' 
be equal to the parallelogram 
CKAK.'. 

Through the points A and D C 
draw EE', HH', perpendicular to 
the major axis ; then, because the 
triangles AEK, DHL are similar, 
as also the triangles AE'K', DH'L', 
we have the proportions 

AK : AE : : DL : DH. 
Also, AK' : AE' ; : DL' : DH'. 
Hence (Prop. XL, B. II.), 

AKxAK' : AExAE' : : DLxDL' : DHxDfl'. 
But, by Prop. XXII*, the consequents of this proportion are 
equal to eacn other ; hence 

AK X AK^ is equal to DL X DL'. 

But the parallelograms CA, CD being equiangular, are as 
the rectangles of the sides which contain the equal angles 
(Prop. XXIIL, Cor. 2, B. IV.) ; hence the parallelogram CD 
it equal to the parallelogram CA. 

Cor. Because the area of the rectangle DL x DL' is con<* 
stant, DL varies inversely as DL' ; that is, as DL' increases, 
, DL diminish^is ; hence the asymptote continually approaches 
the curve, but never meets it. The asymptote CH may, 
therefore, be considered as a tangent to the curve at a point 
infimtdy dktaot from C. 




NOTES. 




FAm9, ly. m.— For «h« nkeof brerily, the wend <nm u ofton wed to da*- 
igDftte a itim^t line. 

P. 19, jf«. U.— Tbif axiora» when applied to geometrioal magnitiidef, nniit be 
widentood to refer limply to equality of areuL It is not dengned to aneit tfa^ 
when eqnal trianglef axe uiited to equal triangjles, the reeolting "fisoree wiH 
admit of ooiiicideiioe by MwerpofitioQ. 

F. 32, Prop. XXVUl ^When this propotttion i« applied 

to polygons which have re-etU9ring angles, eaon of th^ an- 
gles is to be regarded as greater tmui two right angles. But, 
in order to avoid ambiguty, we shall oovfine our raasoning 
to polygons which have only gaUmt angles, and which may 
be caUed eomvtx polvgoiu, Bveiy eonves polygon is ancfa, 
that a straight line, however drawn, can not meet the po* 
ximefesr of the polyjinn in more than two pointo. 

F. 9i^ Car. S.*— Tbis corollary sapposet that all the tides of the polygon ntb 
ptodnoed on t ward in the mme diftetio%, 

F. 53, Props. XIL and XIII.— It will be peroeived that the relatiTe sitactei 
of two circles may present five cases. 

1st. When the distanoe between their eentets is greater than the sclm of their 
Cidii, there can be neither contact nor intersection. 

Sd. When the distanoe between their cenieKB it eqwd to the "torn of their 
ladii, there is an exteraal oontaot. 

3d. When the diatanee between their centers it less than the mm of their 
radii, bat greater than their diflbrence, there is an intersection. 

4th. When the distance between their centers is eqmd to die difierenoe of 
their radii, there ia an intenal contact 

5^ When the distance between their centers it lets dian the diflerence of 
their radii, there can be neither contact nor intenectioiL- 

P. 55, Car. 1.— An angle inscribed in a segment is the angle contained by two 
straight lines drawn 6rom any point in the cironmference of the segment to die 
extremities oC the chord, which is the base of the segment. 

P. 63, Prop. VIII. — Bvery right-angled parallelognm, or redamgUf is said toba 
contained by any two of the straight hoes which are about one of me right anodes. 

P. 70, Sekaiium, — By the segments of a line we nndentand the portions mto 
which the line is divided at a given point. So, also, hj the segments of a luM 
prodooed to a given point, we are to understand the distances between the gir- 
en point and toe extremities of the line. 




to that either of thete concCtions is sufficient to determine the similarity of two 
triangles. This is not true of figures having more than three sides; for with re* 

rt to those of only four sides, or quadrilaterals, we may 
'the proportion of the sides without changina tho- 
angles, or chance the angles witfaont altering mo ndet; 
thus, because ue angles are equal, it does not fbNow 
that the sides are proportieoal, or the converter It is 
evident, for exampla^ that by drawing EF paftUel Co 
BC, the angles of the quadrilateral AKFD are equal to 
those of the quadrilateral ABCD, bat die proportion of 
the sides is diffefent. Also, without changing the four f- 
tldes AB, BO, CD, DA, we can make the pomt A ip- "^ 
proach 0, or recede bam it, which would change the v>fslet. 

These two propositions, Which, properly speaking, form but one, together 
with Prop. XL, are the most important and the most fruitful in results of any jq 
Geometrr. They are almost snmcient of themselves for all subsequent appHt^ 
dons, and for the resolution of every problem. The reason is, that ^ figoret 




m^ k diiidad into triaulea, and anv triangle into two right^ngled tnaaglM 
Thai, the general propeniei or Iriangfei inTolvB tboH of all rectilineal figure*. 
Page 113, Prop. 11. — In thi* and tte bUowivg propondom, the planei ipoken 



of are mppoaed Co be of indefinite extant. 




two rigbt angles. Far if the aide AB u teH I 
a asmtciniDinfcreQce, a* alw AC, botb of tliea« 
area muat be prodoced, in order to meet in D. 
Now the two BDglea ABC, DBC, taken together, 
are eoual to two right aoglei; (herefurethe angle 
ABO w b; itielf leH Ihu two right angles. 

It ihoald, bowoTer, be remarked that thran 
are (pberical triimElea, of which certain side* are 
greater than a tHnDKircumfeieaGe, and cerUun an- 
gles greater tlian two right wiglea. For if wa 
pnidace the side AC w as to fbnn an enlJro cii- 
aaaSereace, ACPE, the part which ronuina, afl«r ™ 

taking from Aie surface of tbe hemisphera the triangis ABC, is a nvw trialigle, 
which Duty also be designated b^ ABC, and the ndt» of whioh we AB, SO, 
COEA. Here we see lEat tbe side CDEA i* greater than the aamicircnnifap- 
eooe DEA, and at tbe aame time the oppoaite anf^ ABC exceeds two right 
aaales b; the qoanti^ CBD. 

TiiiHigle* whoae ndea and noglee are *o large have been azoloded by the 
deCnitioD, because their solnlton alwav* reduces itself to that of triangles em> 
braced in the definition. Tbus, if we know the sides and angle* of tbe trioagla 
ABC, we shall know hmnsdratelf lbs sides and angles of Uie triangle of Uw 
aame naoH, which is the remsinder of the suriiuie of the hemiiphere. 

P. 178. — The itiHaiigail ia so called because it is below the tangent, being 
Btnitnd by the laiigeat and ordinate to the point of contact. Tbe niiiunnai ia 
ao called becoaae it is below the normal, being limited by the oomal and ordi- 
nate. The lubtangeot and soboormal may bo regarded as tbe projections of tbe 
tangent aud Domuu upon a diameter. 



P. 17B, Prop. I.— B]r the method here indicated a 

nbola may be described with a coatinnaus motian. 
■7, however, be described b; points as follows: 
In die axia produced take VA equal to VF,the focal 
distance, and draw aaj namber of lines, 6B, B'B' 
etc., perpendicular to the axis AD; than, with the 
distances AO, AC, AC", etc., aa radii, and the focus 
F aa a cenlar, describe arcs intersecting the perpen- 
" , B', etc. Then, with a steady hand, 
e through all the points B, B', B", etc. 



diculara in E 



F. 179, Prop, n.— It may be tfaotigbt that if tho 
fSiot D can not lie as the corre, it may fall wilkn 
It, as is represented In . the aimexed tignre. Thia 
mtj be proved to be impossible, as follows : 

Let the line DE, peipendicnlai to the ditvotriK, 
meet the cnrre in Q, and join FG. Now, irr Prop. 
VUI.,B.L, 

FG+OD>FD. 
Hence FQ>FD^«D, 

>ED-OD. 
Oat ia, FG ii greiter than £0, wUch i« contnir to 
IV. L 




N0T£8. 
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Page 163, Prop. VIII.— *Ab no attempt 10 her^ made to compare fifforeaby aa- 
oerpodtioD, the eqoality apoken of is only to be undenBtood as implying equal 
ateas. Thron^boat the remainder of thia treatiae the word equal is employed 
instead of equvalent. 

P. 185, Prop. XL— The conclusion that DVG is a parabola would not be 
legitimate, onlesa it waa proyed that the property that ** the squares of the ordi- 
natea are to each other as the correspondmg abscissas" q 

is peculiar to the parabola. That such is tne case, ap- 
pears from the fact that, when the axis and one point 
of a parabola are given, this properW will determine 
the position of every other point. Thus, let VE be 
the axis of a parabola, and f any point of the curve, 
firom which draw the ordinate ge. Take any othor 
poipl in the axis, as E, and make GE of such a length '^ 
that V« : VB : : ge^ : GE«. 

Sinc^. the first diree terms of this prc^rtion are given, the fourth is de- 
termined, and the same proportion will determine any number of points oT the 
curve. 

A similar remaii: is applicable to Prop. XX. of the Ellipse and Hyperbola. 

P. 196, Prop. X.— It may be proved that CT' : GB : : CB : CG' in the follow, 
ing manner. Draw BH perpendic- «p/ 

nlar to TT', and it will bisect the 
ansle FDF'. B 

Hence 

F'H : BF : : F'D : DF, 
: : F'T : FT. 
Ti^refore, Prop. VII., Cor, B. IJ., ^| 

2CF : 2CH : : 2CT : 2aF. 
Whence CTxCH=CF». 
But we have proved that 
CTXCG=0A». 
Hence CTxGH=:CA«— CF«=:OB«. 

Again, because the triangles CTT' and DGH are similar, we have 

CT : CT' : : DG : GH. 
Whence OT X GH=Or X DG=ior x CG' ; 

Therefore, CT' x CG'=CB«, 

or CT' : CB : : CB : CG'. 

The following demonstration of Prop. X. was saggested- to me by Professor 
J. H. CofiiD. 

Let TT' be a tangent to the ellipse, and DG an ordinate to the major axis firom 





the point of contact; then we shall have 

CT : OA : J CA : CG. 
From F draw FH perpendicular to TT, and join DF, DF', OH, and GH. Theo, 
by Prop. VIII., Cor.f CH is parallel to DF' ; and since DGF, DHF are both right 
angles, a circle described on DF as a diameter will pass dirough the points G 
and H. Therefore, the angle HGF is equal to the angle HDF (Prop. XV., Cor. 1, 
B. Ill), which is equal to T'DF' or DHC. Hence the angles CGH and CHT, 
which are the supplements of HGF and DHC, are equal. And since'the angle 
C is common to the two triangles CGH, CHT, they are equiangular, and we 
have CT:OH::CH:CG. 

Bat OH is equal to OA (Prop. VIII) ; thereibre 

CT : CA : : OA : CG. 

E 



326 



KOTEB. 



Pace 207, Prop. I.^Tfae byperbola may 1>e 
deacnbed by points, aft fuUowB: 

In the major axii AA' produced, take Che foci 
F, F' and any point D. Tnen, with the radii AD, 
A'D, and centers F, F', describe arcs intersecting 
each odier in E, which will be a point in the 
In like manner, assoming other points, 




F DOT if 



corre. 

ly, D", etc,, any number of points of the curve 
may be found. Then, with a steady hand, draw 
the cnrre through all the poinu E, B', £'', etc. 

In the same manner may be constructed the 
two conjugate hyperbolas, employing the aids BB'. 

P. 209, Prop, v.— It may be thought 
that if the pomt E can not lie os tbe 
curve, it may fall vithin it, as is repre- 
sented in the annexed figure. This may 
be proved to be impossiRe, as follows : 

Join EF', meeting the curve in K, and 
join KF. Now, by Prop. VIU., B. I., 

FK>BF-EK; 
therefore, 

FK-FK<F'K+EK-BF 
<EF'-EF; 
But EF'-BF«F'Ch=DF'-DF. 
H<?nce F'K-FK<DF'-DF, 
which is contrary to Drf- 1. 

P. 212, Prop. X.— This propositioii may be otherwlM demonstzBted, like 
Prop X. of the Ellipse. 




TBB E:t[l>. 



£oomi0* ^ovLXfut of ^ati)emattc0, 

rUBUSBKO BT 

HARPER k BROTHERS, NEW YORK. 



TtaB Publishers of the cotfrse of Mathematics by Prof. Loomis inTite the at- 
tention of professors of colleges and teachers generally to an examination of 
these works. They are the fruits of a long series of years devoted to collegiate 
instruction, and it is belicTed that they possess in an eminent degree the quali- 
ties of simplicity, conciseness, and lucid arrangement, and are adapted to the 
wants of students generally in our colleges and academies. 

LOOMIS' TREATISE ON ALGEBRA. 

Sto, p. 334, Sheep, 91 25. Tkird Edition. 

I hmn ctnfallj ezunliied the work of Prof. Loomia on Algobra, and aa mnoh pletted with ib 
The anmngencnt i« iniBciently icieiitifiei yet the order of the topiee is obviooily, and, I think, jn- 
didonalj made with reference to the developnent c( the powen of the pvpH. The mart rigonMU 
BKidea of reawming are designedlj avoided in the earlier portiima of thei woik, and deferred till the 
•tndent ie better fitted to appreciate them. All the principlea are, however, ettabliihed with enA- 
dent rigor to give Mtiaiaetion. Mnehcare leema to have heen taken, bygeneralixing paiticalar ez- 
amplea and other meana, to develop the faeoltjr. and iadnoe the habit of generalicing, a point which, 
I think, haa not received anfficient attention hitherto. On the whole, therefore, I think thia work 
better anited for the pnrpoaea of a text-book than any other I have aeen. — AuouaTOs W. Smitb. 
A.M., Professor of Mathematies and Attrouomf w the WesJeytm Univertitf. 

Prof. Loomii^ Treiitiae on Algebra ie an excellent elementary woik. It ia aufflciently extenaivn 
for ordinary pnrpoaea, and ia characterised throoghont by a happy combination of brevity and clear- 
neaa.— A. Gas will, D.D., Pre/cMor of Mathematics aad Katural PhOosophy in Brown Umnrsity, 

I have examined PicC Loomia' new work on Algebra, and am highly pleaaed with it. For ooa- 
daeneaa and deameaa of atntement, and for ita ladd explanation of elementary principlea, it ia de- 
cidedly anperior to any work with which I am acquainted. I hope it will be eztenaively need in nU 
oor public inatitntiona.— Alohxo Qbat, A.M ., ProfesMr m Btaokliyn FommU Acadtmy, 

I hare examined Prof. Loomia* Algebra carefnlly and with much intereat, and am ao perfectlj 
aatiafied witl^ it, that I ahall introdnce it to my daaaea aa aoon aa poadble. It ia jnat the work whicb 
1 have been for a long time in aeareh of. I am particnlarly delighted with the mode of treating tha 
anbject of logarithma, and, indeed, with the deameaa uf the inveatigationa generally throaghoat the 
work.~G. Otis Kbmdall, Professor of Mathematics amd Astromomy m iks Central High School pf 

I folly concur with Prof. Kendall in hia opinion of Loomia* Algebra.— teAsa C. Walksb, of the 
CWled States Coast Smrvey. 

A text-book like thia of Prof. Loomia waa mnoh needed, and the denderatum ia ao well anpj^ed* 
that I think it can not fail to commend itaelf at once to the favorable regard of thoee who are looking 
lor the beat work for college daaaea. I conaider it deddedly the beat book for oollege instruction 
that I am acquainted with on the subject, and it has been adopted as a text-bode in our college by 
vnanimoos consent of the faculty. Prof. Loomia has been very happy in simplifying the move dift* 
enlt parts of the subject, espedally on the theory of equations and on logarithms.— Jambs Noobbt, 
A.M., Professor of Mathematics and Natural Philosophif la Western Reserve GoBege, 

I have carefully examined Prof. Loomia* Algebra, and think it hetter adapted far a t^xt-bodk far 
college atndenU than any other I have aeen.— C. Gill, Professor of MMhematies in St. Paafs Ool, 

Prof. Loomia aeems very happily to have obeerved the proper medium between exuberance of ex- 
planation and demonatration on the one hand, which leavea little or nothing for the student hiasMlf 
tr> do ; and a repolsive conciseness on the other, which disoourages him, and givea him a diarslidi 
fct this portion of study. I have adopted it ae a text-book in the Comelioa Institute, believing it to 
bo better suited to youth who an preparing for cdlege, than any other treatise on Algebra with 
wsioh I am acquainted.— Johh J. OWbw, A.M., Principal of the ComeBau Institutet Nev Yorh Citji* 

After a thorough •xaaainntion of Prof. Loomia* werk on Algebra, I have oonduded to adspt it as a 
ta , t-book in thia Institmioii.— Mabo vb Catlib, AJC., Profesttr ef J fart a wf fes end AMtreemM «» 
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Pnf. Loonia' work on A1g«bn U exeetfdittgly woB tdaptod for the parpotoc of instmetloii. He 
kM SToided the difficaltiee which reealt from too great cunciMnew, Md aiming at the Qtmoet rigor 
of deiQonetratioii ; and, at the eane time, haa fnrotehad in hia booh a good and enflfeient preparatioB 
for the eabeeqaent parts pf the mathematical coarae. I do not know of a treatiae which, all thing* 
tfouidered, keepa both theae objeeta ao steadilj in Tiew.— J. Wabd AwDBBirs, A.M., Pn/tstor tf 
MtMtmaHet wtd Naimrwl PkUotopkff m MaHHU CotUf. 

Tttt. Loomts* work Is wall ealealatad to impart a elear ihd correct iRiciwledge of the principlet af 
Algebra. The ralet are conoiae, y9\ tnffldentlf eomprahenaiTv, eontaining in few woida all that la 
Aaoeaaaiy, and nolMi^ marc; the abaence of wbidi ^aaNtj mars nanjr aeclentific treatiae. Tba 
eoUectaon of problema ia paenliarly rich, adapted to impreaa the moot important principlea npon the 
joathfttl mind, and the atodent ialed gradually and intelligently into the more intereetingand higher 
departmeata of the acienoe.r-JoH2f BBOCKLEtBT, A.H., Profe§tor of Mu^ewtatie* attd Natmrd, 
PkiUtopkt «i TrMtf CoUeg€. 

I am much pleased with Prof. Loomti' Algebim. I think h« haa aocompliahed very Happily tha 
ebjool he had ia view, and haa prepared a work remarkably well adapted for the oae of college atu- 
deBta.^E. 8. Sn ill, A.M., Fnfestor of Matkanmke$ ni Ifatvol PkUowpkf in Amkent 'Cdlego. 

I am mooh pleased "a^ith Prof. Loomis' Algebra. The arrangement <if the eabjeets is, I think, aa 
ttteiirable one. The best proof I can fire of the estimaiion ia which 1 hold it, is the fact that aft 
Ibt proper time I intand lo advise its adoption as the text- book on tbatsobjeot in this oollege.—Jom 
T4TL0CK, A.M., Frofusor ^ M€thema$%o§ iik WiUiam» CoUtgo. 

Iliare examined Prof. I/tomia' Algebra with great attentfau, and am ao well pleaaed with its ar> 
Tl&gement and execatioa throughout, that I hare decided to adopt ir aa a text-book in this Tnstito- 
tton.— John E. SudlBb, A.M., Profestor of Uathtmatic$ m Dickuuom College. 

Prof. Loomla haa here aimed at exhibiting the flrat principlea of Algebra in a form which, while 
laral with the d^wcitiea of ordinary atndenia and the preaent atate of the acience, ia fitted to elicit 
ilat degree of eflfort which edncatinnal purpoaea require. Throughout the work, whenever it can 
'be done with advantage, the practice ia followed of geoeralixing particular examplea, or of extend- 
iaf a (laestion pvopooed relative to a partia$lm' quantity, to the cloea of qnantittea to which it ba- 
laags : a pmetioo of obvipos utility, aa aceoetoning the atudent to paas from tha particular to tha 
■|%ttsral, and as fitted to impreaa a main diatinction between the literal and numeial calouloa. The 
general doctrine of Eqoationa ia expounded with deameaa, and, -wa nmy add, with iadependenoa. 
The author haa developed thia aubject in an order of hia own. Theorema which find a place in other 
tiaatiaea are omitted, and what aometimea appeara in a generic form, or in that of a curulUry, be- 
oomea apecific, or aasumea the place of a primary propaaition. We venture to aay that there will 
ha but one opinion reepecting the general character of the expoaition. — Asiericon Jottrnai of Seiettet 
mdArU, 

I regard Prof. Loomia' Algebra as altogether worthy of the high reputation its author doaer««dlf 
aajiqra. It posteaeea thoae qualitiee which are chiefly roquiaite in a college text-book. lu atata- 
menta are dear and definite ; the more important prindplea are made ao prominent aa to arreat tha 
popil'a attention ; and it conductathe pupil by a aure and eaay path to thoae habita of g^enerdtxa/iea 
which the teacher of Algebra haa ao much difllculty fa imparting to hia pupils.— Julian M. Stub- 
VtrANT, A.M., PrenJenf oflUinou College. 

Thearraogement of Prof. Loomis' Algebra is good ; the dootriae of Equations is clearly preaeatad, 
■Bd the principle of generalization ia ably developed iu a manner well 'calculated to improve tha 
yvathlU mind.^W. P. Albigh, Profeuor of Matkemaiict in. WMki$»gto» CoUege^ Pemuylvomm, 

Prof. Loomla' Algebra la admirably got up. It fa c1e«r and ahnpla in arrangement, and jnaC tba 

•moik fbr tha class of leaneia for whom the aatkor prepared it. The introduction of Horner^ ad- 

MMbh nethod for finding incemmentarable roots, and the section on Logarithmsi render it superior 

to aay text-book on the aubject with which I am acquainted.— Prof. Collins, Emory and Ht$uj 

CoUoge, Virginia. 

Wa feel bound to express our eonviction that this is a decidedly better text*book, eapedally far 
IhMfe'lftOt already far advanced in the atndy, than any other we have seen. It is oarefutly and li^ 
ddlyananged, and admirably ensnciated and explaiaed.— •TWoker's Journal. 

The preaent work ia the fruit of long experience in teaching and diligent investigation of the sd 
fVB*. Tha author has sought to avoid unneeesaary pRdixity on Uie on* band, aad uadua biwl^ oa 
illa^Mlior, and with the obsarvaiiaa of this happy iiidtttm ha has ambodiad all the htast 
«aats.-Jfcaodift Quarter^ itsvitw. 
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LOOMIS' GEOMETRY AND CONIC SECTIONS. 

8vo, p. 222, Sheep, 91 00. • 

Every pagv of Ihra book betn irarki of panful prepmtion. Only thoM propomtiont an wloctad 
which are noet iaportant in themMlvei, or which v6 indiipeneable in the domonetration of othem. 
The propontiont are all enaociated with itudied precinon and breTitj. The demonstratioae are 
complete without beixiff anoambct^d with verbiage ; and, unlike many works we ooold mention, the 
diagrams are good representations of the objects intended. We believe this book will take its place 
among the beat elementary works which our ooantry has prodaced.— iUi<ricas Review. 

Prof. Leomis* Oeometry is eharaqterized by the same neatness and elegance which were exhibited 
in his Algebra. While the logical form of ai^gamentation peculiar to Playfair's Euclid is preserved, 
■ore oompleteness and symmetry is secured by additions in solid and spherical geometry, and by a 
dilftranl amngemenC of the propositions. It will be a favorite with those who admire the chaste 
forms of argunenution of the old school ; and it is a question whether these ara not the best for tha 
purposes of qtental discipline.— JVerM«ni Cfcrufton Advocate. 

Am a tex^book for instruction, this work p n es e s s ee advantages superior, in some raspeots, to any 
other work on the subject in our language. The arrangement is good, and the selection of propoai* 
tioos so judiciously made' as to comprise what is most valuable for the purposes of the student, both 
for intellectual culture and fur a knowledge of geometry. Prof. Loomis has introduced some valu- 
able improvements, especially that of computing the area of a circle in a very simple and easy man 
oer, and that of shading the diagramo in solid geometry, which will greatly aid the student in form* 
ing his conceptions of solid angles and the poeitioas of planes.— OA«e Oheener. 

The ennnciations in Prof. Loomis' Geometry are conciae and clears and the processes neither too 
brief nor too diffuse. The part treating of solid Geometry is undoubtedly superior, in clearness and 
arrangement, te any ether elementary treatise sunmig vs.— J^cw York EvmngeUtt, 

Prof. Loomis has admirably .harmoniied the logic*! system of ^e Greek geometer with the mora 
■apid processes of modem mathematicians. — New Yerik Observer. 

Having been requested, by a resolution of our Board cS Trustees, I9 report such a coune of mathe- 
matical studies as I may deem best suited to our circumstances, I have selected Loomis' Geometry 
and Conic Sections as a part of the course.-^MATTHBW J. Williams, ^ofesecr 0/ Muthewiatiee 
w Sovik CetroUMfa CoUtge. 

Prof. Loomis has made Legendn*s Oeometiy far more AteUtften, and therefore move valuable. 
Some of bis. demonstrations are decided improvements on those of Legendre.— Professor C. Db WBT, 
ftodkcjter CcUtgimte InstttnU. 

This book is far in advance of Plsyfair'B Euclid. It can not fail to oome into general use.— Jttoiiy 

Particular attention has been paid by the author to the diagrams, reducing them to a uniformity 
of dimensions, and, of coune, conveying dearer ideas of what they repreeent to the mind of the 
pupil. This book is worthy the. attention of our high schools and colleges.— iiart/ord SpecttUcr. 

The propositions Are all eanaciated with clearness and brevity. It is a valuable work, and well 
deeerving the attention of schools and mechanics. — Farmer oad Jfeckonie. 

An available text-book, which we have no doubt will beoome a standard authority in this depart 
neat of instruction.— Z<c<cfary World. 

This work is admirably drawn up, and merite universal adaption in all schools where theee faraaohea 
of science are taught.— Covrier and Emgmirer, 

These books are teree in style, clear io method, easy of comprehension, and perfectly free from 
Chat nseless verbiage with which it is too much ths fashion to load school-hooks under pretense of 
explanation.— Sco<^« WeeUf Papery CwMde. 

PioC Loomis is doing a valuable service to the cauee of mathematical science by the course cf 
text-books he is preparing. His writings in other departmenta of science are eharacterised by a 
remarkable clearntse in the manner in which he exhibila truth, and hie treatiaes on Algebra and 
Oe<Mne^ bear evident marka of having emanated from the evne mind.— Jambs H. Coffin, A.lf . 
Prqftssor oj Uatkematice «■ LafgptUo ColUge. 



ijarper'a New Catalogue. 

A new DstCHiPTivB Cataloouc of K abpcr &, Brothers* Publications, 
embracing the most recent of their issuesi is now ready for distribution, 
and may be obtained gratuitously on application to the publishers person- 
ally, or by letter, po^t-paid. 

The attention of gentlemen, in town or country, designing to form Li- 
braries or enrich their literary collections, is respectfully invited to this 
Catalogue, which will be found to comprise a large proportion of the stand- 
ard and most esteemed works in English Literature— comprshendino 
4B0UT TWO THOUSAND VOLUMES — which sro oflfercd in most instances at 
less than one half the cost of similar productions in England. 

To Librarians and others connected with Colleges, Schools, etc., who 
may not have access to a reliable guide in forming the true estimate of 
literary productions, it is believed the present Catalogue will prove esp&> 
cially valuable as a manual of reference. 

To prevent disappointment, it is suggested that, whenever books can 
not be obtained through any bookseller or local agent, applications with 
remittance should be addressed direct to the Publishers, which will be 
promptly attended to. 

82 Cliff Street, New York, 
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FOR COLLEGES, ACADEMIES, AND SCHOOL!^ 

PUBLISHKD BT 

lAEPER k BE0TRSE8, HEV TOEL 
Liddell and Scott's Greek-English Lexicon. 

Based on the German Work of Pasaow. With Additions, &o., by 
HcNBT Drislbh, under the Sopemaion of Professor Anthon. Rojid 
8vo, Sheep extra, $5 00. 

Liddell and Scott's School Greek Lexicon ; 

Being an Abridgment of the above, by the Authors, with the Addition 
of a Second Part, viz.. English-Greek. (In press.) 

Anthon's Classical Dictionary. 

Containing an Account of the principal Proper Names mentioned in 
Ancient Authors, together with an Account of the Coins, Weights, 
and Measures of the Ancients, with Tabular Values of the same. 
Royal 8vo, Sheep extra, 94 00. 

Smith's Dictionary of Greek and Roman Antiquities. 

First American Edition, corrected and enlarged, and containing also 
numerous Articles relative to the Botany, Mineralogy, and Zoology 
of the Ancients, by Chaslss Anthon, LL.D. Illustrated by a large 
number of Engravings. Royal 8vo, Sheep extra, $4 00. 

Anthon's School Dictionary of Antiquities. 

Abridged from the larger Dictionary. With Corrections and Improve- 
ments, by CHAaLcs Anthon, LL.D. With numerous Engravings. 
12mo, half Sheep, 90 cents. 

Anthon's Xenopbon's Memorabilia of Socrates, 

With English Notes, critical and explanatory, the Prolegomena of 
Kfihner, Wiggers' Life of Socrates, &c. 12mo, Sheep extra, 91 00. 

Anthon's Cicero's De Senectute, De Amicitia, Para- 

doxa, and Somnium Scipionis, and the Life of Atticus by Cornelius 
Nepos. With English Notes,-critical and explanatory. 12mo, Sheep 
extra, 75 cents. 

Anthon's Germania and Agricola of Tacitus. 

With English Notes, critical and explanatory, the Prolegomena ot 
Botticher, and a Geographical Index. ISmo, Sheep extra, 76 cents. 

Anthon's Anabasis of Xenophon. 

With English Notes, critical and explanatory, a Map arranged aooord- 
ing to the latest and best Authorities, and a Plan of the Battle of Co- 
naxa. l2mo, Sheep extra, $1 26. 

Anthon's Zumpt's Latin Exercises. 

ISmo, Sheep extra. (In press.) 
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Anthon's Zampt's Latin Grammar. 

From the Ninth Edition of the Original, adapted to the Use of English 
Students, by Lbohhabd Schvxts, Pk.D. uorreeted and enlarged by 
Charlss Anthon, LL.D. 12mo, Sheep extra» 75 cents 

Anthon's Zumpt's School Latin Grammar. 

Translated and adapted to the High School of Edinburgh, by Lbov- 
HARD ScaifiTZ, Ph.D. Corrected and enlarged by Chablcs Anthoni 
LL.D. 12mo, Sheep extra, 50 cents. 

Anthon's Sallast's History of the Jugarthine War, 

And of the Conspuraoy xif Catiline. With an English Commentary, 
and Geographical and Historical Indexes. New Edition, corrected 
and enlarged. With a Portrait. ISmo, Sheep extra, 75 ceot^. 

Anthon's Ancient Geography. 

With Atlas. 870. (In press.) 

Anthon's System of Greek Prosody and Meter, 

Together with the Choral Scanning of the Prometheus Vinctos of 
^schylus, and OGdipus Tyrannus of Sophocles ; also, Remarks on the 
Indo-Germanic Analogies. 12mOy Sheep extra, 75 cents. • 

Anthon's Greek Reader. 

Principally from the German of Jacobs. With English Notes, critical 
and explanatory, a Metrical Index to Homer and Anacreon, and a co- 
pioQs Lexicon. ISmo, Sheep extra, 91 00. 

Anthon's Homer's Iliad. 

The first Six Books of Homer's Iliad, to which are appended English 
Notes, critical and explanatory, a Metrical Index, and Homeric Gloaa- 
ary. 12mo, Sheep extra, 91 25. 

Anthon's Grammar of the Greek Language, 

For the Use of Scbooto and Colleges. 12mo, Sheep extra, 75 oenta 

Anthon's New Greek Grammar. 

From the German of Kuhner, Mattbife, Battmann, Host, and Thiersch , 
to which are appended, Remarks on the Pronunciation of the Greek 
' Language^ and Chronological Tables explanatory of the same. ISmo, 
Sheep extra, 75 cents. 

Anthon's Fiiist Greek Lessons, 

. Containing the most important Parts of the Grammar of the Greek 
Language, together with appropriate Exercises in the translating and 
writing of Greek. 12mo, Sheep extra, 75 cents. 

Anthon's Greek Prose Composition. 

Greek Lessons, Part 11. An Introduction to Greek Prose Composi- 
tion, with a complete Course of Exercises illustrative of all the im 
poTtant Principles of Greek Syntax. 12mo, Sheep extra, 75 cents. 

Anthon's( Works of Horace. 

With English Notes, critical and explanatory. New Edition, with 
Corrections and ImproTements. 12mo, Sheep extra, $1 25. 

Anthon's ^neid of Virgil. 

With English Notes, critical and explanatory, a Metrical Clavia, aad 
an Historical, Geographical, and Mythological Index. With a Por- 
trait and numerous Illustrations. 12mo, Sheep extra, $1 35. 
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Anthonys Select Orations of Cicero. 

With English Notes, critical and explanatory, and HiatorieaT, Geo- 
graphical, and Legal Indexes. Portrait. ISmo, Sheep extra. $1 00. 

Anthon's Eclogues and Georgics of Virgil. 

With English Notes, critical and explanatory. 13mo, Sheep extra, 
01 25. 

Anthonys Caesar's CommeDtaries on the Gallic War; 

And the First Book of the Greek Paraphrase; with English Notes, 
critical and explanatory, Plans of Battles, Sieges, dec, and Historical, 
Geographical, and Archaeological Indexes. With a Map, Portrait, dee. 
12mo, Sheep extra, 01 00. 

Anthon's Latin Versification. 

In a Series of Progressive Exercised, including Specimens of Trans- 
lation from English and German Poetry into Latin Verse. 12mo, 
Sheep extra, 76 cents. 

Anthon's Key to Latin Versification. 

12mo, half Sheep, 50 cents. 

Anthonys Latin Prosody and Meter. 

From the best Authorities, Ancient and Modem. 12mo, Sheep eztn, 
75 cents. 

Anthon's Latin Lessons. 

Latin Grammar, Part I. Containing the most important Parts of the 
Grammar of the Latin Language, together with appropriate Exercises 
in the translating and writing of Latin. 12mo, Sheep extra, 75 cents. 

Anthon's Introduction to Latin Frose Composition. 

Latin Granbmar, Part 11. A complete Course of Exercises, illastrative 
of all the important. Principles of Latin Syntax. 12nK>, Sheep extra, 
75 cents. 

Anthon's Key to Latin Frose Composition. 

12mo, half Sheep, 60 centsv 

The Englishman's Greek Concordance of the New 

Testament : being an Attempt at a verbal Connection between the 
Greek and the English Texts : including a Concordance to the Proper 
Names, with Indexes, dec. 8vo, Muslin, $4 50; Sheep extra, S5 00. 

Lewis's Flatonic Theology. 

Plato against the Atheists ; or, the Tenth Book of the Dialogue on 
Laws, with critical Notes and extended Dissertations on some of the 
main Points of the Platonic Philosophy and Theology, especially as 
compared with the Holy Scriptures. 12mo, Muslin, $1 50. 

Plautus's The Captives, 

With English Notes, dec, by J. PRoanFir. ISmo, Paper, 87} cents. 

M'Clintock and Crooks's First Book in Latin. 

Containing Grammar, Exercises, and Vocabularies, on the Method oi 
constant Imitation and Repetition. Itmo, Sheep extra, 75 cents. 

M'Clintock and Crooks's Second Book in Latin. 

Containing a complete Latin Syntax, with copioos Exercises, on the 
Method of constant Imitation and Repetition, dte. 12aio. (In press.) 
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M'Clintock and Crooks's Introdocdon to Latin Style. 

Principally from the German of Gryear. ISmo. (In press.) 

M'Clintock and Crooks's First Book in Greek. 

Containing a Fall View of tde Forms of Words, with Vocabalaries 
and copious Exercises, on the Method of constant. Imitation and Rep- 
etition. 12mo, Sheep extra, 75 cents. 

M'Clintock and Croo^s's Second Book in GreeL 

Containing a complete Greek Syntax, on the Basis of Kahner, &c. 
12mo. (In press.) 

Hackley's Treatise on Algebra. 

Containing the latest ImproTeroents. Bfo, Sheep extra, 91 50. 

Hackley's School Algebra. 

Containing the latest Improvements. 8to, Maslin, 76 cents. 

Hackley's Elementary Coarse of Geometry. 

12mo, Sheep extra, 75 cents. 

Loomis's Treatise on Algebra. 

8vo, Sheep extra, $1 00. 

Loomis's Elements of Geometry and Conic Sections. 

8vo, Sheep extra, 91 00. 

Loomis's Elements of Plane and Spherical Trigonom- 
etry, with their Applications to Mensuration, Surreying* and NaTiga- 
tion. To which is added, a full Series of Tables of Logarithms of 
Numbers, and of Sines and Tangents for eyery Ten Seconds of the 
Quadrant With other useful Tables. 8to, Sheep extra, $1 50. 

Loomis's Tables of Logarithms of Numbers, 

And of Sines and Tangents for every Ten Seconds of the Quadrant 
With other useful Tables. 8to, Sheep extra, fl 00. 

Parker's Aids to English Composition. 

12mo, Sheep extra, 90 cents ; Muslin, 80 cents. 

Parker's Geographical daestions. 

Adapted for the Use of Morse's or most other Maps. 12mo, Moalin, 
35 cents. 

Parker's Outlines of General History. 

In the Form of Question and Answer, ll^mo, Sheep extra, 91 00. 

Renwick's First Principles of Chemistry. 

With Questions. Engravings. 18mo, half Sheep, 75 cents. 

Renwick's Science of Mechanics applied to Practical 

Purposes. Engravings. 18mo, half Eoan, 90 cents. 

Renwick's First Principles of Natural Philosophy. 

With Questions. Engravings. 18mo, half Roan, 75 cents. 

Draper's Text-book of Chemistry. 

With nearly 800 Illustrations. 12mo, Sheep extra, 75 cents. ' 

Draper's Text-book of Natural Philosophy. 

With nearly 400 Illustratioos. 12mo, Sheep extra, 75 eenta. 
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Draper^s Chemical Organization of Plants. 

With an Appendix, containing several Memoirs on Capillary AttnMS 
tion, Electricity, and the Chemicai- Action of Light. With Engravings. 
4to, Muslin, $2 60. 

Smith's Elementary Treatise on Mechanics. 

Embracing the Theory of Statics and Dynamics, and its Application 
to Solids and Fluids. With Illustrations. 8vo. 

Boyd's Eclectic Moral Philosophy. 

Prepared for Literary Institutions and general Use. ISmo, MosUn, 
75 cents. 

Boyd's Elements of Rhetoric and Literary Criticism. 

With practical Exercises and Examples. Also, a succinct History of 
the English Language, and of British and American Literature, from 
the earliest ta the present Times. 12mo, half Bound, 60 cents. 

Upham's Elements of Mental Philosophy. 

Embracing the two Departments of the Intellect and the SensibOitiea. 
2 vols* 13mo, Sheep extra, $2 60. 

Upham's Elements of Mental Philosophy, Abridged. 

12mo, Sheep extra, $1 26. 

Upham's Treatise on the Will. 

12mo, Sheep extra, $1 25. 

Upham's Imperfect and Disordered Mental Action. 

18mo, Muslin, 45 cents. 

Abercrombie's Treatise on the Intellectual Powers, 

And the Investigation of Truth. 18mo, Muslin, 46 cents ; half Bound, 
' 60 cents. 

Abercrombie's Philosophy of the Moral Feelings. 

With Questions. 18mo, Muslin, 40 eents ; half Bound, 60 cents. 

Markham's (Mrs.) History of France, 

From the Conquest of Gaul by Julius Caesar to the Reign of Louis 
Philippe. Prepared for the Use of Schools by the Addition of a Map, 
Notes, and Questions, an^ a Supplementary Chapter, bringing down 
the History to the Present Time, by iAcoe Abbott. With EngraT 
ings. 12mo, half Bound, 81 26. 

Schmitz's History of Rome, 

From the earliest Times to the Death of Commodus, A.D. 192. With 
Questions. 12mo, Muslin, 76 cents. 

Spencer's Greek New Testament. 

With English Notes, Critical, Philological, and ezegetical Indexes* 
6lo. 12mo, Muslin, $1 25 ; Sheep extra, $1 40. 

Beck's Botany of the United States, i 

North of Virginia. With a Sketch of the Rudiments of Botany, and 
a Glossary of Terms. I2mo, Muslin, $1 25 ; Sheep extra, $1 60. 

Tytler's Universal History, 

From the Creation of the World to the Deceaae of George III, 1S20. 
6 Tols. 18mo, Muslin, $2 70. 



8 Works for CoUegeSt Schools^ <$<•, 

Mill's Logic, Ratiocinadre and lodactive. 

Bein^ a connected View or the Prineiples of ETklence and Hefhoda 
of ScieotUio Inveatigatioo. 8vo, Moalin, $% 00. 

Russell's Juvenile Speaker. 

Comprising Elementary Rales and Exercises in Declamation, with a 
Selection of Pieces for Practice. 12mO| Muslin, 60 eenta; half 
Bound, 70 cents. 

Harper's New York Class-book. 

Comprising Outlines of the Geography and History of New York ; 
Biographical Notices of eminent Individuals ; Sketches of Soenery 
and Natural History ; Accounts of Public Institution^ dto» By Wm. 
RottBLL. ISmo, half Sheep, $1 25. 

Morse's School Geography. 

Illustrated by more than 50 Cerographio Maps, and Dameroua Engrav- 
ings on Wood. 4to, 50 cents. 

Morse's North American Atlas. 

Containing 36 Folio Maps in Colors^ forming a complete Atlas of this 
Continent. Half Roan, $9 76. 

Harper's Map of the United States and Canada, 

Showing the Canals, Rail-roads, and principal Stage Routes. By 
Samuel BaBBss, A.M. Colored in yarious Stylea and mounted on 
Rollers. Price from $2 00 to 82 50. 

Salkeld's First Book in Spanish. 

Or, a Practical Introduction to the Study of the Spanish Langoage. 
Containing full Instructions in Pronunciation, a Grammar, Reading 
Lessons, and a Vocabulary. 12mo, Muslin, $1 00 ; Sheep extra, 
1125. 

Salkeld's Roman and Grecian Antiquities, 

Including a Sketeh of Ancient Mythology, with Maps, dec. 12mo» 
Muslin, 371r cents. * 

Duff's North American Accountant. 

Embracing Single and Double Entry Book-keeping, practically adapted 
to the Inland and Maritime Commerce of the United States. 6vo, 
half Bound, School Edition, 75 cents ; Mercantile Edition, $1 60. 

Bennet's American System of Book-keeping. 

Adapted to the Commerce of the United Stales in its Domestic and 
Foreign Relations. 8vo, half Bound, $1 50. 

Edwards's Book-keeper's Atlas. 

4to, half Roan, 82 00. 

Potter's Political Economy. 

Its Objects, Uses, and Principles ; considered with reference to the 
Condition of the American People. With a Summary for the Use of 
Students. 16mo, half Sheep, 50 cents. 

Potter's Science Applied to the Domestic Arts, &c. 

The Principles of Science applied to the Domeslie andMeohanio Arts, 
and to Mannfacturea and Agriculture. With iliostratire Cuta. 12mo, 
Muslin, 75 cents. 
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Potter's Hand-book for Readers and Students, 

Intended to assist private Individuals* Associations, School Districts, 
&c., in the Selection of oseful and interesting Works for Reading and 
Investigation. 18mo, Muslm, 45 cents. 

Clark's Elements of Algebra. 

Embracing, also, the Theory and Application of Logarithms ; together 
with an Appendix, containing Infinite Series, the general Theory of 
Equations, and the most approved Methods of resolving the higher 
Equations. 8vo, Sheep extra, $1 00. 

Burke's Essay on the Sablime and BeautiiuL 

A Philosophical Inqoi^ into the Origin of our Ideas of the Sublime 
and Beautiful. With an Introductory Discourse concerning Taste. 
Edited by Asai^AM Mills. 12mo, Muslin, 76 cents. 

Alison's Essay on the Nature and Principles of Taste. 

With Corrections and Improvementa, by AsaARAM Mili.8. 12mo, 
Muslin, 75 cents. 

Mahan's System of Intellectual Philosophy. 

ISmo, Muslin, 90 cents. 

Campbeirs Philosophy of Rhetoric. 

Revised Edition. 12mo, Muslin, $1 25. 

Boucharlat's Elementary Treatise on Mechanics. 

Translated from the French, with Additions and Emendations, by 
Professor £. H. Courtbnat. With Plates. 8vo, Sheep extra, $2 25. 

Henry's Epitome of the History of Philosophy. 

Being the Work adopted by the University of France for Instruction 
in the Colleges and High Schools. Translated, with Additions, and 
a Continuation of the History, by C. 8. Henrt, D.D. 2 toIs. ISmo, 
* Mnslin, 90 cents. 

Griscom's Animal Mechanism and Physiology. 

Being a plain and familiar Exposition of the Structure and Functions 
of the Human System. Engravings. I8mo, half Sheep, 60 cents. 

Schmucker^s Psychology ; 

Or, Elements of a new System of Mental Philosophy, on the Bssis of 
Consciousness and Common Sense. 12mo, Muslin, $1 00. 

Noel and Chapsal's French Grammar. 

With Additions, &c., by Sabah £. Ska haw. Revised by C. P. Boa* 
DENAYB. 12mo, Muslin, 75 cents. 

Maury's Principles of Eloquence. 

With an Introduction, by Rev. Dr. Pottbb. 18mo, Muslin, 46 rents. 

Hempel's Grammar of the German Language. 

Arranged into a new System on the Principle of Induclion. 8 vols. 
I2mo, half Bound, $1 76. 

Kane's Elements of Chemistry: 

Including the most recent Discoveries, and Applications of tfas Sci- 
ence to Medicine and Pharmacy, and to the Arts. Edited by JoBir 
W. Da APEB, M.D. With. about 250 Wood-cata. «to, Muslin, •» 00 , 
Sheep extra, $2 26. 



8 Works far CoUeges^ Schools^ 4^., 

Hale's History of the United States, 

From their first Settlement as Colonies to the close of the Adminto- 
tration of Mr. Madison in 1817. 2 ?ols. ISmo, Muslin, 90 cents. 

Glass's Life of Washington, 

In Latin Prose. Edited by?. N. Rbtnolds. With Portrait. ISmo, 
Moslin, 91 I2i. 

Whewell's Elements of Morality, including Polity. 

9 vols. 12roo, Muslin, 81 00. 

Olmstead's Letters on Astronomy, 

Addressed to a Lady. With numerous Engravings. 12mo, Mnslm, 
76 cents. 

Robertson's History of the Discovery of America. 

With an Account of the Author's Lifb and Writings. With Questions 
for the Examination of Students, by John Feost, A.M. With Engrav- 
ings. 8 TO, Sheep extra, $1 75. 

Robertson's History of America, Abridged. 

With an Account of the Authoi's Life and Writings, by Dooald Stkw- 
JTBT. 18mo, Muslin, 45 cents. 

Robertson's History of the Emperor Charles V. 

With a View of the Progress of Society in Europe, to the Beginning 
of the Sixteenth Century. With Questions for the Examination ot 
Students, by John Frost, A.M. With Engravings. 8vo, Sheep ex- 
tra, 91 76. 

Robertson's History of Charles V., Abridged. 

18mo, Muslin, 45 cents. 

Beecher's (Miss) Treatise on Domestic Economy, 

For the Use of Young Ladies at Home and at School. Revised Edi- 
tion, with numerous Additions and illustrative Engravings. 12mo, 
Muslin, 75 cents. 

Combe's Principles of Physiology, 

Applied to the Preservation of Health, and the.Improvement of Phys- 
ical and Mental Education. With Questions. Engravings. ISmo, 
Maslin, 45 cents ; half Sheep, 50 centa. 

Bigelow's Useful Arts, 

Considered in connection with the Applications of Science. With 
numerous Engravings. 2 vols. 12mo, Muslin, $1 60. 

Cicero's Three Dialogues on the Orator. 

Translated into English by W. Guthrib. Revised and corrected, 
with Notes. 18mo, Muslin, 45 cents. 

Hazen's Popular Technology ; 

Or, Professions and Trades. Illustrated with 81 Engravings. 18mo. 
half Sheep, 75 cents. 

Mnller's History of the World, 

From the earliest Period to 1783. Compared throughout with the 
Original, revised, corrected, and iUustrated by a Notice of the Life 
and Writings of the Author, by AxszAUDsa Evbritt. 4 vols. 18mo, 
MnaUn, $3 00. 
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Lee's Elements of Geology for Popular -Use. 

Containing a Description of the Geological Formations and Mineral 
Resources of the United States. With Engravings. ISmo, half 
Sheep, 60 cents. 

Butler's Analogy of Religion, 

Natural and Revealed, to the Constitation and Course of Nature. To 
^ which are added two hrief Dissertations : of Personal Identity— o] 
^ tho Nature of Virtue. With a Preface by Bishop Halifax. 18mo. 

half Bound, 87^ cents. 

Hobart's Analysis of Butler's Analog of Religion, 

Natural and Revealed, to the Constitution andCourse of Nature, with 
Notes. Edited hy Chables £. West. 18mo, Muslin, 40 cents. 

Mosheim's Ecclesiastical History, 

Ancient and Modern ; in which the Rise, Progress, and Variation ol 
Church Power are considered in their Connection with the State of 
Learning and Philosophy, and the Political History of Europe during 
that Period. Translated, with Notes, dec, by A. Maclainb, D.D. A 
new Edition, continued to 1826, by C. Coote, LL.D. 2 vols. 8vo, 
Sheep extra, $3 60. 

Blackstone's Commentaries on the Laws of England. 

With the last Corrections of the Author, and Notes from the Twenty- 
first London Edition. With copious Notes explaining the Changes in 
the Law effected by Decision or Statute down to 1844. Together 
with Notes adapting the Work to the American ^tudent, by John L. 
Wendell, Esq. With a Memoir of the Author. 4 vols. 8vo, Sheep 
extra, $7 00. 

Duer's Constitutional Jurisprudence of the United 

States. 18mo, Muslin, 45 cents. 

Dymond's Essays on the Principles of Morality, 

And on the Private and Political Rights and Obligations of Mankind. 
With a Preface and Notes, by Rev. G. Qosh. 8vo, Muslin, $1 37^. 

Hutton's Book of Nature laid Open. 

Revised and improved by J. L. Blakb, D.D. With Questions for 
Schools. 18mo, Muslin, 37^ cents. 

Lieber's Essays on Property and Labor, 

As connected with Natural Law and the Constitution of Society. 
Edited by Rev. Dr. Pottek. 18mo, Muslin, 46 cents. 

Montgomery's Lectures on General Literature, 

Poetry, dec, with a Retrospect of Literature, and a View of Modem 
English Literature. 18mo, Muslin, 45 cents. 

Paley's Natural Theology. 

With Illustrative Notes, dtc., by Lord BaouoRAM and Sir C. Bell, and 
Preliminary Observations and Notes, by A. Pottsb, D.D. With i^ 
gravings. 2 vols. 18mo, Muslin, 90 cents. 

Paley's Natural Theology. 

A new Edition, from large Type, edited by D. E. Babtlktt. Copi- 
ously Illustrated, 4od a Life and Portrait of the Author. S Tols. 12mi^ 
Moslin, 11 60. 



10 Works for Colkges, Schoobf 4^.f 

Hallam's Constitutional History of England, 

From the Accession of Henry VII. to the Death of George II. 8to, 
Sheep extra, $2 25. 

Johnson's Treatise on Language f 

Or, the Relations which Words bear to Things. 6vo, Muslin, $1 75. 

Story on the Constitution of the United States. 

A familiar Exposition of the Constitution of the United Statea With 
an Appendix, containing important Public Documents illustratire of 
the Constitution. 12mo, Muslin, 76 cents. 

Wyatt's Manual of Conchology, 

According to the System laid down by Lamarck, with the late Im- 
provements by De Blainville. Exemplified and arranged for the Use 
of Students, by Thomas Wyatt, MA. Illustrated with 86 Plates, 
Qontaining more than 200 Types drawn from the Natural Shell. 8vo, 
Muslin, 92 76 ; with colored Plates, $8 00. 

Chailly's Practical Treatise on Midwifery. 

Translated from the French, and edited by G. S. Bbdford, M.D. 2 lb 
Engravings. 8vo, Muslin, $2 00 ; Sheep extra, $2 26. 

Cf UFeilhier's Anatomy of the Human Body, 

Edited by G. S. Pattison, M.D. With 300 Engravings. 8vo, Mus- 
lin, €3 00 ; Sheep extra, $3 26. 

Magendie's Treatise on Human Physiology, 

On the Basis of the Precis El^mentaire de Physiologte. Translated, 
enlarged, and illustrated with Diagrams and Cuts. Especially design- 
ed for the Use of Students of Medicine. By J. Rbvbbe, M.D. 8vo, 
Muslin, f 2 00 ; Sheep extra, $2 26. 

Paine's Institutes or Philosophy of Medicine. 

8fo, Muslin, 92 76 ; Sheep extra, f 3 00. 

Goldsmith's History of Greece, Abridged. 

Edited by the Author of " American Popular Lessons." I8mo, half 
Sheep, 46 cents. 

Goldsmith's History of Rome, Abridged. 

Edited by Henry W. Hsbbbbt. 18mo, half Sheep, 46 cents. 

Micbelet's Elements of Modern History. 

Translated from the French, with an Introduction, Notes, &e., by ReT. 
Dr. PoTTEB. 18mo, Muslin, 46 cents. 

Robins's (Miss) Tales from American History. 

With Engravings. 3 vols. 18mo, Muslin, f 1 00. 

Sampson's Beauties of the Bible : 

Selected from the Old and New Testaments, with various Remarks 
and Dissertations. 18mo, Muslin, 60 cents. 

*ii* 'In addition to the foregoing ^ a number oftoorke ntitahle 
for use in schools, Sfc^ as text or reading books^ may be found in 
'^ Historical Catalogue, contained in the first volume ofMacaU' 
lay*s " History of England,** 
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